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Abstract: We describe the transition to plunge of a point particle around the last stable orbit of Kerr at leading order in the transition-timescale
expansion. Taking systematically into account all self-force effects, we prove that the transition motion is still described by the PainlevA©
transcendent equation of the first kind. Using an asymptotically matched expansions scheme, we consistently match the quasi-circular adiabatic
inspiral with the transition motion. The matching requires to take into account the secular change of angular velocity due to radiation-reaction during
the adiabatic inspiral, which consistently leads to a leading-order radial self-force in the slow timescale expansion.
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Introduction

An EMRI within GR
Kerr black hole (M, J) + compact object (u, o), n = u/M

Neglect structure and spin of the secondary object

Inspiral on quasi-circular and equatorial orbits

Inspiral
At the ISCO the slow-timescale expansion of the inspiral
breaks down

A different treatment is needed which matches smoothly m

onto the slow-timescale expansions
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Matched asymptotic expansions

Treatment of the transition in small mass ratio regime
[Ori & Thorne, 2000] and [Kesden, 2011] T

« Leading-order transition neglecting self-force

* Quasi-circularity is inconsistent with Inspiral
normalisation of the 4-velocity

The plan:

Leading-order (adiabatic) inspiral including all self-
force effects

Leading-order transition including all self-force
effects

Matched asymptotic expansions in the overlapping
region
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Forced equatorial geodesics

Trajectory z# = (t, r, n/2,¢) angular velocity Q = d¢p/dt and redshift U = dt/dt = — g'e + g"?¢
The normalization of the 4-velocity and the radial geodesic equation

2
LANEN ' d_2r=_lﬂ+f,’ VE]_3+f2+a2(1—el)+2(c”—ae)
dr dr? 2 or r r2 3

The energy and angular momentum flux-balance equations
I
e de
dr " dr
The orthogonality of the force with the velocity fu* = 0

-f;

de df dr
Ql—-—=f—(QU)"!
dr dr ﬂa’r( )

Angular velocity and deviation from circular geodesic angular velocity

Qseo 1 5= (@1 — Q-1 o 1 _ 2ae — &)+ rf
T4 q’ .= T gk 7 T P2y a+s’ " 2+ ae + 2a(ae — £)
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The adiabatic inspiral

Slow-timescale expansion for X = (r,a, 8, Q, U, e, £) where 7 = 7 7 is the slow proper time
X = X&) + n X,(%) + O:n*)
Consistently with the flux-balance equations and the orthogonality condition
P =nfi@+ 00D, a=1¢
I"=[o® + 115 + Ost)
Equations at lowest order: algebraic equations

_ 2ae—€)+rt
T 2+ ade + 2alae — £)
2 2 €0
dr dr 19ve Q. =
e — 2 _ yge SEE o 0 -
(df) SRS dr? * 2 or =f 1 + agyt-dy,

. - 2 02 45 5 3/2
U =dtldr = — g' + g"¢ Jioy = AU )70 %0/ G0y+27gy)

Uoy €oy 0
1

Note on quasi-circularity: the inspiral is not described by a geodesic circular angular velocity
dlogr drldi  n dr
dp — rdgpldi QU dF

0:n) Jp, is small throughout the inspiral
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Solution in the ISCO limit

The equations of motion:
da,

dr
2

drg) 045 (e fo_g fa:)
= = /% 1 .3 0J(1) ~ @

di 806+ 2rg) VYO T

dbo) __ A", +V T Ps drg,
di B; "M 2AB; d%

=0 —— the spin is constant at adiabatic order

As 7 — T4: solution in half-integer powers of (7 — 7). There are 3 free parameters to fix by matching with the transition
(% — 9% + 0%, — %)
(7 = D2 + 0% — 7)?

Loy = Loy = Ky o (Fx = DK 4

e = * (7 _ =z *
ep) — €qy = Q(U)*K((]),Q(T" )+ L

r(()) - r(())* = P’(T]H(f* — f)”z + O(f* — '1")

. " - > g 32 8
— §* - — 732 =2 = _ =32
o) = 0‘_(‘” 1(1, D+ 0(F—17) f(’;]) = gr(o)* 5(0) +0F. - 1)

Froy = AUG Q% rio 80/ +2r(3’2)

(0)™%(0) 0)
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The transition to plunge

Transition-timescale expansion where s = ”5(1 — T.) is the transition proper time

F=To»=1"1 ‘ ‘R(n,s) 00 0o )
=L =1 &, 5) R= E WJ/SRU](S)‘ ¢= Z’?'/S‘fm(s)‘ Y= Z ’I”SY[;](S)
e — ey = Quope [1°°Y, )41En, 9)) = = =
o0
a = ap + Z r]i’Sa[,-](s)
i=1

The radial self-force and the deviation from geodesic circular angular velocity &

J) = fym¥ +0,(),  fiyy(8) = xR () — &io)(s)

1 B 20@e—-¢)+rf

n
o ’ _ A Qg
L r(r2 + a®)e + 2a(ae — £)

: A
0= 5[0]'74/5+0s('7), o) = ER{%)](S) TTAL Sjoi(®)
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Solution at early times

The equations of motion:

2 2
dr 2 dR, 2
ary _ 2 yseo o) _ 3
(dz) et -V ( e ) =- ?"‘RIOJ — 2BusRg) + 74 Yo

e p— &R Painlevé
Iﬁ s r _ % = = (o — €)RE; = KlBo = LS transcendent
ds equation of the

2 oe d.

.

. 13VEe de  1aVee de 1aVeeda| fdr\™ 4 2. . 2l Bo—0 first kind
f = Ei=ors e L A g . = Y[o] - _Rb - _R[m =2Kk_R[(]]
dt 2 of dr 2 da dr| \dr 3. Oy, Ve

At lowest order in : algebraic equations that fix eg)«, £}« and a;; =0, i = 1,...6

As s — — co asymptotic solution to the Painlevé transcendent: series in half-integer powers of (7« — 7)
=B ETR L 07D + 0,0 5(5) = &% (5 = ) + 102 +0,0n)
r(s) = —— L—T+rg+1 (s79) + O,(n"") 01,2 5

£(5) = AulTn — D2 4Kl = D5 + 170671 + 0,077 e 0 il (#— D +7*°06) + 0,n)
2(ax — €+) Or?

[o]*
(& = D + 1 Q(F = ) + e + 1°°0G) + O,(n™)

= %
e(s) = 013

8
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The match!

The inspiral
¢ isvalid forall 7 < 7«

<4—— |Inspiral

¢« reacheslSOasz:i — 7 11‘1

The transition

=1/5

« isvalid for —p <n-—r<n’!

. reachesLSOas 7, — 7> 5~

The overlapping region: r;r_”5 L —T <K n_'
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The match!

The inspiral The transition

r= r(o)*+’“i:‘ (f* _%)112 +h.0. = ’f(/)‘ _"')K;_(f*_f)1f2+r <+h.o.
) \ PR [0]

1
£ = Cgptit F— DKt (G +h.0. ¢ = (i — DG — D+ gp +h.o.

The matching fixes the free coefficients of the inspiral f'(j‘” =

« Also the energy e and the deviation from circular geodesic angular velocity 5(0) match

« The leading-order radial self-force close to the LSO:

Kaf)s azfr

Yooy 2| EmDHOE-DT
[0

fo=
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Summary

Exact consistent match of the adiabatic quasi-circular inspiral with the transition motion at leading order in
the small mass ratio expansion

The adiabatic inspiral With circular geodesic angular velocity does not match the solution in the transition
regime

1 1
=g gy = m————
r(%f)z + a(o) r(%')z + a(0)+(5\,“,

« The adiabatic inspiral requires a zeroth-order (in the small mass ratio expansion) radial self-force f(’o)

£t

= AU2.02 745 (5 3/2
Joy = AU 070,50/ G0y +2rg))

Sy~ @G =D+ 0@ -
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Summary

The Painlevé transcendent evolution in the transition remains true even in the presence of general self-force
corrections

It therefore controls the transition for any mass ratio (sgnall mass ratio [Ori & Thorne, 2000], [Kesden, 2011],
equal mass regime [Buonanno & Damour, 2000])

To do:

« Structure of the subleading match (and explicit match of the P1A inspiral)

« Understand f(’o)

* Include eccentric and non-equatorial inspirals
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