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Abstract: In this talk, we explore new techniques to probe the analytic structure of scattering amplitudes in perturbative Quantum Field Theory. The
goal of this approach is to leverage symmetries, limits, and analyticity in order to circumvent the explicit evauation of multi-loop Feynman
integrals. First, we generalize the cutting rules by relating sequential discontinuities (discontinuities of discontinuities) to multiple cuts through the
corresponding Feynman diagram. Then, we determine the logarithmic branch-cut structure of massive scattering amplitudes by expanding around
their branch points. As a corollary, we prove a conjectured bound on the transcendental weight of polylogarithmic Feynman integrals. These results
pave a new path towards bootstrapping scattering amplitudes in perturbation theory.
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SCATTERING AMPLITUDES M

« M~ (f|S|i): Probability amplitude for measuring a final state |f) given |z).
« Properties extensively studied.

— How to encode their content? Spinors, twistors, amplituhedron?
— What are their symmetries? Dual conformal invariance, Steinmann relations?

— What functional forms can they take? Logarithms, polylogarithms?

« Feynman-diagram calculations challenging at >1 loop.
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SCATTERING AMPLITUDES M

« M~ (f|S]i): Probability amplitude for measuring a final state |f) given |z).
« Properties extensively studied.

— How to encode their content? Spinors, twistors, amplituhedron?
— What are their symmetries? Dual conformal invariance, Steinmann relations?

— What functional forms can they take? Logarithms, polylogarithms?

« Feynman-diagram calculations challenging at >1 loop.

Exploit constraints to calculate M more efficiently?
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ANALYTIC STRUCTURE OF M

« Leverage e.g. symmetries, limits and analyticity.

-

. M depends on Mandelstams p?,p3,...,s,t,u,...

Results in logarithms, polylogarithms, ... with branch cuts.

All propagators have +ig’s.

Here: Learn from discontinuities and sequential discontinuities.
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EXAMPLE OF ANALYTIC STRUCTURE OF M

— P2 1 e
M = P1 < ocL12(z)—L12(2)+§1n(z2)1n(1_§)
— D3

with zZz = pg/p%, (1-2)(1-2)= P§/P%

« Dilogarithm Lis(2) = - [ Mds has a branch point at z = 1:

Disc,-1 Liz(2) = 274 fz lds =2miln (2)
1

S

« Logarithm In(z) = ;" 2ds has a branch point at z = 0:

Disc,-p In(z) = 2w
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EXAMPLE OF ANALYTIC STRUCTURE OF M

e Learn:

— Disc,-1Lis(2) exposes a new branch point at z = 0.

— Useful information in DiscDisc M.
« Application:

— Use analyticity information (e.g. transcendentality, Steinmann relations) to
boostrap M.

« Ultimate Goal:

Apply analyticity constraints to avoid loop calculations in any theory.
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TRADITIONAL CUTTING RULES

DiseM = M|ie = M|_ie = Z CutM

c
— P2

+2€
D1

« L.h.s. of cut has +2¢, r.h.s. of cut has —ze.
« Cuts put particles on shell with positive energy:

1
k%2 —m? + e

— —2mid (k2 -m?) O(k")

Extend to multiple discs & multiple cuts, how?

10
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PROBLEMS WITH e DEFINITION, (1)

 DisceM = M| — M|_;c only defined on the branch cut: Tmfln%(s)]

5.0

Discs In? s = In?(s + ie) — In?(s — ie) = 47wif(-s) In|s 25

Im s

-2.5

-5.0

« What is the ie prescription of DiscsM?
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PROBLEMS WITH ie DEFINITION, (2)

« Want to study DiscM in each Mandelstam separately

t
AN
~
P2 —» < <« P3
S Y A =M(p§,s,t,u)
P1 —> > <« P4

o Intuitively: Define discontinuity in a channel s as
Disc,M = M (p?-, s +1g,t, u) -M (p?, s —1ig,t, 'u,)

« Problem: Mandelstams are not all independent: s+t +u =) p?.
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« For multiple cuts, how do we assign +ie?
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PROBLEMS WITH i€ DEFINITION, (3)

D1

+1€

P2

p3
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DEFINITION OF DISCONTINUITY

Resolution: Abandon +ie, take monodromies.

Definition: DiscgM: monodromy of M around s = 0, starting in /7.

s
2 R R R 3=0
R o
» Rst
| 2% _aslmis+n
_3l R* RS - RS t b 0 70
1 Re u '
A e, | N, ‘
-4 2 0 2 4

« Monodromy: Change when analytically continuing around a singularity.

« [7°: Region in space of Mandelstams where s > 0, all other Mandelstams s; ; .. <0.
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DEFINITION OF DISCONTINUITY

Discontinuities with +ie only account Monodromies allow for
for the principal branch: maximal analytic continuation:
Im[In(s)]
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DEFINITION OF DISCONTINUITY

Discg M is the monodromy of M around s = 0, starting in R°.

« Agrees with the i definition in R?:
[DiscsM] gs = [M1ie = M|-ic] gs
« Results in a function on complex space.

« Sequential discontinuities are natural and algebraic:

[Disc,Disc,M] . = [ (1 - g ) (1 - Aoy ) M|
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TRADITIONAL CUTTING RULES

DiscM = M|5e = M|_ie = Z CutM

+2€
P1

Proofs:

« Cutkosky, using the Landau equations.
« t’Hooft and Veltman, using the largest time equation.

 Time-ordered perturbation theory (TOPT).

19
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DISCONTINUITIES, MONODROMIES AND CUTS

M = -»-O»— 1671‘2 ln —p —zs)

1- A4 _ 2| M o< - L
(1-Ap)

_9 -
167?2( ™) =

[DiSCM] RP2

(—2mi) ©(p?) = —8%@(292)

672

CutM o< f»—( >—>— =—8iﬂ_@(p2)

21
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RELATE DiscDIiscM TO CUTS

TIL"HF fﬂ

Two prescriptions:
e

4Am?

P e o S

a. Rotate all energies, encircle some branch points.

« External particles massive, internal particles massive or massless.

b. Solve Landau equations which find branc points, encircle one at a time.

« All particles massive. } HLSILLLL (f s
Yo Sy

o~

7| 2

am

22
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RELATE DISCDISCM TO CUTS

Sx ’Yb Sx

dm

23
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RELATE DiscDisCM TO CUTS

A4

Two prescriptions:
7

4m?

PO N N

a. Rotate all energies, encircle some branch points.

- External particles massive, internal particles massive or massless.

b. Solve Landau equations which find branc points, encircle one at a time.

« All particles massive. } ILQILLLLA gx) s
Yo Sx

o~

ey 2

am

22
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TRADITIONAL CUTTING RULES

DiscM = M|ie = M|_se = Z CutM

+2€
P1

Proofs:

« Cutkosky, using the Landau equations.
« t’Hooft and Veltman, using the largest time equation.

 Time-ordered perturbation theory (TOPT).

19
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3. TWO DIFFERENT CUTTING
PRESCRIPTIONS

Pirsa: 21100005



a. Rotate energies, encircle branch points

SRR .

Sx
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CUTTING RULES IN TOPT

« Energies are independent, Mandelstams are not.

« One delta function for each cut.

— Various numbers of on-shell Feynman propagators for each cut.
— Relate DiscM to cuts using 7 — = — = —2mid (E;)

+ie E;—1

Ci € CiCy

1 1 1 1
M|+¢s°<f . . : :
E'1—w1+st1—w2+st1—Ez—w3+st1—E2—w4+zs

25
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RESULTS RELATING CUTS AND DISCONTINUITIES

Same channel: S o3 k
wallle cilarnnel: Ck,m = Z(—]_) ] (—ﬁ)

Sum of cut diagrams with a combinatorial factor. =

[Disc?" M), = (1~ My, )" M= ¥ Chm [Mi-cuts]
k=m

Rl{rsi}: M computed with all +ie,
{si} > 0 while all other Mandelstams {s;} <O0.
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RESULTS RELATING CUTS AND DISCONTINUITIES

Ck,m = irZn:('l)g (m) (-)"
=1 ¢

Sum of cut diagrams with a combinatorial factor.

[Disc?" M), = (1~ M, )" M= 3 Chm [Mi-cuts] s
k=m

Sum of cut diagrams in a region R!**} where both cuts can be computed.

[DiSCSDiSCtM]R{S,f} = (]l - %(_793)(]1 - '/%i_)CJS)M = Z Z(_]‘)k+£ [M{k‘ cuts in s, £ cuts in t}]RiS’t}

k=1/¢=1

Rl{rsi}: M computed with all +ie,
{si} > 0 while all other Mandelstams {s;} <O0.

27
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STEINMANN RELATIONS

M cannot have sequential discontinuities

in partially overlapping channels

e S

M cannot contain In(s)In(¢) but can contain In(s) In(u).

28
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STEINMANN RELATIONS

.«

M cannot contain In(s)In(¢) but can contain In(s) In(u).

« Important for bootstrapping amplitudes.
e Proof in S-matrix theory: Non-perturbative, used unitarity.
e Our new proof in TOPT: Applies to individual Feynman integrals.

29
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PROOF OF STEINMANN RELATIONS IN TOPT

« TOPT denominators have a sequence of energies.

—-FE5, Ei1-Es, E1-Es, Ei1-Es, FEi1-Es-FE3, Ei1-Es5-E3tEq
pZ, (p1-p5)%, (p1-p5—p3)°, (P1-DP5—P3+D2)*

« Each energy is a subset of the sequential ones.

Pirsa: 21100005
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PROOF OF STEINMANN RELATIONS IN TOPT

« TOPT denominators have a sequence of energies.

—-FE5, Ei-Es5, E1-Es, E1-Es, E1-Es-FE3, Ei1-Es-E3tE»
pZ, (p1-p5)%, (p1-P5-p3)°, (P1-DP5—D3+D2)*

« Each energy is a subset of the sequential ones.

* -~ 11 . | s

— Regions may not exist when some particles are massless.

— Cannot fix external masses to zero.

31
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EXAMPLE: CHAIN OF BUBBLES

e 570~ O—O— w9

32
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EXAMPLE: CHAIN OF BUBBLES

e 570~ w9

1 cut P | p=
- OO0 <’ (*-i)
p— :
2 cuts p="7, - | p= ' '
L OO = Contnlr-id
B2y :

seuts)  ——(O—O—D— <2’
P =0 : .

33
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EXAMPLE: DIsCM FOR CHAIN OF BUBBLES

« Discontinuity calculated using monodromy matrices:
[DiscpzM]sz oc (-2mi) In? (-p® —ig) - 3(-2mi)*In (-p® - ic) + (-2mi)3
o Cuts calculated by putting particles on shell, using +ie:

_ A MM
Youm= —(O—(O—0O— + OO0

« Agreement with formula:

[DiSszM]sz :M(l-cuts) _M(2-cuts) +M(3-cuts)

34
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EXAMPLE: Disc’M For CHAIN OF BUBBLES

« Discontinuity:
[DisczzM] .,» o< 6 (=2mi)” In (-p? - ie) - 6(-2mi)*

e Cuts:

Zu P " == = z

« Agreement with formula:

[DiSCizM]Rpng: 2]\/[(2‘0“175) _ 6M(3-cuts)
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EXAMPLE: CHAIN OF BUBBLES, SUMMARY

! S : v

Discontinuities = )} multiple cut diagrams

37
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Compare the following discontinuities and cuts:
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EXAMPLE: TWO-LOOP TRIANGLE

P1
P3

D2
M o< 6[Lig(2) — Lig(2)] - 31In(22)[Liz(z) - Liz(2)]

+ % In*(22)[Liz(2) - Liz(Z)]

Discpz Discpg M Discpz Discpz M
2 2 1 2

38

N
(N
I

|'T3
b NP0

D1

(1-2)(1-2) =p—§
P
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ENERGY ROTATIONS IN 2z, Z PLANE

M o< 6[Lig(2) — Lig(2)] - 31In(22)[Liz(2) - Liz(2)]

+ 2 1n%(2)[Lia(2) - Liz(2)]

3%

N BbO

p
D1

-z —i = =p_§
(1-2)(1-2)= 5

EZ =

Gl
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2-LOOP TRIANGLE: SAME CHANNEL

e Discontinuity calculated using monodromy matrices:
[ Disc,; Disc,z M (2, z)]R2 o Liy(2) - Liy(2)

« Cut calculated by putting particles on shell: .
1

s o Lig(Z) —Lig(g)

2

D2

« As predicted, agree up to the combinatorial factor:

[Discpg Discng {2, 2)]R2 =9 [M (2-Cuts)]R2

40
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2-LOOP TRIANGLE: DIFFERENT CHANNEL CUTS

1
o< (27ri)2{Li2(2) - Lis(z —ig) - : In®z+1nzlnZz +imlnz — 2mi lnz}

41

Pirsa: 21100005 Page 39/49



2-LOOP TRIANGLE: DIFFERENT CHANNEL CUTS

< (2mi)° {lnz - Inz}

42
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2-LOOP TRIANGLE: DIFFERENT CHANNELS
e Discontinuity:

[Discpg DiSCPfq}Q]Rlz o< (271'3')2{L12(§E) — Lig(z —ie) - % In’z+Inzlnz—irln z}

« Cuts:
M (Z-euts) o (ZWi)z{Lig(E) —Lig(z —i¢) - % In?z+Inzlnz+irlnz - 2miln Z}

M) oc (274)* {In z — In Z}

« Agreement with formula:

|:]:)iSCp%]:)iS(‘,p%.j\/[z:IR12 = M(Q-Cuts) B M(S-cuts)

43
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4. BRANCH-CUT STRUCTURE
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b. Encircle individual branch points

T 1577;& K}L
S el
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b. Encircle individual branch points, procedure

i. Find branch points using Landau equations.
ii. Compute monodromy using Cutkosky’s formula.

iii. What Riemann sheet is the branch point on?

46
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LANDAU EQUATIONS

« Determine potential branch points of M, at ¢y = 0:

1 1
szdDLk'
25?—m%+’£5 E%—m%w%s

Either o; =0 or E? = m?, & Y. +a;#; = 0 around every loop.

47
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MONODROMY WHERE CUT CAN BE COMPUTED

Cutkosky’s formula gives monodromy around the branch point ¢q:
A-My) ()= f dPlk; ] (-2mi)6 (€2 - m2) o)

g with ag#0
X | |
: 02
p with ap=0 “q

1

—m2+1
mq+z€

48
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WHAT SHEET IS THE BRANCH POINT ON?

- Feynman parametrize M and expand around ¢g:

Collogpy ifyeZ,v>0
M(po)~y "
Cy} otherwise.

with
LD -n-1
2

(L : # loops, D : dimensions, n : # of non-zero a;’s)

/'Y =
« Similar to Liys1(1 - o) ~ g log(go), get:

@o 1s on the v + 1-st sheet

49
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COROLLARY ON TRANSCENDENTAL WEIGHT

» In symbol of the form b1 ® - ® b, ® Yo ® c1 ® - ® ¢y, v =q.

LD-n-1

5, 7Y takes its largest value when n =1,

« Since v =

Maximum transcendentality of polylogarithmic Feynman integrals:

|47

50
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CONCLUSIONS & FUTURE DIRECTIONS

« Defined discontinuities as monodromies around branch points.

« Two different cutting prescriptions:

a. Use energy rotations and TOPT to encircle some branch points.

b. Use Cutkosky & Landau equations to encircle one branch point at a time.
« Future directions:

— Extend to massless particles.
— Use relations to bootstrap amplitudes.

— Explore non-physical region.

51
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