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Abstract: """ Gravitational wave detectors and their increasing precision have enabled more specific tests
of general relativity, including spectroscopic tests of black holes by measuring the

quasinormal modes within the ringdown signal. These testsideally compare the QNM

frequencies to predictions from theories beyond GR, where black holes may be described by
deformations to the Kerr metric. | will present aframework to compute the first order QNM

shifts of these deformed Kerr Black Holes at arbitrary spin and present some initial results for

the spin-0 case. In addition, | will lay out some of the technical issues that come up when

computing the shifts for the spin-2 modes, and explain how they are surmountable."""
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Ringdown
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Quasinormal Modes

m A discrete set of decaying modes which are solutions to the Tuekolsky
equation.

m Finding these modes is essentially an eigenvalue problem

m Very efficient solvers exist to compute these modes (e.g. Cook-Zalutskiy
method arXiv:1410.7698 [gr-qc])
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Consistency Tests of General Relativity

Testing the no-hair theorem with GW150914 - Maximiliano Isi, Matthew Giesler,
Will M. Farr, Mark A. Scheel, and Saul A. Teukolsky
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Specific changes to Kerr

m If we find disagreement — what change to GR / Kerr would this imply?

m We will need to test each proposed beyond-Kerr model on a case by case

basis.

m We need a general framework to do this

Beyond-Kerr / Changes to
Beyond GR Tuekolksy Shifts to
Model Equation Quasinormal
Modes

g — g + eig
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Shifts for arbitrary spin (a)

®m | want to outline a framework for computing shifts for arbitrary spin.

m Get inspired by perturbation theory in quantum mechanics

H— HO + EHtl);w = w0 4 esw

(nO| HW |0
(n(0)|n(0))

ow =

m We need an inner product that:

m is finite (of course)
m follows (n(?|H©) —w@ |y =0. = makes H(" self adjoint
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Eigenvalue Perturbation Method - shifts for arbitrary a

m Start with the tuekolsky equation for a particular [,m and w mode.
sjj[m,w’[ s(f“jl-mw’(rw H)] =0

m Expand it to first order

= (1) (0) @ 1
Tslm ) [ 7slm w + ey “slmw | ™ 0

m Come up with a norm that is finite and makes ) self-adjoint (this has

slmw
been done), then rearrange.
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Inner product on wavefunctions

The inner product that makes the Kerr Tuekolsky operator self-adjoint is defined
as

(¢ | x) —] Sill@d@/drA*aJ(r,H)x(r, 6)

0 c

The radial contour goes around

the branch cut at the horizon
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Eigenvalue Perturbation Method - Previous Work

m Kerr-Newmann qnm shifts (arXiv:1409.5800) “The Quasinormal Modes of
Weakly Charged Kerr-Newman Spacetimes" - Zachary Mark, Huan Yang,
Aaron Zimmerman, and Yanbei Chen

m arbitrary a

Q?
M2

m Parametric instability of black holes (arXiv:1402.4859) “Turbulent Black
Holes" - Huan Yang, Aaron Zimmerman, Luis Lehner

m first order in expansion parameter € =

m Looks at gnm shifts due to a background of Kerr + Qnms.
m At high a, found that higher frequency modes can excite lower
frequency ones == hints of turbulence.
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Quasinormal Mode spectrum of a shifted Laplacian

m For s = 0, the Tuekolsky equation is just the laplacian, and the shifts in the
laplacian can be computed from the new metric.

DE?IS'Cr“7-+€'59 = Dg}(rwr + EOD(

g.09)

m By considering the extra term to be the shift in the Tuekolsky operator,
gives the shifts in the quasi-normal modes for the new metric.
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Shifts of Generic Beyond Kerr models

m T[here is a generic parametrization of beyond kerr models of black holes,due
to Johannsen and Psaltis, called the JP metric. (Phys. Rev. D 83, 124015)

A(r) = A(r) + a* sin®(0)h(r, 0)
gee = gu(1+ h(r,0))
gty = gip(1 + h(r,0))
grr = grr(1 + (7, 6))

Joo — Yoo —I— ]1(7‘. 6))
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m An infinite tower of parameters ¢,
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Preliminary Results

Results for s =0, =2,m =2

Quasinormal Mode Shifts for the JP Metric
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Preliminary Results

Instability for large a (results only for the s = 0 perturbations)

Quasinormal Mode shifts for £ — 2,m — 2,n — 0,e, ~ 0.1
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What needs to be done

We
would
Beyond-Kerr / like a Changes to “We ha‘ve
Beyond GR general Tuekolksy Streamlined Shifts to
Model procedure Equation this Quasinormal

Modes
—

g =g + dg
® ®  [eoeee

L =L + 0L

./

m In general we would like a process that inputs equations of motions for any
theory and its metric BH solution, and just outputs the shifts.
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A sketch of the general procedure

m Assume a beyond-GR lagrangian, which has:

m Einstein Hilbert Action
m Kinetic term for (an) extra field(s)
m ¢ - suppressed interaction term that couples some field current to

curvature quantities

S =Sgpy + f(l;r\/ —g[ﬁ-g =+ fﬁmt}

e
m We can derive the equations of motion from this:

Gab [9} = 62 TD [(], 1)} \

ab
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Two Expansion Parameters

We start with the equation of motion above and expand our metric and our fields
with two expansion parameters

m 71 Wave Perturbations

m ¢e: Perturbations of the Background

g—g° +e2gt + 'r](h‘g’—&— e
9 — 04 e +n(0+ 204

¢" = Kerr Background

g' = Deformation to the Kerr Background

hY = Kerr QNM Waves

hl = Shifts to Kerr QNM Waves due to the deformation
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Two Expansion Parameters

m Expanding as above and picking out the wave perturbation part, gives us the
following:

([Eab+e2<6Eab—6T£>J T )(hughl)o (3)

e d0[9Y] Og —edpt \ 04 &2t

m E,, = The Linearized Einstein Equation for Kerr

moF,, = (SE([g,[gl: o| = all terms in the expanded Einstein tensor linear in
both ¢* and o at the same time.

o (5‘T£ = dT(ﬁ),[go,191; o] all expanded terms in the shifts Einstein equations

linear in o and containing linear and quadratic terms in !
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The Tuekolsky-like equation

m This essentially gives an equation for the shifts that is akin to the Tuekolsky
equation we had earlier

ab

Eo[h° + Eh'] + €(8Eay — 0T )% + O(e7) = 0 (4)

m An interesting relation due to Wald is, that there exist Linear Differential
Operators on Kerr, S** and K, such that:

S (B[R] = T1 s¥]
K[h] = o
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The Tuekolsky-like equation

m By applying S to (4), we have

0

S H] - 5B 5T [0 ae)

Ticerrl s¥] + €8 (0B, — 6TH)[1°] + O(¢*)
Ticersl s¥] + €25, = STR)K '] %)) + O(®) = 0

m We can pick out the shifted Tuekoslky operator above:
T = S*bE.; —6T ol

C

m And to calculate the actual shifts of the quasinormal modes, the only
missing ingredients were the following inner products:

< s (fi!?pyz.vy |(57—‘ s uf'?mn)
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A Surmountable Problem - Metric Reconstruction

m This leads us to one thing we still haven't straightforwardly calculated:

0 _ =11 0
hslmn =K [* U"lm?J
m This is called metric reconstruction, and in our case we only have to
"reconstruct” the Kerr Quasinormal Modes from their solutions in terms of
Weyl scalars. .

m This is not straightforward, but a lot of work has gone into metric
reconstruction and though the process can include subtleties, these are
definitely surmountable.
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Thanks

Thank you for listening!
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