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Abstract: The inclusion of the cosmological constant is one of the main questions faced by quantum gravity. In three dimensions, non-perturbative
approaches to quantum gravity including loop quantum gravity (LQG), combinatorial quantization and spinfoam path integrals encode the
cosmological constant as a deformation parameter in a quantum group structure. In this talk, | will focus on the LQG approach: | will explain the
Poisson-Lie structure of the classical phase space and how its quantization naturally leads to the emergence of quantum groups. | will use the
holonomy-flux algebra and its spinorial presentation introduced in the series of work by Bonzom, Dupuis, Girelli, Livine and myself. Thisallowsto
construct the Hamiltonian constraint, understand its matrix elements as Turaev-Viro amplitudes. This connects LQG to the other approaches in a
unified mathematical setting.
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Motivation

. [SD gravntyJ Adding a cosmological constant as a ing constant in different approaches of

quantum gravity realize the quantum group structure:

< Spinfoam:

< Chern-Simons formulation:

< Loop quantum gravity (LQG):
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Motivation

. [SD gravnty Adding a cosmological constant as a coupling constant in different approaches of

quantum gravity realize the quantum group structure:

W, regularization
= Spinfoam: Ponzano-Regge model e

Tureav-Viro model
o Semiclassical limit— Regge action with A
QQUamlum group put by hand, origin not clear

© Chern-Simons formulation:

< Loop quantum gravity (LQG):

Pirsa: 21090001 Page 4/58




Motivation

. [?)D gl'ﬂiv’lt}’ Adding a cosmological constant as a ling consi in different approaches of

quantum gravity realize the quantum group structure:

v regularization ;
S Spinfoam: Ponzano-Regge model ——=—————p Tureav-Viro model

0 Semiclassical limit— Regge action with A
@Qu;mlum group put by hand, origin not clear
= Chern-Simons formulation: Fock-Rosly phase space = combinatorial quamti?ﬁlion
o Quantum groups appears naturally, different signatures and different signs of A in a unified way

9 Not a good guide for 4D
< Loop quantum gravity (LQG):

o ¢-deformed spin network states
quantum group structure

A. Perez, D. Pranzetti, 2010-2012]
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Motivation

. [SD gravity Adding a cosmological constant as a o constant in different approaches of

quantum gravity realize the quantum group structure:

S regularization :
< Spinfoam: Ponzano-Regge model ——=——————p Tureav-Viro model

o Semiclassical limit— Regge action with A
QQuzmlum group put by hand, origin not clear
 Chem-Simons formulation: Fock-Rosly phase space ———§ combinatorial qual-nti.;'.eﬁi(:-n
o Quantum groups appears naturally, different signatures and different signs of A in a unified way

9 Not a good guide for 4D

< Loop quantum gravity (LQG):

, quantization discretization
g-deformed spin network states .. .. ... .. Poisson-Lie structure -

quantum group structure

gravity action with

Lie bialgebra structur

1995-, K. Noui, A. Perez, D. Pranzetti, 2010-2012]

FALE RN
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Motivation

. [SD gravnty Adding a cosmological constant as a c o constant in different approaches of

guantum gravity realize the quantum group structure:

o , regularization -
= Spinfoam: Ponzano-Regge model _— Tureav-Viro model
0 Semiclassical limit— Regge action with /A
QQuamlum group put by hand, origin not clear
= Chemn-Simons formulation: Fock-Rosly phase space ——p combinatorial quantization
o Quantum groups appears naturally, different signatures and different signs of A in a unified way
9 Not a good guide for 4D
This talk
< Loop quantum gravity (LQG):

) . quantization discretization
g-detormed spin network states o', .. .. ... Poisson-Lie structure

quantum group structure

gravity action with

Lie bialgebra structur
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Plan of the talk

Intro: 3D gravity with A — deformed phase space
Kinematics - Classical deformed holonomy-flux phase space
. The deformed spinors
Quantum holonomy and quantum flux
« Quantum deformed spinors

» Dynamics - Hamiltonian constraint in spinor representation

Pirsa: 21090001 Page 8/58




Thu Sep 2

3d gravity with a cosmological constant

: _ i, j, k: for internal indices
. Space-time A = Z X R Euclidean signature My — diag{ + .4+ .+ )

A for forms on spacetime

|
Action S[A, e| = —J
24

. A x S
e'ANFi+—e e nelAe
() ¢

] ; ] -
. EoM dA'+ 2‘ J;k ATAA™H > '(}x e'he =0 curvature translation dep. of A

de’ + €' A A et =10} »  gauge transformation of A
discretization

2 ‘

quantization

quantum group structure
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3d gravity with a cosmological constant

y = : i, j, ki for internal indices
. Space-time 4 = XX R Euclidean signature 11, = diag(+, +,+)

A. for forms on spacetime

1 | ; A Lo i 1
Action S[A, ¢] = — eAF+—e e Aelhe” | +—
2] 4 5

[ € (€' A e )k
a4t

canonical transformation new connection: @' = A’ — r:-':-i_ eln® parametrized by a constant vector n'

cf. K. Noui, A. Perez, D. Pranzett

EoM Fllw]+ef e/ Adyn' =0

translation dep. of A
dm()f. - {{Ji M {‘j) ”.l; = ”

gauge transformation dep. of A

discretization
-

quantization

quantum group structure

Jupuis, L. Freidel, F. Girelli, M. Osumanu, J. Rennert, 2020]
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3d gravity with a cosmological constant

. i, J, ki for internal indices
Space-time 4 = Z X R Euclidean signature 17, = diag(+,+,+) '

A for forms on spacetime

[ r
Action S[A,¢] = _J
2 A

i A I o
e AF; + T)L"ﬁ‘ e nelnet ) +— N
Jo.u

canonical transformation new connection: @' = A’ — i-"ﬂ\_ eln® parametrized by a constant vector n'

= ¥ i 1= :
. BEoM F'lw] + ¢ };‘. eAdn" =0 CuI > translation dep. of A

L i i = . :
d.e {ﬁ’ A e ) n; = 0 gauge transformation

take n' = (0,0, k)

(2) gener: o 0. 0] = 2iefo
Algebra 3[(2.C) = 31(2) b an(2) 8u(2) generators o; : [o;, o 2ie,; o}
e an(2) generators p' @ [p', p'] = 2ik (5,8 — 5i87) p!

{Iwasawa decomposition) i 3k

[6;.p'] = 2ix Efil’fiﬁ' - fii:if‘ ) 6; + i€, p

New symplectic form Q = | (e A dw)
- [M. Dupuis, L. Freidel, F. Girelli, M. Osumanu, J. Rennert, 202(
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3d gravity with a cosmological constant

) _— _ ) i, J, & for internal indices
Space-time . = X X R Euclidean signature 7, = diag(+, + . +)

A for forms on spacetime

|
Action S[A, e] = _J
)

i A TI O I oo
eNF+—ege helhe 4o e (€' A el)n
Al 6 ;

dt

canonical transformation new connection: @' = A’ — "ij e/n® parametrized by a constant vector n'

i Aol i : :
EoM F'lw] + e ;1- eAd,n" =0 curvature . translation dep. of A

TS g = ¥ EOTEIOn - :
due' — (e’ A él) n; =0 new torsion gauge transformation

take ! = (0,0, x)

> BN e g e =
81(2) generators o; © [0, ﬁ.fl = ?.f('”.“q .('0 ‘aj} = (SJ (PPl = <6f"‘.§} =1y

Algebra g[(2,C) = 3u(2) M an(2)

, an(2) generators p' : [p', p/] = 2ix (8!8 — 6i8)) p*
(Iwasawa decomposition) S Bai k=3 i Su(2)* = an(2)
1 — D g Risk _ gisk et
l6;. ') = 2ik (6,05 — 6,67) o + 2ie], p
Lie bialgebra structure

[M. Dupuis, L. Freidel, F. Girelli, M. Osumanu, J. Rennert, 2020]
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3d gravity with a cosmological constant

. N . . . i.J, k: for internal indices
. Space-time J# = Z X R Euclidean signature 77, = diag( +, +,+)

A. for forms on spacetime
_ l : B e 5
Action S[A,e] = 5 e AF+ T)CM ehelhe | +— (e Ael)n
A ot

canonical transformation new connection: @' = A’ — é"#_ e'n" parametrized by a constant vector n'

EoM  Fllw] + f.';-k e and =0

translation dep. of A
d,e' — (e A ef.’-‘f) n=0

gauge transformation  dep. of A

take n' = (0,0, k)

: =il 5 )
a SR s i Ll = el (p,ro'. :54{,‘].{)}):{6.5)20
Algebra 31(2,C) = 3u(2) b an(2) | 42 generators 6 ¢ [0y, o] = 2ie;0, | =0 %
) : an(2) senerators p! : [p. p/] = 2ix (818 — 8161 p* .
(Iwasawa decomposition) (e senerdb iy 1050 % TRy *')'r a1u(2)* = an(2)
o7, 0] = 2ik (8/85 — 8]6}) o, + 2ie], p*

Lie bialgebra structure
New symplectic form £ = J (de A 6m)
-

[M. Dupuis, L. Freidel, F. Girelli, M. Osumanu, J. Rennert, 2
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3d gravity with a cosmological constant

Discretization — cell decomposition of X + truncation of DoF , e R 2019]
reicdel, k. Girell, B. shonshany, 2013

Truncation: solution

to the constraints

= e 3 subdivisic J
Q == I\- (é{ ,'\ f‘)ﬁ”} M}. Q = EJ {6(3 A '.5{”} —_ = ZJ’ ﬁ{f{:ld{:’iﬁ‘”- 6{11.”“(:[} fcu-e AN(Z}

1, € SU2)

a "o a “F

discrete phase space
(£, u) € (AN(2), SU(2)) A=0_ (£, u) € (R SUQ2)
d=¢u € SL(2,C) = SU(2) b4 AN(2) T*SU(2) = SU(2) ik R?

[M. Dupuis, L. Freidel, F. Girelli, M. Osumanu, J. Rennert, 2020]
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3d deformed loop gravity phase space

. Lie group (SU(2)) = SU(2) < AN(2) = SL(2,C)

. The phase space is a Heisenberg double (Z4(SU(2)), ;) T
= P [ H SU(2)* = AN(2)

Poisson bracket: {d,,d,} = —r,dd,+dd,r, VdeSLZ2,.C) T —dol d=Io2
» 1= iy 2=

\ Classical #-matrix = Zﬁ@f ST Z'f. ®e

L J

- Girelli, E. Livina, 2014]
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3d deformed loop gravity phase space

. Lie group (SU(2)) = SU(2) I AN(2) = SL(2,C) = AN(2) X SU(2) = D(AN(2))

. The phase space is a Heisenberg double (Z4(SU(2)), m;)

Poisson bracket: {di’ dz} == }‘2|d|(1'2 +d|f!2r. Vd [ SL(Z.Q)

SU@)F = AN(@2) AN(2)* = SU(2)

di=d®l, d=18d

r=> e®f . rm= 2 N ®¢

i

. Iwasawa decomposition of SL(2.C) elements: d = £u = i
£, ¢ € AN(2)
u, i € SU(2)

Poisson bracket: {£1.65) ==[m, 615:], {u, i) = = [rnu)],
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3d deformed loop gravity phase space

. Lie group (SU(2)) = SU(2) b4 AN(2) = SL(2,C) = AN(2) 4 SU(2) = SH(AN(2))
. The phase space is a Heisenberg double (Z3(SU(2)), ;) _ ,
£ 5 = ot SU@)" = AN(Z) AN(2)* = SU(2)

Poisson bracket: {d;,f}z} —EE l‘2|d|d2 +d|f!2r. Vd [= SL{?.,'C) s I =d@| L=19d Y
.rl ' | a, =

i Z G®f . = Z.f" ® ¢

¥

. Twasawa decomposition of SL(2,C) elements: d = £u = af

£.¢ € AN(2) (, 0 ) . (f 0 ) ornin . My e
L= » =1 -] AAERTILIEL
L A Wz A

u, 1 e SU2)

Poisson bracket:  {£,.63} = = [, 6183, {up) = —[nuww], (£),.65) = [, £165) . iy, iy} = [r, ii)iiy) & cross brackets

= ]
. A link becomes a ribbon X K g A X ) {;‘

.."‘.:[]
£=X0N.F=X1)er?
Uu=f=g 1ESU[3]| -

[V. Bonzom, M. Dupuis, F. Girelli, E. Livine
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3d deformed loop gravity phase space

. Lie group D(SU(2)) = SU(2) b AN(2) = SL(2,C) = AN(2) b4 SU(2) = D(AN(2))

. The phase space is a Heisenberg double (S2(SU(2)), mry;) _
: £ 2 SU@RJE=AN@2) AN(2)* = SU(2)

Poisson bracket: {d,, d2} = - r’lldldQ +d|dzf', Vd € SL(2,C) R Y T ]
fi= 0 =

r= Zﬁ@f‘.‘}; = Zf’@ €

¥

. Iwasawa decomposition of SL(2,C) elements: d = £u = ¢

GEEAND)  , _ (f 0 )
u, it € SU(2) Zas

Poisson bracket: {£,.6:) = — [, 6183, {up ) = —[nu], {£,.65) = [, &/

~ 1 1
. A link becomes a ribbon X K g A X {%“ ;5\15

~
Recovers the Poisson structure of loop gravity at A =0 limit: W
(X' e} g ¥ i (X' XI) =¥ X" [e. 2l =0 o - = B
Sl bl £=X1,7=®X1) R}

holonomy
u:ﬁ:g“esmﬁr

Bonzom, M. Dupuis, F. Girelli, E. Livine
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T#SU(2) = SU(2) © R SL(2.C) = SU(2) =1 AN(2)

new feature: back reaction of the flux on holonomy!

(w,ii) > (Z,f) (&) (u, i)
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3d deformed loop gravity phase space

. A graph becomes a ribbon graph, which carries all the holonomy and flux variables.

. F. Girelli, E. Livine, 2014
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3d deformed loop gravity phase space

« A graph becomes a ribbon graph, which carries all the holonomy and flux variables.

ribbon constraint: 6 = r’,|£r‘-_f“_4 JH.LI (second class)

In general

flatness constraint: F = @i, ity ‘u;  (first class)

= £ooifo =
g =] L=< :
E H' E : ik s =

= u, ifo,

g Moz us=<

i ifo, =

[V. Bonzom, M. Dupuis, F. Girelli, E. Livine, 2014]
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3d deformed loop gravity phase space

« A graph becomes a ribbon graph, which carries all the holonomy and flux variables.

ribbon constraint. 6" = £,u,0, J.‘T’.L ! (second class)

in general
flatness constraint; 5% = ﬁ:'ﬁ{'ni (first class)

JE—

o Lo, A (o, e
2p ][] et et

—_—

.= .22

V. Bonzom, M. Dupuis, F.

Pirsa: 21090001 Page 22/58




3d deformed loop gravity phase space

. A graph becomes a ribbon graph, which carries all the holonomy and flux variables.

ribbon constraint: 6 = /',Hr‘,_ﬁ(';':{?]l {second class)

flatness constraint; 5% = ﬁ:'ﬁ;'n! (first class)

. Geometrical interpretation of the

—

cosh x; cosh x; — cosh.xy
cos fhy, =

sinh x; sinh xg

Curved(!) building blocks

[V. Bonzom, M. Dupuis, F. Girelli, E.
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3d deformed loop gravity phase space

« A graph becomes a ribbon graph, which carries all the holonomy and flux variables.

ribbon constraint: 6 = r",|h‘-_/4 ‘ﬁ:l (second class)

flatness constraint; 5% = ﬁ:'ﬁ;'n, (first class)

» The constraints all have the holonomy nature in different groups:
SL(2,C), AN(2), SU(2)
. The Gauss constraint generates the SU(2) gauge transformation
(rotation) and the flatness constraint generates the deformed translation.

Srh = TtMF Y F , h}

Pirsa: 21090001

om, M. Dupuis, F. Girelli, E.

Liv
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Deformed spinorial phase space

WHY spinors’

s

Canonical variables with a simple Poisson structure {{4. (gl = 1045
Its quantization gives the harmonic oscillators
— A good tool to construct the 1 St and the
well-developed in the LQG and spinfoam model
— local \ v, the algebra of the observables acting on the intertwiner space

. A different aspect of the discrete/quantum geometry

[Many works by V. Bonzom, M. Dupuis, L. Freidel, F. Girelli, E. Livine, S. Speziale, J. Tambomino, W. Wieland, etc. 2005-]
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Deformed spinorial phase space

WHY spinors’

Canonical variables with a simple Poisson structure {c;'d,af;;} = i0,p
Its quantization gives the harmonic oscillators
— A good tool to construct the - [ and the
well-developed in the LQG and spinfoam model
, the algebra of the observables acting on the intertwiner space

— local

. A different aspect of the discrete/quantum geometry
WHY deformed spinors?

. Curved discrete geomeiry!

[Many works by V. Bonzom, M. Dupuis, L. Freidel, F. Girelli, E. Living, S. Speziale, J. Tambomino, W. Wieland, etc. 2005-]
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Spinorial phase space

« Let us recall the spinors in loop gravity

=

{élu-é};} = i04p, Ny=Caly-

S

- Assign a spinor to each half-link. They reconstruct the holonomy-flux algebra:
1E1¢1 = 1O)E]
ll‘.' —

X'=(Cla'18), X'=[lo'IC],

AeEE = -

i
Norm matching constraint: & = ({|&) —[C| L]

Pirsa: 21090001

: i .
(X', g} =—0c'g,

X g) =—go',
(X', g} gig

(.l'l‘l'l = a"\'r” + f'\'r])

(X', X7} = ¥ X*,

(X0} = el X+

{g.2}

0

Page 28/58
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Deformed spinorial phase space

. Introduce a ol the spinor variables

.“
2

51

xinh{%; ) } o b 7 A N kN
— =l = Bt =i i cosh(——0)

K »
5Ny

. They can be used to reconstruct the fluxes as functions of the k-deformed spinors

P K

3 K I T a2
rear iy N i 0 T o 4 =cxp[:{.-'v, —No)). z=—r{
LAl PRI = ]| (tﬁql" ~

502 Sz Gt = .:-':u-'.—.]‘: .
KX

: e -
A = exp( I{N1 = Np)), T= -kt

[M. Dupuis, F. Girelli, E. Livine, 2014; V. Bonzom, M. Dupuis, F. Girelli, QP, in prep]
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Deformed spinorial phase space

Introduce a of the spinor variables

sinh(=N,) x _ kN,
B &8y = ( l : (L CR) =— ;'fi__lfs,ﬁ,“()sh(—?"'}
51 2

K K AT = E
5N

They can be used to reconstruct the fluxes as functions of the x-deformed spinors

S A 0 s e e i 0
”e;r%.‘-k_ﬁ-alm(_ 1) ffe:.-s?-e?.\sim(: = . R
- A A= exp(o(Ny = No)), 2= —xifs

: LS e
) A= L‘J"I‘E_l{-"""l =Noh), z=—x(l]

BUT, e
w=il+1¢e-:a,
— These are not o akE spinnrs &l :=-4 2= UTrWee |!\?} = (w—=0]
8. 1) == = P YTrw( 2Ty, | 1Y) = (w—D)| )
— Ambiguity in placing them in a ribbon graph

Need a second deformation

; Ll Bt ) =Lz solution
II):(:): o : .

. Dupuis, F. Girelli, E. Livine, 2014; V. Bonzom, M. Dupuis, F. Girelli, QP, in prep]
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Deformed spinorial phase space

. Spinors on the opposite corners of the ribbon

e (?) = f—g[, D= (:.) =

=Ry
€4 6p

W= : 4 |'I t'. 0,

8.0 == A4 TeWes T, [ 1) = (w =D 1)

a8 i= = ATt ey, | D) = (w =D 1)
on the other two corners

wly
- i

(2 - Lo

£w € AN(2) .
8.07) === 1% Trweet, D)) = (

8,17 = — B {TW@@'2)™, | 7))
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Deformed spinorial phase space

. Spinors on the opposite corners of the ribbon

LI y ) o
i Fid .l"‘= " f-il- ' JQ

|r)=(+ = 4 |7) = ) y
A P e i

1] .‘\;l"

f:"_';i:]

l+iE -7,
== 1N TeWEET, 0] = w=1)| 1)

)= = 2 YTrWEE e | DY = w =D | 1)

on the other two corners

kN7
-l

/The holonomies can be reconstructed with these four deformed h‘piilur.\'.\'
i o e K O £l Gl 2
- L] . = e SU(2)
Vic| o)) VAl (i

(with the norm matching constraint N = N )

&

£w € AN(2)

0|1y == = A7 YTrWeeT, | )} = ' = D7) Flux-holonomy Poisson structure is recovered
5|8 = — B TrW AT, |5 = ¢ D%

Fluxes can also parallel transport spinors

[M. Dupuis, F. Girelli, E. Livine, 2014; V. Bonzom, M. Dupuis, F. Girelli, QPF, in prep]
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Scalar product of deformed spinors

« Scalar product of spinors from different links
= pairs of spinors depending on the orientation
= Each pair has possibilities

[ |72} for

[ty |7;]  for

(:h | Tj) for

(7] for

TEpED
e —

& They are SU(2)-invariant observables

(tWgg' E?) =0

V. Bonzom, M. Dupuis, F. Girelli, QP, in prep]
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Quantization

A—}/—:l\

[A.B) — ih[A, B]
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Quantum fluxes and holonomies

» Quantize the fluxes and the holonomies into «

e e A T
. Quantize the classical r-matrix into the
R =1@ 1+ ihr+ O(h?)
In the fundamental representation, introduce g = e = 1 + kh + O(h?)

gt 0 0 0

1 q__i q__:{q'-l"—q_'-"} 0

. Quantize the Poisson brackets into
(BB = IR 7 LL,R' =R-'L,L,

i

CE Gt - = o o
(81,83} = — [, 6,8,] LLR=RLL,

{up u,) = = [r, ;] R-'U\U, = U,U,R™!

{ity. iy} = [r a5 RO, 0, = 0,0,R

[V. Bonzom, M. Dupuis, F. Girelli, 2014; V. Bonzom, M. Dupuis, F. Girelli, QP, in p
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Quantum fluxes and holonomies

. Quantize the fluxes and the holonomies into
f—L, u—U, ¢f—L, &i—U
. Quantize the classical r-matrix into the
R =1@ |+ ihr+ O(h?)

In the fundamental representation, introduce ¢ = e = 1 + kh + Q(h%)
gt 0 0 0
0 0 0 h

4 0 R = 1 v ogTigT—-g77) 0O

-10 B =
1

. Quantize the Poisson brackets into
(£).6;) = .87 LLR'=R'L,L,
IR S = — A B
S 2na)=~InE 8 LLR=RLL, :
: ; o wy?
What quantum group are they!
g s} = — [ uus) R\ U, = ULURT!

(). 0y} = [r ity RO, 0, = 0,0,R

[V. Bonzom, M. Dupuis, F. Girelli, 2014; V. Bonzom, M. Dupuis, F. Girelli, QP, in prep]
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Quantum fluxes and holonomies

« Quantize the fluxes and the holonomies into

Pl i il R (1]
. Quantize the classical r-matrix into the
R =1Q I+ ihr+ O(h°)
In the fundamental representation, introduce ¢ = e = | 4 kh + O(RY)

gt 0 0

1 0 0 0 »
=[ 4 0| _, p |l a7 47" —a7)
0 -10 -

0 0 1

]

Quantize the Poisson brackets into
ey =] LL,R" =R'L,L,

Lo - T L
(€, 65) = —[r6,65] Lil-R=RIL

L s} = — [, g, R\ U, = U,UR™!
(). @y} = [r. iy RO, U, = U,0,R

[V. Bonzom, M. Dupuis, F. Gire
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Quantum fluxes and holonomies

« Quantize the fluxes and the holonomies into o

i e [0 R e T

. Quantize the classical r-matrix into the
R =1Q 1+ ifir+ O(h?)
In the fundamental representation, introduce ¢ = e = 1 4+ kh + O(h*)
gt 0 0 0

I 0 0 0

k|1 =1 4 0 . 1 qr"i' q“:l[q'-l’—q"-"} 0
F —_— h — .

| VR 1 0 0 g 0 k! DN K 0
0 0 0 1 i L= Lol . ; L= L ! =
0 0 0 i —,flr:“lll'.' — q_'- ]JI K g Wgt—g* JJ-I K

S (S

« Quantize the Poisson brackets into coi ns KLk '=g*i., [J,.,J]1=[2]] [n]:=
(£).65) = 1. 6,65) LLR =RLL, :
e N Lt —F e
(£1.632) = — [, £,£5] LLR=RLL,

g2 =4
() = = [rwus) 4 R0 Uy = UL U R™!
{dydta} = [r )iy RU,U, = 0,0,R

[V. Bonzom, M. Dupuis, F. Girelli, 2014; V. Bonzom, M. Dupuis, F. Girelli, QP, in prep]
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Quantum fluxes and holonomies

« Quantize the fluxes and the holonomies into o

il e (0 ATy T I

. Quantize the classical r-matrix into the
R =1Q 1+ ifir+ O(h%)
In the fundamental representation, introduce ¢ = e = 1 4+ kh + O(h*)
gt 0 0 0

I 0 0 0

k|1 =1 4 0 . 1 qr"i' q“:l[q'-l’—q"-"} 0
F —_— h — .

| VR 1 0 0 g 0 k! DN K 0
00 0 1 : e=l AT e e ke
U 0 q° ~q'gT—q I, K gt -aH4, K

a 5 . 7 o 41 q= —
« Quantize the Poisson brackets into coi ¢ 15 KLk '=g*., [J.,J1]1=[2]] [n]:= St

y |"|' [4

(). 865 = [r.6,65] LR =R 'f_]i'_l :
ESE Ll — P i
(£1.63) = = [r.6,£5] LL,R=RLL,

[ 1) = = [ro 0] R-\U U, = LU R

{dydta} = [r )iy RO,U, = 0,0,R

[V. Bonzom, M. Dupuis, F. Girelli, 2014; V. Bonzom, M. Dupuis, F. Girelli, QP, in prep]
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Quantum fluxes and holonomies

. The commutation relations of L's, U's, L's and [’s imply:
£ €ANE2) — L€ Fungi1(ANQ2)) = %,-1(31(2))
uesSu2)y — Uesu,.i(2)
£ E€ANQ2) — L €FungANQ))= % (3u(2))

ality between % (31(2)) and SU,(2):
(U, L)y=R™", (U,L)Y=R

HESUR) — Uesuy2)

Both ¢ and q_l-deformation in the ribbon picture

Duality between holonomy and flux extends from Lie bialgebra to quantum group

V. Bonzom, M. Dupuis, F. Girelli, QPF, in prep]
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Quantum fluxes and holonomies

. The geometrical interpretation of the S2-matrix -
LE.J\’ = RLL They are nothing but the

RUTT 0. 0.R 3 in particular
A L = Ual

n,‘]:ITCSCI'I[EH-I('II'IH

(E'M)Fj =R u= @ Vi
1

kl=x—
=

e [3%:':"'?1.«""?:.! = Ry R |3 R |:J

’
8

R = Z'@U)@@Q}

The Z-matrix contains flux and holonomy information

Pirsa: 21090001

[V. Bonzom, M. Dupuis, F. Girelli, QP, in prep]
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Quantum fluxes and holonomies

. The geometrical interpretation of the 9£-matrix -

They are nothing but the
in particular

TC]JT'.'RCIIEE!Iillll-‘u'

(E'M:"' =Ry u= @ )i

'3

kl=x—

. The quantized Gauss constraint is from the

38 guantum matrices L or L

$=L5L — G=)L,L,0L
5’?:2'%{1)@"%(2} a

. The solutions are the ‘?a.’q{éuﬂ}}-inlcrm-incrs

e = s
Flbh = Yk

The A -matrix contains flux and holonomy information

[V. Bonzom, M. Dupuis, F. Girelli, QP, in prep]
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Quantum spinors

Quantize the K-deformed spinor variables to the
.8 — @by, @.5) > @bh), MNo,Np) = NNy
They obey the
aa’ —g¥Ta'a = r:,'f\T". [Nl I= al, [N,.al=—a
The is recovered
: 5 N, — N, In what sense can we call them quantum spinors?
Jo=a'b, J_=ab", [ = T
Quantize the deformed spinors to
[1y — t, 1] — tF, |ty = T, |z] —

a

|5y = t, |il=10t, |[§-=9, |il~-
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Quantum spinors

» Quantize the K-deformed spinor variables to the

(€5, LD > (@b), (&5,0% — (@',bl), (Np,N) — (N, Ny)

«» They obey the
s ._:_.IT A ii:‘gl_ 4 +
aa' —grrala=qg 2, [N, ,a'l=a", [N,,a]l=-—a

«» The 15 recovered
+ * Nr.' & Nh
f+=ﬂ b, J=ab', J=——0
z 3

« Quantize the deformed spinors to
|ty — 17, |f] = t*, |7y = F,

>
W w

R |i] — €, |7y = 9,
i "

'l’l{'q(én(zn quantum spinors '?('q. (#11(2)) quantum spinors

* in the sense of the adjoint right action ¢

JOK+KG] Jy @ S OF

Eba=K"6K KD
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Quantum spinors

Quantize the k-deformed spinor variables to the . These spinors can be used to reconstruct the
C5.CD) = @b), (5,8 — (@b, WNy,N) = (N, Ny

They obey the lyg & = |
B - e ._[_1}21”{? 3 __I‘}": t:_ -
x —{t M + : AT=1 [N+ 1]

aa' —g*tlala=q 7, [N,.a'l=a", [N,.al=—a e==

The | is recovered = 1 (= I}t',+;iq-"_,i Z &G
/ = : AY -B*

N, — N, [N+ 1] !
2

= I = B =

[} il

Quantize the deformed spinors to u:
A ] = tt, |7y = T, ] = g

[E S R T (N [P s 7R ot
L8 J - J

w W

?x"q(éu(ﬁ}} quantum spinors '?t"q (811(2)) quantum spinors
¢ in the sense of the adjoint right action ¢

Jo b= JOK+KOJ, e j . J. 6
KbPG=K"'0K
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Scalar operator from the quantum spinors

. The scalar product of classical deformed spinors are quantized

to the

:'_1.—.'1.

SE| £y —I.—I.I.'I =tk £y <
Ey: — Eg*=oyI[2] Z a1C3 00 eT @
A=t

2+ They are thus live in the intertwiner space

SRR PR ATA AT
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Scalar operator from the quantum spinors

« The scalar product of classical deformed spinors are quantized
to the

“A—AU ex—A @0

) €y 40 =k
x“,l‘g. — El!l *=op/[2] Z gaC3 @T ™
A=t
2+ They are thus live in the intertwiner space

e F)

=45 !ﬁ ja s

= 6,48 e 24/ 14,11, 11d, 11d, 1 (= D'

. A standard way to define the scalar operators is in a

way with the S2-matrix, €.g .

= P 5
¢Ci2h0 PG ATy
*

Dge = MGe=55@1

A=2a8TY

[V. Rittenberg, M. Scheaunert, 1992]

Pirsa: 21090001
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Scalar operator from the guantum spinors

« The scalar product of classical deformed spinors are quantized to Ans: Because the plays
¥
Why don't we the role of braiding

!L‘rl.r': S F:'l.e': o (—-1 } 0 ®r[-—fr:[3® " “ecd bmidcd f I T} (.x |i’> —_— Lg"‘ C( tf
g = Chi a rai

the
12 A0 e2,—A structure here’

< They are thus live in the intertwiner space

!_h.';,' Ja
= ﬁ-’u-f|+'-‘:"‘$l'_~-f}+":l \/ [{'l_rn'l I[.E{I-:][d“ “df:J{_ Ljicketds : :‘.l'...f:,r';

. A standard way to define the scalar operators is in a

way with the S2-matrix, €. g .

(2)Ge L|,,!;"l
LA

’ ¢ e

O =2 M@ FTYR, VT, =501
2 i & e Braiding is parallel transport in the ribbon picture!

[V. Rittenberg, M. Scheunert, 1992]
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Spinor representation of the Hamiltonian constraint

» The Hamiltonian constraint

S—

S L ks
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Spinor representation of the Hamiltonian constraint

« The Hamiltonian constraint

—

o || L =

can be written with purely spinors

Eﬁ—'l}u = Z ?;’:--_"1 (?j:: II %’f:‘)

AR AB

=2 T4 (:

AB
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Spinor representation of the Hamiltonian constraint

» The Hamiltonian constraint
e [#) 0 U, if
L’q_j"' = I Is.‘? e Ca{:'r = =1

i’ if o,=—1

can be written with purely spinors

(]__[ Z ]U o (c;yup Fad Caj:fé),w Tf’rﬁ

A.B

-1
= Z Teﬂ.—.-l ( b b ' ) T, B
A.B

AB

» The holonomies can be given by the spinors, then we have a

flatness constraint written with purely scalar product of spinors

P

e O€; Nr 0;€;
ha= 2 5B -c0e "Ry, | Z 0=
b 4 rr—

— ), 0 £~k i=p+]

da+1

f'.

Pirsa: 21090001
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Spinor representation of the Hamiltonian constraint

« Quantizing the scalar products to operators, we get a ' in terms of quantum spinors

: : : : : 1
= Solutions to the guantum Hamiltonian are topological states!

R e e
2 I"r’frlf'[f_‘n.f.-l-.fﬁ)

J.-l f‘m Js g
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Spinor representation of the Hamiltonian constraint

» Quantizing the scalar products to operators, we get a in terms of quantum spinors

: ST . |
= Solutions to the quantum Hamiltonian are topological states!

Ja Js J

- : h B J i . ]
Wi (i1 o ) { ' ;} Wy (30 Jias J5) W (Jogr o) {

]
= Triangle face — i of the physical states by spin-1/2 — spinfoam dynamics

AJUL)W (fJ =072 } ar A!ii.h?wf [-f] 2 } + A:;UJW’ (jl +1/2,j,, ] =0

It is a

of the well-known

result in the flat case when g = 1!

Pirsa: 21090001

v

[V. Bonzom, E. Livine, 2011]
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Summary

Quantum group structure emerges from the continuous theory by performing a canonical transformation
The deformed phase space shows up a ribbon structure — holonomy and flux are of the same footing
— constraints expressed in a symmetric way

Hyperbolic geometry at the discrete level

Quantization inherits the duality between the holonomy and flux and leads to both g and c_;_i-d::f'urm:uiun

: 4 B | ¥ .
Spinors are deformed to capture the curved geometry, and the quantization also leads to ¢ and g~ -deformation
The deformed hamiltonian has topological solution and gives the recursion relations of the g-6j symbols

Such a g-deformed LQG framework connects to the spinfoam and makes it easier to connect to the Chern-Simons

quantization
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Summary

Quantum group structure emerges from the continuous theory by performing a canonical transformation
The deformed phase space shows up a ribbon structure — holonomy and flux are of the same footing
— constraints expressed in a symmetric way

Hyperbolic geometry at the discrete level

Quantization inherits the duality between the holonomy and flux and leads to both ¢ and q_i—tlcfbrmuliml

: 4 o =1 5 .
Spinors are deformed to capture the curved geometry, and the quantization also leads to g and g~ "-deformation
The deformed hamiltonian has topological solution and gives the recursion relations of the g-6j symbols
Such a g-deformed LQG framework connects to the spinfoam and makes it easier to connect to the Chern-Simons

quantization

To explore ...
. Euclidean with A > 0; Lorentzian signature; 4D
« ¢-deformed coherent states from the deformed spinors

«» Spinfoam model from the first principle
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Summary

Quantum group structure emerges from the continuous theory by performing a canonical transformation
The deformed phase space shows up a ribbon structure — holonomy and flux are of the same footing

— constraints expressed in a symmetric way
Hyperbolic geometry at the discrete level

Quantization inherits the duality between the holonomy and flux and leads to both g and (_.r_’-dcfm'mmiml

Spinors are deformed to capture the curved geometry, and the quantization also leads to ¢ and {;_]-dc[k)r[nallion

The deformed hamiltonian has topological solution and gives the recursion relations of the g-6j symbols
Such a g-deformed LQG framework connects to the spinfoam and makes it easier to connect to the Chern-Simons

quantization

To explore ...
. Euclidean with A > 0; Lorentzian signature; 4D
. (-deformed coherent states from the deformed spinors

» Spinfoam model from the first principle

Thank you for your attention!

Pirsa: 21090001 Page 58/58




