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Abstract: Time is absolute in quantum mechanics, whereas it is dynamical in general relativity. This is considered as one of the main obstacles
towards unifying quantum theory and gravity. Relational quantum dynamics offers a possible solution by treating clocks as internal quantum
systems, which promotes time to a dynamical quantity. This talk begins with a quick overview of time in relational quantum dynamics. We then
explain that the inclusion of an interaction term coupling the clock and system causes the system dynamics to be governed by a time-nonlocal
SchrAfdinger equation. Moreover, we demonstrate a quantum time dilation phenomena wherein we analyze the effect of non-classical states of
guantum clocks on relativistic time dilation.
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Relational dynamics: e Tt
interacting clocks and systems and quantum time dilation

Mehdi Ahmadi
Santa Clara University

In collaboration with Alexander R. H. Smith
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m Relational quantum dynamics (Page & Wootters)

m Interacting clocks and systems | Quantizing time: Interacting clocks and systems

Alexander R. H. Smith* and Mehdi Ahmadi? Quantum 3, 160 (2019).

® Quantum time dilation

Quantum clocks observe classical and quantum time dilation

Alexander R. H. Smith &J & Mehdi Ahmadi &

Nature Communications 11, Article number: 5360 (2020) | Cite this article
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® Relational quantum dynamics (Page & Wootters)

o For an asymptotically-flat universe, the long-range gravitational field provides a superselection rule for
the total energy, which then causes ¢ to be inaccessible.

o Communication in the absence of synchronized clocks
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Physical states: &[p] = lim 7—J dtUpU'(t) = Z MM pllg
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Quantum parameter estimation with imperfect reference frames
Dominik Safranek’, Mehdi Ahmadi®" and Ivette Fuentes'
Published 3 March 2015 - ® 2015 IOP Publishing Ltd and Deutsche Physikalische Gesellschaft

Citation Dominik Safranek et al 20156 New J Phys. 17 033012

Pirsa: 21060102 Page 5/35



Pirsa: 21060102

Physical states: &[p] = lim — | diU

y
=00 T —

Quantum parameter estimation with imperfect reference frames

Dominik Safrének’, Mehdi Ahmadi® and Ivette Fuentes’

Published 3 March 2015 - ® 2015 IOP Publishing Ltd and Deutsche Physikalische Gesellschaft
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Quantum Fisher information loss: \O,& ?")%8

| Upr,G) = H(px) = H(Glpa)) |

— T A. _\
I(p,G) =43 (Cov "([f"h)) where G =) gP,

1 1

Cov,(4, B) = - ({A~ (4), B~ (B)}), = 5 ({4, BY), — (A),(B),

]
2
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® Relational quantum dynamics (Page & Wootters) il b
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© The Wheeler-DeWitt equation implies that the quantum state of the universe is independent of 7.

Physical states: H|WV)) =0

l rT
|Wﬂzﬁm7¢ dtU(n) | ¥y = T, Il

T—00 LT

® Examples of quantum clocks
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® Examples of quantum clocks

The ideal clock Spin-1/2 clock

Clock Hilbert space

He ~ Lz(j{) Clock Hilbert space
H(' B C')
Clock Hmmli(nlmn Clock Hamiltonian
Heo = P He = Qo,
Clock states Clock states
P | —iQT |-
i) = e~1PeT |7, m) = 25 (10) + 77 |1))
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® Examples of quantum clocks M'éﬁmm;‘:d; TR

The ideal clock Spin-1/2 clock

Clock Hilbert space

He ~ j}(j@) Clock Hllh(‘lt s ace
Ho=C ’
Clock Hamiltonian Clock Hamiltonian
He = Po
C C He = Qo
Clock states Clock h“m““’
IT) = e iPoT 7o) )= % (|(]) 4 g~ ‘1))

Lo\ 7 =0
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® Examples of quantum clocks

The ideal clock

Clock Hilbert space
He =~ Lz(R)

Clock Hamiltonian
He = Pe
Clock states

|7}y = e=iPeT |7p)
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Lo\ 7 =0

Spin-1/2 clock

Clock Hilbert space
'H(., ~ ,Cz
Clock Hamiltonian
He =Qo,
Clock states

)= ﬁ (10) + e~ |1))

<z\zv =0
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® Recovering Schrodinger’s equation

V. Giovannetti, 5. Lloyd, and L. Maccone, Quantum time, Phys. Rev. D 92, 045022 {(2015)

P kool et
s

o The physical state: H|¥)) = (H¢+ H,,.i) |'¥)) =0

) = (fat oo 1s) 1wy = [ at o
o State of the system at time ¢ [¢s(t)) := ({t| ® Ig) | ¥)) d @
S when

. ) . : . d
© Take the derivative wrt 7 and impose the Hamiltonian constraint: o [¥s(t)) = Hg [¢¥s(t))
.

Ys(t))
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® Clock-system interaction

© The physical state: H|¥)) =0
) = ([ iy ets) 19) = [ de o) lwso)
o State of the system at time £.  |¢¥g(2)) := ((t| ® Is) | ¥))
o Take the derivative wrt £
d

!a [¥s(t)) = Hg |¥s(t)) + (t| Hine | Y))

d
'Efa lYs(t)) = Hg |vs(t)) + /dt’ K(t,t) |vs(t))

d
© The modified Schrédinger equation: ia [Ys(t)) = (Hs + Hk) |[¢s(t))

o Solving the modified Schrodinger equation: [vs(t)) = V(2. to)

f'_H‘(#”}f\- — {X z\Hi.,,H.f{)l‘| ‘n"_‘{{f\]}
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® Clock-system interaction

© The physical state: H|W¥)) =0

W) = ([atmeio1s) 19 = [ de i) ws)

o State of the system at time £.  |¥g(?)) := ((t| ® Ig) | ¥))

o Take the derivative wrt ¢:

- m\
Pé |'L=“),5‘(t ) Hc, |U )> + f| Hlnf |1JJ>> ’lﬁ/(f;% "
- aéxu‘?‘}@
?tﬂ; ( )> = Hg ll,)‘) /a't ]\ f, 1‘/5( )) \5

K(t,t) := (| Hyne |t')

Vs (t))

- , : d
© The modified Schrodinger equation: ia [¥s(t)) = (Hs + Hg)

r

o Solving the modified Schridinger equation: [vs(t)) = V(L. to) [¢s(to)) = {L A" Va(t. m:] [Ws(to)
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® Clock-system interaction

© The physical state: H|W¥)) =0

W) = ([atmeio1s) 19 = [ de i) ws)

o State of the system at time £.  |¥g(?)) := ((t| ® Ig) | ¥))

o Take the derivative wrt ¢:

- m\
Pé |'L=“),5‘(t ) Hc, |U )> + f| Hlnf |1JJ>> ’lﬁ/(f;% "
- aéxu‘?‘}@
?tﬂ; ( )> = Hg ll,)‘) /a't ]\ f, 1‘/5( )) \5

K(t,t) := (| Hyne |t')

Vs (t))

- , : d
© The modified Schrodinger equation: ia [¥s(t)) = (Hs + Hg)

r

o Solving the modified Schridinger equation: [vs(t)) = V(L. to) [¢s(to)) = {L A" Va(t. m:] [Ws(to)
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® Clock-system interaction M-M Ll

© The physical state: H|W)) =0
W) = ([atmeiors) 19 = [ deivso)
o State of the system at time £ |¥g(2)) := ((t| ® Is) | ¥))
© Take the derivative wrt £:
i 0s(0)) = H his(t)) + (6] Hine | 9)) _ L6=Y

ps(0) = Hslis@) + [a K.Y ws(®)) oA
K(t= ['f) e (£| Hin ‘1!-’)

d
d&

d
© The modified Schrodinger equation: i% [¥s(t)) = (Hs + Hr) [¢s(t))

p>*g§q'c

o Solving the modified Schrddinger equation: [vs(t)) = V(£ to) [¢s(to)) = {L A" Va(t, r‘n!] [Ws(to)
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i 0s(0) = Hsls(@) + [ & K@OWs) o0 ) osty CENL St b
K(t, ) := (t| Hint |t " —

bs(t)) = (Hs + Hk) [¢s(t))

© The modified Schrédinger equation:

dt

o Solving the modified Schrédinger equation: [Vs(t)) = V(t,10) [¢5(to)) = [x A”l',,w.n,a] v (to)

r

® Solving the modified Schrodinger equation: ld_ lWs(t)) = (Hs + Hy) |1s(t))

|f5(”:' = ‘(ff{]) I(_'_n_,'(f(]}} = [Z /\H‘-,I(f}fn):l |I‘,~;[l’||>‘

T

V(t,to) = U(t, to) {Lx,-—*i/\ r' dsU(s, x.,)*fdu;’{(s, W)U (u, .cn)+o(,\'2)]

LMIM@

® Example: Gravitationally interacting clock and system
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® Solving the modified Schriodinger equation: ?;ii, lps(t)) = (Hs + Hg)
dt Mischa Woods

|{ ";;[.;'“:J

lPs(t)) = V(L tg) [vs(to)) = [X AV (¢, to)

! 3 —
V(t, to) = U(t, to) {Ig —iX | dsU(s, to)! /duK(.s, W)U (u, to) + (’)(/\2)}

Jig

b M,Wj
®= Example: Gravitationally interacting clock and system
(-rr.fH( A [s G

= l!(\\ fr!‘-,

—
B d Ad

G of (4]
K(t,t) == (t| Hint |t') = — 70" (1" = 1) Hg

(S ¢

. d \ [ & 5 » a? .
JW (! Hff},_ -}—1’_\' 1 ml’]\ } L)(’_..“,_!):| If. "-.'(”}
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© The modified Schrodinger equation: b ls(t)) = (Hs + Hi) |1s(t)) = =
o ko ==Y

o Solving the modified Schrisdinger equation: [Vs(f)) = V(t.lo) [¢s(to)) = | D A"Valt.to) | [is(to

\

® Solving the modified Schréodinger equation: f lws(t)) = (Hs + Hg) |s(t))
. dt ' ' e

() = V(o) [vs(ta) 7‘T,\"1'..-(..«‘.; ts(to)

¢
V(i to) = U(t, to) {I_.. i\ [ dsU(s,1p)" [riu K(s,u)U(u,tp) + (’}(,\3”
v 2 I"‘"Mq:ﬁ

® Example: Gravitationally interacting clock and system
GmeMs
d
K(t,t') := {t| Him [t')=

i f-_‘.r,_i,r;k ;
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10. Wiseman, H. M. & Milburn, G. J. Quantum
Measurement and Control. (Cambridge University

® Quantum clock Press, Cambridge, 2010)

2

, e Jfmaci L TR
o A quantum clock is defined by a quadruple: @ = {H o, H oo 05 T}

© The elapsed time 7 is unitarily encoded: p(7) = e~ Hewa®p etfetoat
o Qur clock observable 7 should satisfy the following conditions:
[. On average, it should estimate the elapsed time 7:

(T('>;'irl =7

2. The variance of T should be independent of the elapsed time 7:

2

“Arr'r)pfm = ((AT(‘) >p
© Covariant POV Ms satisfy these two conditions.

Covariance: ('iff~'f-f'-’E( ‘(f)(*'"'”"-"-“’ =E(E—-1)

Pirsa: 21060102 Page 24/35



T T g
IV T e T 0

o
5. Holevo, A. S. Probabilistic and Statistical e — V,- il IM :
PRI " T Ly
. . Aspects of Quantum Theory, Vol. 1 of Statistics Mehdi Aﬁ;::di i i
p= ‘ 1/”‘-,'(_,(-,(-)(1[4[;;:"{; | Pr= U(( T)p U(( T) and Probability (North-Holland, Amsterdam, Sen I ‘
1982).

and Measurement” (R. Hudson,

® Constructing optimal clocks using covariant quantum estimation

. M. J. W. Hall, s “Quantum Communications

[‘L(C) =Hu | ;){ | V. P. Belavkin, and O. Hirota, Eds ), Plenum, New York, 1995

Fle) =ir fi(-(ﬁJ/:r

dlnp(ilr)):

dr

F(r.p) = ’ dép(&| r)(

o Covariance: ¢ betTE (E)e " etk = E (€ — 1)

Proper time and clock energy uncertainty relation:

N2 | |
((AY( ) )j} 2 . 2 =
Fz:p,) 4((_A/'1"-f.u-x)m®

Page 25/35
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® Constructing optimal clocks using covariant quantum estimation | s Hoievo, A.s. Probabilistic and Statistical i d
5 Aspects of Quantum Theory, Vol. 1 of Statistics Mehdi N‘:ﬁ:d;
/) = ‘ V{'."U('k><!,{‘[m'f;| f)r = U(( T)f’U(-(T) and Probability (North-Holland, Amsterdam, il N
1982).

o M. J. W. Hall, i “Quantum Communications and Measurement” (R. Hudson, |

LL(C) = U | ;){ V. P. Belavkin, and O. Hirota, Eds.), Plenum, New York, 1995

pélo) =1r ‘E(-(SJ/’:

dlnp(&|7) )

dr

Flrip) = [d‘;"p(ﬂ r)(

o Covariance: ¢ et E (E)e " Hetod™ = E (€ — 1)
Proper time and clock energy uncertainty relation:

2 a2
Fz:p) 4((AH,,., 20

‘@dac}é}ﬁmfw CovastanCe
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® A relativistic free particle

5 i % % I 5 et
o Lorentz-invariant action: 8§ = / dr {—.’H(" + P,
. (

Mischa Woods
/” _ []('IH(']'{] ."I. : ‘I' i

/

© The corresponding Hamiltonian constraint:

Cy ==, PP + M*c* =0

Ch=C,C_ Cy i= P £\ [m;P'Pic? + MPc*

Restricting to the positive energy sector: C,.:= Pl + \/"?;‘;“Dil)jf'j + M2t

© The quantum constraint:

(—L | t},)) = (PU(. T Hl!’m& F Hun s Hm;J | W)) =0

| 1, 1
Hmr = 5 (H:'m @ Hm’uv,( g T;H(-'m) +0 (**)

24
mc= m=c
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® Time dilation of clock 4 relative to clock B

\Q\;l‘ ; ¥ :
Anmadh, /- W8 e

Prob[Th =74 & T =
Prob Ty =18
(V| Ea(ra)Ep(rr)|¥))
(Y| Eg(t)|¥))

Prob[T4 = 74 when T = 73] =
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® Quantum contribution

MNPy +SINTE| P P COsfZ|p + SIN (e p

5 /\\_ f b /\ By //\\_ _/\_j/\

. v n Ad

;'\ ." - ) L T . ‘."- ."
b 4 ; P cos” 6 + p'ysin® 0 X
. \,. ( - Yo 2 A2 o \;'.
o \os 2m*ct . .
< L Y - \
P, Y . )
L \\ A i T
. N . N
3 . - . 2 ol 2\ o . .
. cosdsin2f [ID y —Pa)” —2(pf — Pj3) cos20 N\
- i To ¢ 7 ; 7 3 : 2
! 4 8m2e? [('uar:am 20 4 e(PA—Pa)? /44 " ; an <
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Quantum time dilation in atomic spectra

Atomic center of mass in a Spontaneous emission

momentum superposition from excited atom

A A ® -0

cosf |p) + sinf e |p') le) = |g)

II = II:H-)HI T I?[fivld + I}.‘sf'

-9 ~ 4 "2
P~ _ 1P Lo(1-12P
2m 8 m3c? o 2 m?2c2

1Un.lum =—

e){e

” . A 1 A . A ”
Hy=-d B - - [;3- (B « d) + (B x d) -;‘)}

M. Sonuleitner and 8. M. Barnett, Mass-ensiyy and anomalous friction in guaniuin optics, Phys. Rev. A G8, (42106 (2018
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Spontaneous emission rate experiences quantum time dilation:
Iﬁslljli Iﬁr-l =1
[y q
cos ¢ sin 26 [(p’l - [)_-1)2 -2 (p’f — Pp%) cos 26}

=1
'Q

— = i =7 _ 2 21
8m?2c2 [('()h dsin 20 + e(Pa—Pa)?/44 |

which suggests quantum time dilation is universal!

Effects of relativistic momentum coherence on atomic transitions

1, = 3.1

Kacper Debski Piotr T. Grochowski(.*
Alexander R. H. Smith(), %% % Mehdi Ahmadi(®,% % and Andrzej Dragan(' 79
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Quantum time dilation in atomic spectra Mehdi Ahmadi

Piotr T. Grochowski®,"" Alexander R. H. Smith® 7 Andrzej Dragan® "% and Kacper Dgbski@*#

Spontaneous emission rate experiences quantum time dilation:

| sup I cl 1

. Q
ln =

; cos ¢ sin 260 []")_’i —Pa ) — 2 f])’f — ]')'_le) cos 20

‘O —

8m2e? [cos @sin 20 + e Pa—Pa)"/ u"]

which suggests quantum time dilation is universal!

Effects of relativistic momentum coherence on atomic transitions
Kacper Debski(®,! * Piotr T. Grochowski(®,> 3
Alexander R. H. Smith(3,%5 % Mehdi Ahmadi(),% % and Andrzej Dragan'7
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Time dilation observed for clocks moving

Is quantum time dilation observable?

Atomic superpositions separated by several

several meters per second meters per second have been created.
C. W. Chou, D. B. Hume, T. Rosenband, D. J. Wineland, P. Cladé, S. Guellati-Khélifa, F. Nez, and F. Biraben,
Optical Clocks and Relativity, Science 329, 1630 (2010) Phys. Rev. Let. 102, 240402 (2009)

Fa
- "Se

"

An estimate of the quantum
. . N 1 =
contribution is F(e ~ 10 12

This quantum contribution is within the resolution of
current atomic clock provided the coherence time of the
superposition is longer than the atom’s lifetime.

Mehd‘l A__hmadi
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Thanks for your attention!
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