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Abstract: In this talk, | will present a general approach to obtain effective field theories for topological crystalline insulators whose low-energy
theories are described by massive Dirac fermions. We show that these phases are characterized by the responses to spatially dependent mass
parameters with interfaces. These mass interfaces implement the dimensional reduction procedure such that the state of interest is smoothly
deformed into a network of defects (dubbed topological crystal), where each defect supports a short-ranged entangled state. Effective field theories
are obtained by integrating out the massive Dirac fermions, and various quantized topological terms are uncovered. | will describe how to apply this
strategy through a few simple examples and comment on the relation to the topological elasticity theory.
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Main goal

Crystalline symmetry protected topological phases (cSPT phases)

adiabatically connected to

» Topological Cwslals

Pisen

» Effective field theories
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Introduction: Topological phases of matter

e Topological phases of matter =
Phases with energy gap to bulk excitations I A

e Can be characterized by patterns of many-body h
entanglement in the ground state

Quantum Information Meets Quantum
;?G Matter -- From Quantum Entanglement to
O Topological Phase in Many-Body Systems,
N ~

Bei1 Zeng, Xie Chen, Duan-Lu Zhou, Xiao-

Gang Wen

. 000

Haldane, Affleck, Kennedy, Lieb, Tasaki

‘(pslring> = Lclosed string pattern

Levin and Gu (2012)
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Introduction: symmetry protected topological phases

Symmetry protected topological (SPT) phases

1.  Symmetry & not spontaneously broken

2. Unique ground state with only local excitation in the bulk all
3. Ground state becomes trivial if all symmetries broken 3

4. Ground state has “Short-range entanglement”

Classic examples:
] d=2 d

0000 @ €

Haldane S=17 chain

3

@ 3

Quantum spin-hall insulator Topological band insulator
Symmetry: time reversal, _
or SO(3) spin rotation, Symmetry: charge conservation Symmetry: charge
or reflection + time reversal conservation + time reversal
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Introduction: boundaries of SPT phases

* Interesting boundary phenomena protected by the symmetry

* Free spin-1/2’s on open ends of Haldane chain
CDEDED

e Surface Dirac fermions are hallmark signatures of 3d
topological insulators

Bi,Se,

Mer W .t
00 B e
=
@
m
w .
Adapted from Xia ef al..
2008, Hsieh, Xia, Qian,
04 “':':I.\, et al., 2009a, and Xaia,

Oian, Hsieh, Wray, ef al.,
2009,
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Introduction: crystalline topological phases

There has also been a great progress on understanding topological
phases with crystalline symmetry

General approaches (real space)

Topological crystals
(defect networks)

Smooth states “Gauging” spatial symmetry

*‘:. » =2
Song, SJH, Fu, Hermele, PRX 2017 Thomngren and Else, PRX 2018
SJH, Song, Huang, Hermele, PRB 2017 Else and Thomgren, PRB 2019

Song, SJH, Q1, Fang, Hermele, Sci. Adv. 2019
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Works on classification of cSPT phases

General approaches (real space)

+ Applies to any spatial dimension and any crystalline symmetry
« Works for bosons and fermions

3
« Classifications for free or interacting systems

Formal mathematical structure of the topological crystal approach:

Atiyah-Hirzebruch spectral sequence in equivariant generalized homology/
cohomology

Ken Shiozaki, Charles Zhaoxi Xiong, Kiyonori Gomi; arXiv:1810.00801
Dominic V. Else, Ryan Thorngren; PRB 99, 115116 (2019)

Daniel S. Freed, Michael J. Hopkins; arXiv:1901.06419

Zhida Song, Chen Fang, Yang Qi; Nature Communications 11, 4197 (2020)
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Works on classifigation of cSPT phases

General approaches (momentum space)
» K-theory (for free fermions)

Freed and Moore; Annales Henr1 Poincar e 2013.

. Morimoto and A. Furusaki; PRB 2013

K. Shiozaki and M. Sato; PRB 2014

K. Shiozaki, M. Sato, and K. Gomi; PRB 2016, PRB 2017.

J. Kruthoff, J. de Boer, J. van Wezel, C. L. Kane, and R.-J. Slager; PRX 2017
Xue-Yang Song, Andreas P. Schnyder; PRB 2017

K. Gomi: arXiv 2018

K. Shiozaki, M. Sato, and K. Gomi; arXiv 2018

Topological crystal approach:
* An alternative approach to K-theory for classifying fermionic cSPT phases
* Provide physical pictures and build-boundary correspondence for the

topological invariants in momentum space

SJH, YT Hsu, PRR 3, 013243 (2021)
Y Chen, SJH, YT Hsu, TC Wei, arXiv:2109.06959
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Outline

Review: topological crystal approach

Quantized topological responses of crystalline topological phases

Examples:

1. Topological crystalline insulators

2. Atomic insulators

General form of the effective field theory

Summary and outlook
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General glassification

adiabatically connected to

cSPT phases » Topological crystals

f’i:r'm
| Dastretites
-
L -
.“,‘ et st
8 ' - |
. ‘ "
[ ] ’ - il
] * - - - a .
1 L 1/]
. : ) -v |
- g
2 L » .'
No. 101 g

Hao Song, SJH, Liang Fu and Michael Hermele. PRX 7, 011020 (2017)
SJH, Hao Song, Yi-Ping Huang and Michael Hermele. PRB 96, 205106 (2017)
Zhida Song, SJH, Yang Qi, Chen Fang, Michael Hermele. Sci. Adv. 5, eaax2007 (2019)
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Topologjcal crystals

What are topological crystals ?

T logical crystal in imension

Pdsem

* Crystalline pattern of “building blocks” in real

g space
' I » « Each building block is a manifold of dimension
1 0 < db < d, hosting a dp,-dimensional topological
J;_ ey phase
[ ]
¢ | . 1’ * db = “block dimension”
L »

* Blocks must be “glued together” at the
intersections to eliminate any bulk gapless
modes

No. 101
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Example 1: Weak {opological insulators

e Weak topological insulator of electrons in d=3
is a stack of d=2 topological insulators

e Relevant symmetries: charge conservation,
time reversal, lattice translation normal to
stacking direction

;:r dp = 2 blocks of 2d
{ \—/f! / topological insulator
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Example 2: Topologigal crystalline insulators

e 3D topological crystalline insulators with charge conservation,
reflection and translation symmetry

I. C. Fulga, N. Avraham, H
Beidenkopf, and A. Stern,
PRB 94, 125405 (2016)

Integer quantum hall state

e  Mirror symmetry pins the integer quantum hall (IQH) states to
different mirror planes
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Topological crystals

Now we have a rough idea about topological crystals

adiabatically connected to

cSPT phases » Topological crystals

' Dimensional reduction | "1
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Dimensional reduction

Example 1: 3D topological crystalline insulators
protected by reflection symmetry

Cross section through bulk

o
e

Region r; Region o7/

Region ro
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Dimensional reduction

* Quick argument: can locally trivialize any patch away from the mirror plane

Hamiltonian density
here can be changed
arbitrarily

...as long as
corresponding changes
made here

Region r; Region or;

Region ro

W

Width w » £ for correlation length ¢
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Dimensional reduction

Region r

adiabatically connected to )
cSPT phases » Topological crystals

What is this statement good for?

* A general approach to obtain classifications of cSPT phases
* Works for bosonic and fermionic systems (with or without interaction)

* Simple physical picture for cSPT phases
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Dimensional reduction

-
i

e List all possible ¢=2 building block states

Ex: Topological crystalline insulators. G=U(1) x M

1. Fermionic Z> SPT state 2. d=2 |QH state 3. d=2 Es state  (Kitaev 2006)
> Getmes
= B
<
= c=1] — il c=8

(Isobe and Fu 2015)

24 & VA
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Dimensional reduction

Block equivalence relations

g ' T

|U)r, = |L) ® |¥)r, ® |R)

o

h

e Corresponds to making region surrounding the mirror plane wider

e Adjoining layer operation is an gquivalence relation

Classification collapses: Zs x Z x Z — Zs x Z>
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Quantized topological responses of crystalline topological
phases
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SPTs and quantized responses

« We can understand SPT phases by considering their quantized responses

* For example, if we couple a (2+1)-D system with a U(1) symmetry to a
background gauge field A, we can have a topological term

Sf:/ﬁl/\rH

« Hall conductance is given by the coefficient K..'

* For crystalline symmetries, need a notion of gauging spatial symmetries

Thorngren and Else, PRX 2018
Manjunath and Barkeshli, PRR 2021,
arXiv:2012.11603

Xue-Yang Song, Yin-Chen He, Ashvin
Vishwanath, and Chong Wang, PRR
2021

L. Gioia, Chong Wang, and A.A.
Burkov, arXiv:2103.0984]
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Elastic responses

« An alternative approach to characterize crystalline SPT phases is given
by quantized topological responses in the
—topological terms for phonons

V. Cvetkovic, Z. Nussinov, and J, Zaanen,
Philos. Mag. 86, 2995 (2006),

J. Nissinen and G. E. Volovik, J. Exp. Theor
Phys. 127, 948 (2018),

J. Nissinen and G. E. Volovik, Phys. Rev
Research 1, 023007 (2019),
arXiv:1812.03175,

Jaakko Nissinen, arXiv:2009.14184

Dominic V. Else, SJH, Abhinav Prem, and
Andrey Gromov, arXiv:2103.13393

SJH, Chang-Tse Hsieh, Jiabin Yu,
arXiv:2107.03409
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Elastic responses

« An alternative approach to characterize crystalline SPT phases 1s given
by quantized topological responses in the
—topological terms for phonons

* For systems with translation and U(1) symmetry: v cveikovic, z Nussinov, and J. Zaanen,

Philos. Mag. 86, 2995 (2006),

v : | J. Nissinen and G. E. Volovik, J. Exp. Theor
- | v : o et :
L=Ly+ _Jﬁf .'1“()?,6‘ (d=1), Phys. 127, 948 (2018),

J. Nissinen and G. E. Volovik, Phys. Rev
Research 1, 023007 (2019),

I/
" - '\ i I J P g m . e
L= s - 5€""€r1A,0,0°0,687, (d=2) arXiv:1812.03175.
o= h
Jaakko Nissinen, arXiv:2009.14184.
1 - " .
L Ao oy a ol ¢ J K o Dominic V. Else, SJH, Abhinav Prem, and
L Lo {]3 f €1JK - 11"{)“(} OrO" 050 (d '” Andrey Gromov, arXiv:2103.13393

SJH, Chang-Tse Hsieh, Jiabin Yu,
arXiv:2107.03409

* How to relate the responses to the general classification?

* How to derive these topological terms?
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Some simple examples
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Effective field theory for TCI

Topological crystalline insulators: G = U(1) x Zf

d=2 |IQH state

c=1
Assuming the bulk is described by the following massive Dirac theory:

L = —ipy* 0,9 — impt),

g : Y(r) = io* T3P (g¥r),
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Effective field theory for TCI

L = —upy" 0,0 — imoyt), |

\ . 2
g¥ cp(r) = i Y (glr),

Add a spatially dependent mass term:

ip(r)y' 1

L, = —imye ).

The mass interface supports an IQH state with Chern number +1
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Effective field theory for TCI

Couple to the U(1) gauge field and integrate out the massive fermions,

.
S=— /:’1(!:1/\([1). P = o2,

41

v

h

Can check that there is a c=1 |IQH state at the interface
after integrating along y-direction

l ;
'Slllli'l'f'eu'(- = E / AdA,
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Effective field theory for TCI

Couple to the U(1) gauge field and integrate out the massive fermions,

|7
S=— /.4(!:’1 A dP, P = ¢/2m.
4

v

h

Can check that there is a c=1 IQH state at the interface
after integrating along y-direction

l ;
’Sllllt"l'f'eu‘(- i E / AdA,
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Mass interfaces

Classification of mass interfaces

23, (0) | 2i3,(1)

22.(01)
. e -
O(Lii.(l}) = C"(L:—;.(m) £ ZW?'(LL(UI})- r(22.(01)) € Z

gr T =T

A J

Y
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Mass interfaces

There is a redundancy

(L)(E;;_{;)) — (;')(Z;{‘(,')) + Q’F]E(Z;;‘{j)).

"'(Ez.(uu) = "'(Zz.(un) g /’-(Z:f..(l)) - h-(z;;.m])
(S

sl /- is a Z-valued cocycle in H'(M,Z")

However, the mass interface is classified by H'(BZ5 ,7Z")
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Mass interfaces
Classification of mass interfaces
f:M — BZY

Cell-decomposition given by the
fundamental domain or asymmetric unit

223.(0) 213.(1)
2i2,(01)
l a¥
1 .qu j!’
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Mass interfaces

Classification of mass interfaces
f:M — BZy

Cell-decomposition given by the

: : ; Dual Cell-decomposition
fundamental domain or asymmetric unit

)y \
| 1,(01)
2:3,(0) 2.3,(1) 2(\{.(0) & & E?f.u)

P @ ®
BZ, |
g/ € m(BLZy)

(Dark green gots are identified)
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Review: classifying space BG

Assuming G is a discrete group

The classifying space BG is a simplicial complex whose n-simplices
are labelled by n-tuples of group elements.

O

There is a unique
O-simplex given by
the empty tuple.

g

1-simplices are
labeled by group 3
elements
2-simplices are labeled by
2-tuples with boundary
rules given by the group
multiplication

m(BG) =G m>1(BG) =0
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Mass interfaces

Classification of mass interfaces
f:M — BZ;

Cell-decomposition given by the

: : : Dual Cell-decomposition
fundamental domain or asymmetric unit

)y \
1,(01)
2.3,(0) 2i3.(1) Z(\{.{n) & @ E?f.u)

222.(01)
BZ? O o
!’j:’: € m (B/u_, )

(Dark green gots are identified)

Pirsa: 21090023 Page 36/53



Mass interfaces
The correct statement is that
*
PF= [0

ce HY(BZS ,Z") = Z,
Q B

112

Non-trivial Trivial
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Effective field theory for TCI

Effective field theory for TCI:

Y
1 ,
B = / AdA N dP, P = (5/271-_
4 '
Can take the smooth limit:
O O
r} rrT —
13 q *
grro o] >> €
/ aF =¥, .
Jro = il

dP is a smooth 1-form
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Effective field theory for TCI

Generalize to other point group symmetries
h

Effective field theory for TCls: G' = U(1) x C,,,,

S = / AdA A dP™ .
4
gy To N C‘-J;- iy
/ dP™™) = r B
v T Y

'.“'l)?'u ;. (_'-lf' (tf
/ P — o % T
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Electromagnetic responses for TCls

Anomalous Hall effect

By the gauge invariance, the following current isconserved:

1 L
Jt = —e\9, P(M oy As.

2T
The 3d crystalline Hall conductivity is defined as
.]'; — O’U E;‘ i
ij L ijkg p(n)
o' = —ei* g P,

r-yl

The Hall conductivity tensor is space-time dependent and is not quantized by itself

An example of the quantized quantity is

] *g-To . . ] glTo N . ]
—~ (',-‘,-;_,0-’;"'(].;" = — 0;P\"™dzt = —r,
2 .15 ' 2 I 2

. 0]
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Space group symmetry

e (Can't run dimensional reduction for wallpaper/space groups because
correlation length can be larger than lattice conslarkt

T
T
T
h"“#’“
s -
T
I

(SJH, Song, Huang and Hermele 2017) (Thorngren and Else 2018)

1. Add a fine mesh of ancillas to obtain a much finer lattice.
2. Assumption: can make correlation length arbitrarily small.

3. If true, can reduce any space group SPT state down to a topological crystal state

Pirsa: 21090023 Page 41/53



1d Atomic insulators

G=U{1) xT
L : »
H = !Z(r.,.c"';_”, + h.c.) ;rZ( Cx
)
«—>
HT— —_—_——_——— a> €

a

Assume there is an unit charge per unit cell
Translation acts on the fermion by
t: Cy — Cr+as

Go to the IR limit by expanding the fermion in terms of slowly varying fields

cz ~ YR(T)e* T + Yy (x)e™"F, kp = m/l.
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1d Atomic insulators

The low-energy theory is described by a massive Dirac fermion:

LY
L = —iypy* 0,9 + imapyp. Y(z) = (Yr, Y1)’
[
<>
=== 0—0—0—0"0—0—00—0—0—0— 000 a> €&

a

Translation acts on the low-energy fields by
t:P(z) = e*Fh(x + a) kp =7/l

Translation is NOT a pure internal symmetry as in the usual IR theory.

(1) ~ (T /
’ (I) Y(z+10) Could have spatial variation on the scale

i_:‘(_i') % ‘-"'(--" + (J) R>>1R<a.
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1d Atomic insulators

The low-energy theory is described by a massive Dirac fermion:

)
L = =iy o,y + imyp. Y(z) = (Yr,¥L)’
[
«—>
. T a>§

a
How to recover the picture that there is a unit charge per unit cell?

Add the following spatially dependent mass term:

om S
éf,‘;{.;'_}“,'” :

L = imgie W, -

Translation requires that ¢(x + a) = ¢(x) + 27w : > T
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Effective field theory for 1d Atomic insulators

Couple to the U(1) gauge field and integrate out the massive fermions,
* 0

S = r// AN (g) r|  —
27 2m [—

The effective action at the mass interfaces

Y !; .”J,r i P
el = '; € :1”(),,(.')(1"“,!'
T

~ U Z / Apd(z — x;)d%x
— Zu / Apdt.
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Mass interfaces

Classification of mass interfaces

a .

Can show that

T(X0,i5) + T(Xo, k) = T(Xo,ik)-

There is a redundancy

(,-")(Zl_,') — (,")(E],_,;) -4 .2?'[']1(21,} h(ZL,') - Z
T(Xo,45) = T(2o,i7) + h(X1,;) — h(Zi ;)
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Mass interfaces

Cocycle condition

_ .
7(2o,ij) + T(Z(J.J'A-) = 7(20,ik)-

Coboundary

T(2o0,ij) = T(Zo,ij) + h(X1,;) — h(X1,:)

el T is a Z—valugd cocycle in H'(M, 7)

Similar to the previous example, the mass interfaces are classified by

a € HY (BT, Z)

%
= "o
. frealized by the cell-decomposition of
f : M — BT fundamental domains
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Effective field theory for 1d Atomic insulators

Take the smooth limit:

e ; 27
/ dp = (d(xo + a) — d(zg)) = - |zg| > &
Jxg a
Simplest configuration:
| § o, . gﬁ_ s — by T = Bl Reciprocal
o(z) = T:.E = 01TT, b = 27/a e vk

This is essentially the “labeling field”
introduced by Haldane in 1981.

(Haldane, Phys. Rev. Lett. 47, 1840 (1981))

(From Giamarchi, 2004)

Define a 1-form E = d¢/2n

This is essentially the elastic tetrad or vielbein in the topological elasticity theory
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Higher dimensional atomic insulators

d=1
Set =V / AANE "
O=2:
- v [ : i J
Seff = = e;gJANE'NE
d=3:
: v [ _ i J K
Soff = (— / ergkANE" ANEY AE
) .

The 1-form E' = d¢’ /27

classified by H'(BI',Z) = H'(T*,Z)
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General form of the effective field theory

S= | LG A AQk, B'MA=—aniy,

(s+1)! 27
: lt

. ("{

9}
, where Cy,y is a k-cycle intersecting with some Wyckoff position and

) : . e H*(BG,,7
‘:\.{n’} = / / C ) { ]
: Cia) f: M > BG,

Spacetime | Syvmmetry group & | {1 in Eq. (3) Integral conditions

dimensions

1+ 1D u()xr -!1. E ‘ fo. E=[. f'r€2,7re€ H(BT,Z)
141D v x D Q= dp | fe, 4P = [ f'r€Zare H (BD\,I")
241D |U@)xr | a, 1ersE' AE7 | _:(.?: E! f,-: [*v'eZ,v' € H (BT, Z)
| 2+ 1D -I'|l| x O'N -53-_, = dw; - [p dwn = [, f'beln,be H*(BCn,Z)
(341D lv@) xr - s = lersxE' NET ANEX - Je, E'=Jo, I't' €2,7" € H'(BT1,Z)
3+ 1D U(1) x C, ) =dP" le, dP™ = [o f'r€Zsre H'(BD,Z

f. dP™" [o. [*fa=0,a€ H'(BCy,Z)
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Summary and outlook

cSPT phases —2diabatically connectedto ,, 1qn5|ogical crystals
N

Effective field theories

» Studying other topological terms that are sensitive to the point group
“charges” of the building blocks

* Generalizing to full space group symmetries

* Applying it to topologically ordered states, interacting gauge theories,
topological semimetals....

» Effective field theories for non-invertible defect networks
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Mass interfaces

Classification of mass interfaces

a

Can show that

T(20,i5) + T(Xo, k) = T(Xo,ik)-

There is a redundancy

A(X1,i) = ¢(X1,:) +2wh(X1:), h(X1:) €Z
T(Z0,4i7) = T(2o,i7) + h(X1,;) — h(Z1;5)
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Effective field theory for 1d Atomic insulators

Take the smooth limit:

e 27
do = (¢(xg + a) — d(xg)) = —T, |zo| > &
J T a
Simplest configuration:
)T .
Ll e iy e — P Reciprocal
o(z) = —71 = bi 72, by = 2n/a Iatticepvecmr
(1 e’

L3
This is essentially the “labeling field”
introduced by Haldane in 1981.

(Haldane, Phys. Rev. Lett. 47, 1840 (1981))

(From Giamarchi, 2004)

Define a 1-form E = d¢/2x

This is essentially the elastic tetrad or vielbein in the topological elasticity theory
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