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Abstract: The issue of whether quantum effects can affect gravity at cosmological distances still lacks a fundamental understanding, but there are
indications of anon-trivial gravitational infrared dynamics. This possibility is appealing for building alternatives to the standard cosmological model
and explaining the accelerated expansion of the Universe. In this talk | will discuss some large scale modifications of general relativity due to
nonlocal terms, which are assumed to arise at the level of quantum effective action. Nonlocality is a general feature of quantum effective actions for
theories with massless degrees of freedom and dynamical mass generation is a typical non-perturbative IR effect. Among several models,
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well cosmological data and has strong signatures in the tensor sector that could be tested in the future by gravitational-wave detections.

Pirsa: 21050014 Page 1/33



Nonlocal cosmological models from
infrared quantum gravity effects

Enis Belgacem

Utrecht University

Main reference:

E. Belgacem, Y. Dirian, A. Finke, S. Foffa and M. Maggiore, Gravity in the infrared and effective nonlocal models
JCAP 04 (2020) 010 [arXiv:2001.07619]

Work done at the University of Geneva

QG seminar, Perimeter Institute

May 13™ 2021

Pirsa: 21050014 Page 2/33




OUTLINE

1. Motivations and theoretical framework

* IR quantum effects in gravity and the quantum effective action
* Nonlocality and gauge-invariant/diff.-invariant mads terms

* Nonlocal gravity models, focus on the RT model

2. Phenomenology and cosmological predictions

* FRW background and dynamical dark energy
* Scalar perturbations
* Bayesian parameter estimation and comparison with ACDM

* Tensor perturbations and modified GW propagation
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Modified gravity in cosmology

» Standard cosmological model ACDM in agreement with observational data

* Butitis not fully satisfactory from a theoretical point of view: the cosmological constant needs
to be fine tuned to explain quantitatively the current accelerated expansion

» Dark energy is the less tested sector

* Modified gravity is interesting: dynamical dark energy and tests of GR at cosmological scales

* There are alternatives to ACDM and cosmological data to test them

A possible approach:
Can quantum effects in gravity have cosmological consequences?

* No first principle answer to this question is currently available

* Nonlocal models studies phenomelogically this possibility
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The quantum effective action

When including quantum effects the relevant quantity to consider is not the classical action S[g@],

but rather the quantum effective action I'[¢]

Construction (using a scalar field in flat space-time for simplicity)

Z|J) = eVl = [ Dy etSlel+i] e s = (Olp(@)[0); = ]
Clg) = W[J] - [ ¢J s = —J(z)
Lol — fDSO ei8[¢+tp]—fif 625)]@

* The quantum effective action gives the equations of motion for the v.e.v.s of the fields and is
obtained by integrating over the quantum fluctuations around them.

* The quantum effective action is not a low energy Wilson effective action. It has the same regime
of validity as the fundamental action.
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For gravity: quantum fluctuations of the matter fields and of the metric.
Integration over quantum fluctuations of matter fields gives (with ¢ =0, J =0
eir[giiv] — eiSEH[gMU] f DC‘O BT:Sm [gurx;(f—’] — eiSEH[QMV] eil—‘m [QMV]

I' =581 +1m (0|T*¥|0) = \/2_—9 g;:’; G = 8rG(0|T*"|0)

* Then one would have to integrate over quantum fluctuations of the metric, including the Faddeev-
Popov determinant and a gauge-fixing term

The physical interpretation of the final results is determined by the boundary conditions in the path integral:

Feynman path integral Schwinger-Keldysh path integral
in-out matrix elements in-in matrix elements
The Feynman propagator gives acausal EOM The retarded propagator gives causal EOM
in-out v.e.v.s appear as intermediate steps in in-in v.e.v.s are physical and

QFT computations, but by themselves they

) (Oin‘gﬁp‘oin> is a semiclassical metric
are not physical
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For gravity: quantum fluctuations of the matter fields and of the metric.
Integration over quantum fluctuations of matter fields gives (with ¢ =0, J =0

eil—‘[g,uu] — eiSEH[guu] chp eiSm [guu;(ﬁ] — eiSEH[QMU] eirm[gp,u]

' =8Sgu+T o) = —2_ 9lm GH* = 8nG(0[TH"|0
* Then one would have to integrate over quantum fluctuations of the metric, including the Faddeev-
Popov determinant and a gauge-fixing term N

The physical interpretation of the final results is determined by the boundary conditions in the path integral:

Feynman path integral | Schwinger-Keldysh path integral
in-out matrix elements in-in matrix elements
The Feynman propagator gives acausal EOM | The retarded propagator gives causal EOM
in-out v.e.v.s appear as intermediate steps in in-in v.e.v.s are physical and

QFT computations, but by themselves they

) <Oixl‘§#v‘oin> is @ semiclassical metric
are not physical
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* The classical action is local, but the quantum effective action is nonlocal when the theory
contains massle&i&or light) particles!

Quantum fluctuations of thraviton ——> Nonlocal terms, relevant in the IR

Example: QED

The quantum fluctuations due to the electron affect the dynamics of the photon

FoeplAL] = —3 fd4 [ i eE(D)F (e ot O(F4)] + fermionic terms

’)

It just translates the running of the coupling constant from momegtum space to coordinate space

|D/m§] > 1 (light electron) ——> BQ(ID) ! m — 127?2 log (

log (mg) = f dx [m+m2 - m_D] is a nonlocal operator
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Anomaly-induced effective action in D=2: the Polyakov action

Gravity in D=2 spacetime dimensions and N conformally-coupled matter fields
S = [d?z\/—g(kR— \) + S,

Exact trace anomaly  (0|72(0) = ;=R
Gab = €°° Jab o(x) conformal mode In D=2 we can always write locally ~ gab = Tab

‘Sg—gm = /—g (0|T2|0) = —% Upo —= TI,[o] —T[0] = _% [d*z 00,0

N
[',,[0] =0 because, in D=2, 0 = () corresponds to flat-space time

Oy =e %0, ,R=—-2040, /=g =€ — Tmlgu] = =567 S d*x /=g RO,'R

The covariant form requires nonlocal operators
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Then we have to integrate over quantum fluctuations of the metric (i.e. of the conformal mode)
and, as in every gauge theory, there are contributions from Faddeev-Popov ghosts.

Total quantum effective action I' = —%535 [d?x/=gRER — X [d*z\/—¢

Reintroducing gap = 82"@15, apart from terrks depending only on ga.s, we find

I'= [d*z\/—7 (N 25 5% 9,000 + N 2530 — )\62")

Despite the appearance there is no ghost in the theory, independently from the sign of N-25

The degrees of freedom must be counted from the fundamental action, not from the QEA

At the quantum level, the states associated to the Faddeev-Popov ghosts and to the conformal
mode are eliminated by the condition that physical states have zero BRST charge.

Analogously to the Gupta-Bleuler condition for QED, here one has to impose (s \Ttot s) =0

J. Polchinski, “A Two-Dimensional Model for Quantum Gravity,”
Nucl. Phys. B324 (1989) 123-140
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IR quantum effects in gravity

1. Strong IR divergences in the graviton propagator in de Sitter, due to quantum fluctuations of
the conformal mode.  Antoniadis, Mottola 1991,1992

(s
A typical IR effect due to the presence of massless particles is dynamical mass generation

2. A massless scalar field ¢ with A¢* self-interaction, in a given de Sitter background, develops a
mass dynamically miyn X Hz\/X Starobinski, Yokoyama 1994; Riotto, Sloth 2008; Burgess et al. 2010; Rajaraman 2010

3. More recently non-perturbative techniques started to be used to study the IR regime:

 |attice gravity Knorr, Saueressig 1804.03846 using numerical simulations of CDT, but continuum limit
not studied yet
Results there suggest generation of a mass for the conformal mode in the IR

« functional renormalization group equations ~ Wetterich 1704.08040, Morris 1802.04281
strong IR quantum gravity effects

Also relevant: Reuter, Weyer 0410119, find singularity of some RG trajectories at a finite momentum scale when
evolving the RG flow towards the IR .@

It could signal dynamical mass generation,
but it could also be an artifact of the truncation in the action functionals space
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Can the generation of a mass for the conformal mode od the graviton be
compatible with diffeomorphism invariance?

Nonlocality allows for it!

Example: massive electrodynamics in a nonlocal but gauge-invariant form

§ = [ d'o (~3Fu P — im2 4,48 — j,A%) | § = [dz[-1F. (1- ¢ ) Fu — i, A]
Action local but not gauge-invariant Action nonlocal but gauge-invariant
8ﬂF“V—m,2YA“:j” (1__)3 Fr = j
Apply 9, and find 9,A* =0 for m, #0 Choose the Lorentz gauge d,A" =0
Then (O —m2)AY = j and find again (0 —m2) A" = j

Same EOM
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How to write a diff-invariant mass term for the conformal mode?

Foffa, Maggiore, Mitsou 2014

Following EB, Dirian, Finke, Foffa, Maggiore 2020

let’s start from linearized gravity over Minkowski
Guv = Nuv + Hh#y K = (3271'(;)1}2

SO — L [ a4z b, E4P7 Ry

— EPeh.. = _ETHY
S = & [ diz b, T S

int

Decomposition Ay = hyp + 3(0u€n 4+ Oven) + 5nus and similarl\/ for Ty

/

hIT 5 pT

[z ,uy
88
Observe that the inverse relation of the metric decomposition is nonlocal.

Under a gauge transf. h,, — hy,, — %(8,[455“ + 0,€,) , then |

. . p— ,.‘_LL-’ . a au
For the gauge-invariant parts ~ ° P Py with Py =4, — 4

WIT = (PPPS — 1P, PPo) by,

Pirsa: 21050014 Page 13/33




Can the generation of a mass for the conformal mode od the graviton be
compatible with diffeomorphism invariance?

Nonlocality allows for it!

Example: massive electrodynamics in a nonlocal but gauge-invariant form

§ = [ d*o (~3Fu P — im2 4,48 — j,A%) | § = [dz[-1F. (1- ¢ ) Fu — i, A]
Action local but not gauge-invariant Action nonlocal but gauge-invariant
8ﬂF“V—m,2YA“:j” (1__)3 Fr = j
Apply 9, and find 9,A* =0 for m, #0 Choose the Lorentz gauge d,A" =0
Then (O —m2)AY =5 and find again (0 —m2) A" = j

Same EOM
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How to write a diff-invariant mass term for the conformal mode?

Foffa, Maggiore, Mitsou 2014

Following EB, Dirian, Finke, Foffa, Maggiore 2020

let’s start from linearized gravity over Minkowski
Guv = Nuv T+ f‘ﬁhp,u R = (327TG)1X2

Sewt = 3 [ d*a by 497 Ry
" = grwhy, = -5

Sint = 5 [ d*why, TH
Decomposition Ay, = h}t) + 5(0u€w + Oven) + 3nus and similarly for - Ty

[
Rl — plT

gy v
88
Observe that the inverse relation of the metric decomposition is nonlocal.

Under a gauge transf. h,, — h,, — %(8,[456“ + 0,€,) , then |

s =Pt 8, 0"

For the gauge-invariant parts with Py =4, — ~5

hgf - (P;‘ij - %PWPPJ) oo
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: . (2) _1 4 TT qrr .. 2
The action can be written as Spu = 3 [ d'z (Al OR#HTT — £505)

SL) = & [ gty (RIT e TT 4 Lo7)

int

T~ Os =

and the corresponding EOM  Oh[ ' = —£T T

=] Z

Add mass term for the 2) _ 1 (g4, [1TT T i 2\ .

conformal mode | r® =3 [dz [hy OhTT — 25 (0 +m?) s]
We expect the mass for the conformal mode to be the most relevant. Furthermore,
after different trials it has been found that only in this case there is a viable cosmology.

In terms of a not-rescaled h,,, 2 — o [ d'z [h,iwg*”‘”’*""’hpg — 2m? (P‘“‘”hw)g]

EWPT R,y — 2m2 PP PP R, = —16nGTH
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Covariantizations Key ingredients R = —0O(P*h,,)  GU = —1¢,, ,.h#*

A natural cd¥variantization of T'?) |eads to

L ! . , Maggiore, Mancarella
Trr = 15rg [ d'zv/— [ R] RR model” Soa

while starting directly from the equations of motion

2

Gﬁw — mT (gm, )’ = 871G Tﬁu “RT model” Maggiore 2014

/

Transverse part of atensor S, =S, + 2(VuS, + V.S, with VEST, =0

RR and RT equivalent when linearized over Minkowski, but they are different in general

——> they give different cosmological predictions
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RR shares most of the nice properties of RT:

viable cosmological background evolution
stable scalar and tensor perturbations

fit CMB, BAO, type la SNe and structure formation data, at the same level as ACDM
speed of gravitational waves equals the speed of light

But RR excluded from Lunar Laser Ranging  EB, Finke, Frassino, Maggiore 2019

The RT model is immune to LLR and, to date, passes all the observational tests

Focus on the RT mode|

2

Gu — 5 (QWD_IR)T = 871G T

Localization

Define | auxiliary fields U, S,

U e —D_]'R S,uu — _Ug‘uy
Spw =S5, + 3(VuS, + V., 8,)

with VST, =0

Pirsa: 21050014

“Localized” RT equations

G+ ™ (2Ugu + VuSy + VuS,) = 87GT,,

OU = —R
(640 4 VAV,)S, = —20,U
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RR shares most of the nice properties of RT:

viable cosmological background evolution
stable scalar and tensor perturbations

fit CMB, BAO, type la SNe and structure formation data, at the same level as ACDM
speed of gravitational waves equals the speed of light

But RR excluded from Lunar Laser Ranging  EB, Finke, Frassino, Maggiore 2019

The RT model is immune to LLR and, to date, passes all the observational tests

Focus on the RTT mode|

Gp:u - mTE (gﬁLuD_lR)T = 87 ’I:uu

Localization

Define | auxiliary fields U, S,

U = —D_]'R S"_LU — _U‘g#y
Suw = S5, + $(VuS, + V., 8,.)

with V#ST =0
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“Localized” RT equations

G + ™ (2Ugu, + VuSy + VuS,) = 87GT,,

OU = —R
(640 4 VAV,)S, = —20,U
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OBSERVATIONS

1) Auxiliary fields for localization are not new degrees of freedom

This is clear considering the case of 2D Polyakov action, where we have a fundamental derivation:
(%

- _ _1A-1 N-—2 _
We have seen that, using 0 = —307' R, weget I',[g,] = —S5= [ d*z/—g RO 'R
We can localize the theory by introducing U = —0-1R

U is completely determined by the metriclas U = 20 and is not a generic solution of OU = — R

We are not free to choose any homogeneous solution Upom of OUhom = 0

At the quantum level, there are no creation/annihilation operators associated to U because there
are no free coefficients coming from Uy, that can be promoted to operators.
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RR shares most of the nice properties of RT:

viable cosmological background evolution
stable scalar and tensor perturbations

fit CMB, BAO, type la SNe and structure formation data, at the same level as ACDM
speed of gravitational waves equals the speed of light

But RR excluded from Lunar Laser Ranging  EB, Finke, Frassino, Maggiore 2019

The RT model is immune to LLR and, to date, passes all the observational tests

Focus on the RT mode|

2

Gu — 5 (QWD_IR)T = 817G T

Localization

Define | auxiliary fields U, S,

U e —D_]'R S,uu — _Ug‘uy
Suw =S5, + 3(VuS, + V., 8,.)

with V#ST =0
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“Localized” RT equations

G + ™ (2Ugu, + LuSw + VuS,) = 87GT,,

OU = —R
(640 4 VAV,)S, = —20,U
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2) The RR and RT models have the same propagating degrees of freedom as GR

Ingredients for counting the degrees of freedom

Linearize over Minkowski hoo = 24 hoi = Bi + i
3+1 decomposition B 1 2 1 TT
oFEhe it hij = —2¢ 8i; + (0:0; — 30i5V?) A+ 3(0iv; + 0jvi) + H;;
s

with 9;8* =0, Opv* =0, H' =0, 0YH T =0
6 gauge-invariant variables: ® = —¢ — (1/6)V2\ U =14 — 4 + (1/2)\

E; = Bi — (1/2)v H.*

3+1 decomposition of the  Zop = p To, = K; + ;K

energy-momentum tensor X )
Tij = P 6;; + (8;0; — 56i;V?) Z + 5(8,Z; + 8;%;) + Xy

with 831{1 == 6?27’ = 0, 65‘2,,.;3; =i(), 5"55523-3- =0
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GR RT (qr RR)

They are equivalent when linearized over Minkowski. For this
computations it is more convenient to use the RR model, as it

V2H — —4nGp, V2 = —4?TG(,0 _ QVQE) only needs scalar auxiliary fields.
U=-01R S=-01y

2

V2E; = —167GK;, OHET = —167GS;; .
V2 (@ - 25) = —4rGp, ®— V- %S = -87GT

VQEQ', = —167TGK3, DH%?T = —167{'023_}.

(O+m2)U = —8rG(p—3P), 0OS=-U

* | In both cases the 2 GW polarizations in HEJTT are the only propagating degrees of freedom

In both cases the conformal mode is fully determined by the energy-momentum tensor as
s =60 —2071V3(® + V) =60 + 16nGO"1(p — V2X) andhastovanishif p=0,%X=0

5 is non-radiative and there is no ghost problem with its kinetic term in

81(32})1 — %fd‘flg; (hf;g[lh””:TT _ %SDS) or T2 — %fd‘l:ﬁ [hEEthU,TT o %3 (D 3 mz) S]
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Observation: matter perturbative loop corrections are not relevant for cosmology

One-loop corrections from matter fields can be organized in an expansion in curvature

Barvinsky, Vilkovisky

Fcme—lcu:)p = fd497v —9g [%&R o RkR(D)R - OMUPJkW(D)CuypU + GB] 1987

The contribution from a matter field of mass M, in the limit of light fields |EI/M2\ > 1,is

2
kr (M—D) —oelog(ﬂ—u) +/8(3V12) _|_f}/( )]Og (an)_ké(MDQ) e Gorbar, Shapiro 2003
The terms with coefficients «, 3, 7 have little effects on cosmology today  Codello, Jain 2017

The term with coefficient § is of the RR form, but it is not viable for cosmology:
The mass m in the RR action would be m = O(M?/Mp) m < H, (HO/MP)

But the perturbative expansion is valid today only if M < H| but dynamical DE

needs m == Hj
In RR actually m < Hy, but it is definitely not suppressed byHy/Mp «——
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Background cosmology of the RT model
FRW metric ds? = —dt? + a2(t)dx> H? - 23U - §p) = 88,

Auxiliary fields U, So U+ 3HU = 6H + 12H?
So+3HSy —3H?Sy =U

Maggiore 2016

Initial conditions for the auxiliary fields: B, Cusih, Faff, Magaiore, Marcarells 2018

* irrelevant starting from RD and MD

* Ininflation, one of the auxiliary fields grows exponentially and this affects the subsequent

evolution ———> introduce a parameter AN =number of e-folds from the moment
in inflation when auxiliary fields have initial conditions O(1) to the
end of inflation.
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Options for AN
* initial conditions of O(1) setin RD, i.e. AN = 0, that we call “RT minimal”

« AN =34,50,64 corresponding to (AN)min for Mi,g = {10%,101°,101¢} GeV

16
Mina = (pina) /4 (AN )min =~ 64 — log IOMii?V

From EB, Cusin, Foffa, Maggiore, Mancarella 2018 at sufficiently large AN the results saturate to a limiting
curve:

More precisely, for any given value of M;,q,if AN islarge enough we reach the same
limiting cosmology. For Mina = 10'°GeV this happens at AN ~ 70

* To study the limiting curve for background quantities we include the case
(Ming = 1016 GeV, AN = 100)
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Dynamical dark energy of the RT model

1.0':- - D_SSE
[ ] i Figures from
0.8f / ] s
E‘,: 0'805 EB, Dirian, Finke,
S?o 06} % 075} Foffa, Maggiore
S¢ ook g 070} JCAP 04 (2020) 010
w ot i
& 02} 065
; 0.60}
0.0 :
, ull 0.55L il
-3 < -1 0 1 2 :
z
Blue solid: minimal RT
Magenta, dashed: RT with AN=34
Green, dot-dashed: RT with AN=50
Cyan, dotted: RT with AN=64
Black solid: RT in the limit of large AN
ppoE +3H(1+wpg)ppe =0 o 1 2 3 4 s
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0.05

L 0.003 sy = Oy () + Uy (x)
i 0.002§ : e
0.00 ‘f Hn.;r_:r.:r.-:.-mﬂ-ﬁ"""" - (I)l{(rr)
A o.omq jﬁﬁ i _
= —0.05 'f N 0.0001FH l 1 !l IA\ f’\. FANE ;"’*\
= / = 0 ; H‘J VYA <
~0.10 1 000y ¥ Figure from
f’ o0 BY 7 EB, Dirian, Finke, Foffa, Maggiore
&
015 ool JCAP 04 (2020) 010
0 2 4 6 0 i 2 3
P z

7 as a function of z, for the minimal RT model (blue solid line) and for RT with AN = 34
(magenta, dashed), AN = 50 (green, dot-dashed) and AN = 64 (cyan, dotted), for kK = 0.1 (left
panel) and « = 1 (right panel).

Summary:
In background and scalar perturbations, RT differs from ACDM only at percent or sub-percent level
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* RT fits current cosmological data at the same level of ACDM
Differences for background and scalar perturbations only at the percent/subpercent level

* Potentially within reach of future missions (Euclid, LSST, SKA, DESI)

Biggest surprises for testing nonlocal gravity are in tensor perturbations!
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GW propagation in modified gravity

* Tensor perturbations around FRW background, with Fourier modes ha (?7, k)
EB, Dirian, Foffa, Maggiore

" QH[L— 6 (n)] b,y + k’h 4 =0  prD 2018, 1712.08108

PRD 2018, 1805.08731

* |t is a very general feature of modified gravity models, e.g.

- Scalar-tensor theories: Horndeski (f(R), galileons, Brans-Dicke), DHOST
- Nonlocal gravity

- Higher dimensions: DGP Deffayet and Menou 2007
. : Saltas et al. 2014,
Bigravity Lombriser and Taylor 2016,

Nishizawa 2017,
EB, Dirian, Foffa, Maggiore 2017, 2018
EB et al. (LISA Cosmology WG), 2019
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Tensor sector: predictions of the RT model EB, Dirian, Finke, Foffa, Maggiore
JCAP 1911, 022 (2019)

1 (2Yyd™(2)

o™ @)dt™(2)

1.00 1.30

0.8 RT minimal 125 e
P Wy +2H[1—-6(n)] Ry +k?ha=0

0.96¢ Et.; RT, AN=34
i? 1.15 3

oo 110 5 (n) L m250 ('r,')

0.92} 1.05 6H (n)

0.90L L ' : : : 1.00

0 1 2 4 5 6 0 1 2 3 4 5 6
- s . .. The effect reaches 80% for large AN
DITSICERS R 6f B 2 :

i :5 Testable at LISA with 1 single event!
Nt

13} RT. AN=50 & 14} RT, AN=64 ) EB et al. (LISA Cosmology WG),

L = ul JCAP 1907 (2019) 024

" | %13 | Testable at ET with 1 single event!

11
- , . , ; : 1D . : . : : Detectable in a few years also at 2G network
0 1 2 3 4 5 6 0 1 2 3 4 5 6
z . oo _ z EB, Dirian, Foffa, Howell, Maggiore, Regimbau,
Blue solid: numerical integration. JCAP 1908 (2019) 015

Magenta dashed: fit with a simple parametrization
EB, Dirian, Finke, Foffa, Maggiore,
JCAP 11 (2019) 022
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CONCLUSIONS

e Nonlocal gravity is a well motivated approach to the problem of the nature of dark energy

e |t is very difficult to build a viable model. Currently we only have one model passing all the tests.

¢ Having a successful model stimulates research on a more complete understanding of IR quantum
gravity

e Background and scalar perturbations: RT close to ACDM and fits data at the same level

e Large differences in the propagation of GWs across cosmological distances: testable model
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12 Chapter 1. Nonlocal gravity: theoretical foundations
ﬂ Introduction ' E{‘}
v [:I The quantum areien— s . . , WA, .
aomie set Tw = M. The maximal information that we can get is the dependence of the

A

Extension to

QEA on the conformal mode ¢.
The covariantization of eq. (1.2.26) is not uniquely determined and a possiblity

vity ]
HIS is given by the Riegert action [64] EJ"
ﬂ Two observations: i
difference with the 4 PR 4 — 2
Wilson effective Tanom[gw] = Te |8 ] — ¥l /d x+/—gR° (1.2.28)
action and ' —,
1 — 2 2 2 bt
boundary ts /d*x\,—--—g (E - E:R) A [bg (E - ::R) + 2b1C-} : =
a E o

Monlocalities in
the quantum
effective action of
QED

An enlightening
case: the
anomaly-induced
effective action

> D MNonlocality and mass
terms for gauge

thanriac
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It is interesting that, again, a covariant form requiresgthe use of nonlocal operators.
In this case the inverse Paneitz operator is needed, while for D = 2 the inverse
d’Alembertian appeared.

1.3 Nonlocality and mass terms for gauge theories

Now that the notion of quantum effective action has been discussed, we can explain
how it may contain nonlocal mass terms for gauge fields (or for the gravitational




