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Abstract: | will revisit the conserved quantities of the M athi sson-Papapetrou-Tul czyjew equations describing the motion of spinning particles around
a fixed background. Assuming Ricci-flatness and the existence of a Killing-Y ano tensor, | obtain three non-trivial quasi-conserved quantities, i.e.
conserved at linear order in the spin, thereby completing the two quasi-constants of motion found by RAY.diger with one new independent
quasi-constant of motion. Finally, I will discuss the implications for the motion of spinning particlesin the Kerr geometry.
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SPINNING TEST-PARTICLE IN CURVED SPACETIME

' .ervation lead to Mathisson-Papapetrou (MP) equations:

B Skeletonization of compact object + stress-energy c

. 1 v g -
Pj-( = .[XO,constant (Ijx \/Tg—r”o } \ : [?'lp)\ - _%Ruuaﬁvl S(l‘d
pv A o 3 = s 0 e v pnv '
S - .[Xo_mnstam d®x +/ g(éx T ax T ) D(ST = 2plKyv]
B Tulczyjew SSC: specify the worldline (= COM seen by an obseler of 4-velocity
x pM): ‘ }
It yields SHY = SHY(p™ §%) = g B Sg, vH =vH(p*,S%),
~—~
A
=pa/ 1

with p 2 vV —pap® + orthogonality condition p“S“ = 0.

( Inaependent JIrsS T ‘

Invariant mass 1 and spin parameter S? £ §%S, = §*P5_ 5 /2 constant along

the motion.
2

B (inear : . - , 8 peo_
Linearized EOMs: astrophysically realistic EMRIs: oM < =K 1.

-

2 Py -
= Neglect all O(S“) corrections

: In particular, we recover p# = pvH + 0(82).
AIM: study the conserved quantities of this system for a Kerr background
{ 6 known for 7 DOFs + chaos/integrability @ linear order 7 }

i
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CONSTRUCTION OF INVARIANTS: GENERAL ALGORITHM

B Spinning case (MPT equations): the S's are not
independent, because P,LS“ = 0. Trick: introduce a

’ (textbook view .
( ) relaxed spin vector s :

Vs

it . A A Afd A
‘‘Conservation requires symmetry’’ [Riidiger 1981-83] i — nﬂsu with FI‘L‘ = 55 + 8" By
W State-of-the art:
o ¢ and S are obviously conserved
B Sketch of the generic procedure applied to geodesic motion: o For any Killing vector field £<,

L. 1
CE = £MPPL + Evu‘éusﬂu

is conserved [Semerak 1999]
2. < In presence of a Killing-Yano tensor

V(aYg)y = 0. one can build quasi ints
3. Use EOMs to reduce it using the general scheme mentionned above: a

o . linear’ one [Riidiger 1981]
B ey tigh Y P 0 Qy =S54 yos
4. Expressitin terrr.13 of independent variables (trivial here) and a ‘quadratic’ one [Riidiger 1983]
5. Infer the constraint(s): ' i 5
ViuKay...an) =0 Qr = —Lal® —2uS%0aZ — 2" "LaS%Epp’
B SaimerahEy} [La 2 Yarp? 22 Y5500 €% 2 -3V, y*re]
o n=1: K, Killing vector: V(,, K,y =0 They satisfy Qy = O(S?), Qg = O(S?).
o n =2 K, rank-2 Killing tensor (V( K, = 0)or => In Kerr: 6 invariants for linearized MPT, recovered
) 5 ) by Hamilton-Jacobi [Witzany 2019] ... but chaos
Kuv = guv (G = — %) seems only to appear ® O(S?) [Zelenka et al. 2019]
o n2>z 3K rank-n Killing tensor . . N
B *1---%n . 7*® invariant ?? Integrability ?7
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QUADRATIC QUASI-INVARIANTS FOR SPINNING PARTICLES

GOAL: generalize Riidiger's quadratic solution: (1) assume an invariant at most linear in the spin
Q ey KMVP”PV + Lpups‘-“lpp
(2-3-4) the conservation equation becomes

: 3 Al Al AD 2 Al Al A 2
Q ox U/(t/pp!lpl A’ + 2p *leu/ps(xpﬂpupﬂ + O(87)

U L VK, 2lotapys Vapss = Psbapy — Koy B sug K\;IH‘\\.[” -"‘5‘”:‘
(5) Constraints read: a (6) Solution: at O(SY), K1 should be a Killing tensor,
K.y =0
C-)(SO) . U(,}r/p) —_ O V(O‘ /3 /)
O(Sl) : *Vﬂ( ) =0, At (9(8 ), the situation is more involved. Assummg
s ticci-flatness and the existence of a Killing ) 1
0(52) S wen Yiv (Kuv = Yy I’,), there exists a solution
tf 1 s, 40 , A
Lu.ﬂw = D(_[ﬁ'-«,’ e EA(uﬁfy + C(.tﬁ':f(’i(y T gv Z) ’ with A(x['}'y = zv[(): K,’j]"f
. N f v f . f
Provided that OE‘;WVP]’_Y;&) =0, |where W,5~ = D:)/ By Yap~: D:\eri‘i = D[(y 8] 'S trace-free and Dfrxﬁ“f]'
B p¥ =0, Y, = 0is Riidiger invariant Q
By v T g R

o Finding a more general solution appears to be more involved (special thanks to Justin Vines). ..

Pirsa: 21060061 Page 5/8



CURRENT STATUS

B Use a more general Ansatz for Dgﬁﬁ/, e.g.

é

1 s 2
tf A [ RVZ. A A
Da_;”?"y =M (Acxlf“r‘ + 2g’7[-3v K(t])\) + A2 (g[u Yf);]w - gg“/[(lé Y,‘;]é) + A3 (‘5 EXSy [ Y Bl — g& Y;[(xg(:f]"f)

4 :
A 1) A o X .y 5
7|7A4 <£ EXafé Y -y + gg Y)\[a gﬁ]’y) f /\5 (R.’,\ ,‘5/! v é“ Y g ~y T g",f[(i\ T(ﬂ))

6)

X o} 74 X ) Fi
i /\6 (R” "]i”’é €/\(‘5'j:"fJ Y( Y g",\[(.\. Tg] ) i A7 (Ra;?y I'éke o Y{ﬁ =~ Ir g“.[('.\. T(jf])>

* (8) TR * (9)
Y Y.,"fJu + g“.[‘(k ij}] ) T /\g (€! R Yﬁj\]u s g‘,[u T'l;] )

T ("

I v
t s ('5 Ruv 1

C

* 4 10 * LV 11
i AlO( Ra gsyvV £+ Ex|a T:,(g] )) F A1 (":I('r R_.?]Af ;,n/Y e &~ T(ﬂ )) g =

...and try to solve the constraint equation in a non-trivial way !

B At this point, our results are still not conclusive (but we suspect at least one
non-trivial invariant to exist)

B Several highly non-trivial identities on KY tensor have been derived, e.g.

* 1 *
KxsR Aﬁ,a)a = YA(ggﬂ,s)&a;A — 8a(8Y 4 Eo)n + EYa(,BY *, Gs)x»

which can have other potential applications !
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CURRENT STATUS

B Use a more general Ansatz for Dgﬁﬁ/, e.g.

é

1 5 2
tf A [ RVZ. A A
Da_;”?"y =M (Acxlf“r‘ + 2g’7[-3v K(t])\) + A2 (g[u Yf);]w - gg“/[(lé Y,‘;]é) + A3 (‘5 EXSy [ Y Bl — g& Y;[(xg(:f]"f)

4 :
A 1) A o X .y 5
7|7A4 <£ EXafé Y -y + gg Y)\[a gﬁ]’y) f /\5 (R.’,\ ,‘5/! v é“ Y g ~y T g",f[(i\ T(ﬂ))

6)

X o} 74 x ) Fi
i /\6 (R” "]i”’é €/\(‘5'j:"fJ Y( Y g",\[(.\. Tg] ) i A7 (Ra;?y I'éke i Y{ﬁ -~ Ir g“.[('.\. T(j]))

* (8) TR * (9)
Y Y.,"fJu + g“.[‘(k ij}] ) T /\g (€! R Yﬁj\]u s g‘,[u T'l;] )

T [

I v
t s ('5 Ry 1

C

. s 10 " 11
' /\10( Rapsy V' Z + &y[a T:g] )) A1 (“:I('r Rajypun Y + By(a f;gg} )) Ll

...and try to solve the constraint equation in a non-trivial way !

B At this point, our results are still not conclusive (but we suspect at least one
non-trivial invariant to exist)

B Several highly non-trivial identities on KY tensor have been derived, e.g.

* 1 *
KxsR Aﬁ,a)a = YA(ggﬂ,s)&a;A — 8a(8Y o)A + EYa(,BY *, Gs)x»

which can have other potential applications !

Pirsa: 21060061 Page 7/8



CONCLUSION AND PERSPECTIVES

¥ Find the quasi-invariant(s) !

Evaluate the quasi-invariants in Kerr.’ B Chaos/integrability at linear order ?
spacetime + physical significance B Extensions at O(S?) and/or including
¥ |nvolution ? (+» complete integrability ?) the quadrupolar moment
B Relation with Grassmann-odd spinning
E ¢ Qv &k N particle [Kubiznak et al. 2011]
2 2 2
IS 0 0 0 O(S7)O(S°)O(S%) m Generalization to Einstein-Maxwell ?
) 0 0 0 0 0  ® Relation with Hamilton-Jacobi ? [Witzany
E 0 0 ? ? 2019] Separation of EOMs 7
/ 0 2 ? B Link with PN (integrability at 2PN) ?
[Tanay, Stein and Galvez Ghersi 2020]
QY ? ? O
Qr ?
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