Title: Exact thermalization dynamics in the "Rule 54" Quantum Cellular Automaton
Speakers: Katja Klobas

Series: Quantum Fields and Strings

Date: October 26, 2021 - 2:00 PM

URL: https://pirsa.org/21100007

Abstract: When a generic isolated quantum many-body system is driven out of equilibrium, its local properties are eventually described
thermal ensemble. This picture can be intuitively explained by saying that, in the thermodynamic limit, the system acts as a bath for its ow
subsystems. Despite the undeniable success of this paradigm, for interacting systems most of the evidence in support of it comes from ni
computations in relatively small systems, and there are very few exact results. In the talk, | will present an exact solution for the thermal
dynamics in the "Rule 54" cellular automaton, which can be considered the simplest interacting integrable model. After introducing the mod
its tensor-network formulation, | will present the main tool of my analysis: the space-like formulation of the dynamics. Namely, | will recas
time-evolution of finite subsystems in terms of a transfer matrix in space and construct its fixed-points. | will conclude by showing two examp
physical applications: dynamics of local observables and entanglement growth. The talk is based on a recent series of papers: arXiv:201:
arXiv:2104.04511, and arXiv:2104.04513.
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Relaxation in closed quantum many-body systems

Quench protocol: the system is initialized in a
state |¢) and let to evolve.

[(t)) = U(t) |4)
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Relaxation in closed quantum many-body systems

Quench protocol: the system is initialized in a / S \
state |¢0) and let to evolve.

(1)) = U(t) |[4)

TSR )
How does the system reach equilibrium? Al = 0o

- equilibrium: mixed state py, (e.g. ze ")

- state [¢(t)) is pure :
| ( > é&ectwe b@

%
Thermalization is local: the system acts as its @

own bath.

Expectation values of local observables are thermal:

lim lim (¢(t)|Oaltp(t)) = tr (pirOa)

t—00 | A|—o0
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Only a few cases where this can be done explicitly in the presence of
interactions.

Integrability does not seem to help!

" S I A I A
- G @ .
I| il I| I] l| |I
Surpisingly: possible in certain chaotic circuit models (::] ﬂzl;]
L. Piroli et al., Phys. Rev. B 101, 094304 (2020) lI ;l II Il lI II

KK, B. Bertini, L. Piroli, PRL 126, 160602 (2021): afl interacting integrable model
where this can be proven exactly (see also arXiv:2104.04511, arXiv:2104.04513)

Bruno Bertini Lorenzo Piroli
(Oxford — Nottingham) (Munich — ENS Paris)
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Talk outline

© Motivation
© Definition of the dynamics

(3 Fixed—*points of the transfer matrix in space
» Maximum-entropy state
» Compatible initial states
» Generalisation to Gibbs states

© Expectation values of local observables
» Homogeneous case
» Inhomogeneous case

© Entanglement growth
@ Conclusion
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Rule 54 reversible cellular automaton (RCA54) is possibly the simplest
interacting model. A. Bobenko et al., Commun. Math. Phys. 158, 127-134 (1903)

Operator growth
Exact large-deviation statistics [ BRI =g
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S. Gopalakrishnan, Phys. Rev. B 98, 060302(R)
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Definition of dynamics

A. Bobenko et al., Commun. Math. Phys. 158, 127-134 (1993)

1-dim lattice of binary variables, with staggered time evolution:

Local time evolution maps:

so = x(s1,82,83) = 81 + 82 + 83 + 5153 (mod 2)

TN 20N
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Solitons move with fixed velocities -1 and obtain a delay while scattering.
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Quantum formulation

Discrete time-evolution on the qubit chain

[(t+1)) = UsUe [9(t))
Local 3-site evolution operator Wé*l*w Us

U = Ut g, s, 5. | QT

815283 81,81 Y85,x(51,82,83)“s5,85 S —— 5 |

A convenient representation in terms of two tensors:

59
S S —
t:b =0 ; ¢ } . e‘) 3 = 584:)((81,82,83) | I 68jasj+1
59
Operators at the same step commute: W M
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Quantum formulation

Discrete time-evolution on the qubit chain

[9(t +1)) = UsUe |4(2))

Local 3-site evolution operator

15985

U= ? Us 985 581, 55’2 x(s1,s2, 9%)55?,9,% B
A convenient representation in terms of two tensors:

84 81 S

5 S§3 — S
[::Zb_)"}l Q % L C:j 3= 584:)((81,52,83) ] H 85155 +1
3 :

59 53

Operators at the same step commute: W M
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Local observables after a quench
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Local observables after a quench
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Local observables after a quench
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Tool: space-time duality transformation _
Quench dynamics

OO0 e
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Quantum many-body chaos
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B. Bertini, P. Kos, T. Prosen, Phys. Rev. Lett. 121

f2n1a)
264101 (2018)

M. lppoliti, V. Khemani, Phys. Rev. Lett. 126,

060501 (2021)
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Blue tensors are defined on the doubled space (s;,b; € {0,1})
54 3)4 54 b—‘l 3
$101 ‘¢’33 b3 = 554:)((51:52;53)554:)((51:62,53) FL ‘51+”’3 by = 65j35j+155j~bj+1 TI: 651,51
S0 b 59 by =l S101
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n Expectation value in terms of transverse

‘e o[e o] e o| transfer matrices:
b O[O () = o (WEW(O,))
2t< x n;% <L|W[O$] |R>
“ > (LIW=(L WI|R =|R) (LR =1
wo,] W

Blue tensors are defined on the doubled space (s;,b; € {0,1})

54 3)4 54 b—‘l 3

S1 bl

$101 ‘¢’53 b3 = 554:)((51:52;53)554:)((51:52,53) &1 ‘51+53 by = 55j35j+155j«bj+1 T: 651,51
1

S0 b 52 by J=

Katja Klobas Thermalization in RCA5B4 October 2021

10/ 24

Page 17/40



Motivation: (L| and |R) completely characterise thermalisation

10 2) 30
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Motivation: (L| and |R) completely characterise thermalisation

10 2) 30

A. Lerose, M. Sonner, D. A. Abanin, Phys. Rev. X 11, 021040 (2021)

Qur case: MPS with finite bond-dimension
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Detour: maximum-entropy state

Let us consider the transfer matrix W,

Algebraic relations

B e
b

We introduce one- and two-site tensors:

s1b1
Agp :*Sb By = +_S b 081513252 - *:9’2 ba |b> =1
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Using these tensors we can build (L| and |R)

= 1 1
N | % | )
Similarly: |Ry) = i

Katja Klobas Thermalization in RCA54 October 2021 13 /24

e

o

5

|
-9

Pirsa: 21100007 Page 21/40



Using these tensors we can build (L| and |R)

= 1 1
g -
Similarly: |Rs) = The solution exists for |
3 x 3 matrices!! E
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Compatible initial product states

Ansatz: (L| and |R) differ from (L,| and |R.,) only at the very bottom

W New boundary algebraic relations: |

bbb FL
o4 f

Solution:

-4 o-f
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Generalisation to Gibbs states

This straightforwardly generalises to Gibbs states.

i
Py = Ee_“(N++N‘), Ny = # of left/right movers

Fixed-point tensors become dependent on ¢ € (0, 1) (still 3 x 3 matrices).
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Expectation values of local observables
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Expectation values of local observables

()01 0(0)) = 24T
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