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Abstract: It is known that constraints imposed by causality and unitarity of four-particle scattering amplitudes lead to non-trivial requirements on the
low energy effective field theory coefficients. We introduce families of linear and nonlinear inequalities resulting from a systematic study of
positive geometry structure hidden in those constraints.
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Bounding EFTs

m Integrating out massive UV states produces IR effective couplings

m Naive EFTs can be in conflict with fundamental physical
requirements[Adams, Arkani-Hamed, Dubovsky, Nicolis, Rattazzi][Penedones,
Silva, Zhiboedov|[de Rham, Melville, Tolley, Zhou|[Caron-Huot,
Duong]|[Hebbar Karateev, Penedones]...

m Dispersion relation

/ ds 1 . S ds'
é 1 M(S: L ) — z " Ress.: s’ M(s_- t ) ‘i_/ 5“1'_{“] DlS-CM.
g

2T L g/n+l

together with an IR amplitude applicable when Cp is near origin

M'®(s, t) = (massless poles) + Z GopS L

connects our knowledge o spectral density and residues/discontinuities to
Wilson coefficients ¢, p.

Page 4/45

Tzu-Chen Huang California Institute of Technology



1008 AM  Tue Apr 20

Bounding EFTs

m Integrating out massive UV states produces IR effective couplings

m Naive EFTs can be in conflict with fundamental physical
requirements[Adams, Arkani-Hamed, Dubovsky, Nicolis, Rattazzi|[Penedones,
Silva, Zhiboedov|[de Rham, Melville, Tolley, Zhou||Caron-Huot,
Duong][Hebbar Karateev, Penedones]... 24_} ,v"i

m Dispersion relation

r i M(s, t*):z . Res,_o M(s, t*)+j ds DiscM.

2-.|T {:G Sﬂ"f-'] 5‘-"”"' 1 s"”'l"]

— —ily

%

_—

S—

together with an IR amplitude applicable when Cy is near origin

MR (s, t) = (massless poles) + Z Gps t®

connects our knowledge o spectral density and residues/discontinuities to
Wilson coefficients c;.p.
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Gegenbauer positivity

m Tree-level Four point massless superstring amplitude[Kawai, Lewellen, Tyel:

I_(_'E)r(‘_t] 0¥ s [ X
= = I'(l < U) K‘“lﬂzf-‘%‘-hﬂh 1""1’212?1’3 1yt

m Expanding on Gegenbauer polynomial basis

H—-2

2

m2’’

!

ci(D) = 0.

Res, .M =" Cj(D]q(T)(l +
]

m Forward limit positivity bound: G,E”'Jﬁl) = 0
m Beyond forward limit: Gi*)(1+x) = 32, vi%x'. Consider (1,1, t?). Collect

mn.r

contribution from each spin into the following table

1
12

30

o o10s00s0 M m,—2 dependence. Needs better way of organizing coefficients. Pagdis
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Gegenbauer positivity

m Tree-level Four point massless superstring amplitude[Kawai, Lewellen, Tyel:
[(—s)l(—¢)

T fita)

==

m Expanding on GegEﬂbauer polynomial basis

M= —

] k3 (k3
K{nlngf‘tjfm”j ng ”j 'rulil-ﬂ e

b= UL S SR

=

m Forward limit positivity bound: G{M(}) > 0.

1
m Beyond forward limit: G,ﬂ"””(lﬁ-x) D X v\ x'. Consider (1, t. t*). Collect
contribution from each spin into the F::rflowmg tabEe

— —r

A=3+ |

oo o10000s0 @ m? dependence. Needs better way of organizing coefficients. o
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The geometries
O80OO0000000

Spectral density

m Recall the Kallén-Lehmann representation:

1 n
A(p) = / di® p(p®) (/d;L p( )p?””) 5.

-~

—
Mgy

m We already know that p(p°) > 0, guaranteeing non-negative coefficients in
small s expansion.

m Moment problem: given a sequence of numbers (mg, m,...), does there
exist a positive Borel measure o such that

m”:/ x"do(x) ?
-

R Hamburger
R>o Stieltjes | moment criteria.
[0. 1] Hausdorff

m m, being non-negative is not enough. page 8/45
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Bounding EFTs

m Integrating out massive UV states produces IR effective couplings

m Naive EFTs can be in conflict with fundamental physical
requirements[Adams, Arkani-Hamed, Dubovsky, Nicolis, Rattazzi][Penedones,
Silva, Zhiboedov||de Rham, Melville, Tolley, Zhou|[Caron-Huot,
Duong][Hebbar Karateev, Penedones]...

m Dispersion relation

i [ ds
27 Co s”_:_

——
—
o

connects our knowledge o spectral density and residues/discontinuities to
Wilson coefficients ¢, p.
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The geometries
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Spectral density

m Recall the Kallén-Lehmann representation:

1 n
A(p) = [d;: p(11°) 7 (/d,u p(p ),12 +2> I

-

—
My

m We already know that p(p°) > 0, guaranteeing non-negative coefficients in
small s expansion.

m Moment problem: given a sequence of numbers (mg, my,...), does there
exist a positive Borel measure o such that

mn=/ x"do(x) 7
K

R Hamburger
R>g Stieltjes | moment criteria.
[0, 1] Hausdorff

m m, being non-negative is not enough. bage 10145
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Spectral density

1
pF—5

Ap) = [ d;_.tgpf,r_r.z)

|'v

.

m We already know that p(p°) > 0, guaranteeing non-negative coefficients in
small s expansion.

m Moment problem: given a sequence of numbers (mp, my, ...), does there
exist a positive Borel measure o such that

CHEE

R Hamburger
K= 1] Rxg = Stieltjes moment criteria.
[0, 1] Hausdorff

m m, being non-negative is not enough.
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No assumption on spectrum: Stieltjes

Since ;1° must be non-negative for physical states, we take K to be R,.

Infinite sequence case:

Mg M

K[m] = | ™ m

For truncated case, the above is sufficient when both matrices are
non-singular. Otherwise one needs an extra condition.[Curto, Fialkow]

Example(massless superstring):
G

CE 5 35 8 3
m = %fg ! > 0. ( Cs 35@) >0

> 8 ~3
el G7
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No assumption on spectrum: Stieltjes

m Since p° must be non-negative for physical states, we take K to be R>o.

m Infinite sequence case:
e

Mg M

Kl = | ™ m

T ——
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Spectrum with gap: Hausdorff

; ; ; 2 _
m Without loss of generality let's suppose iz, = 1.

m Again consider the sequence m. Criteria for feasibility is that of Stieltjes
plus
K[m] = K[m].
m (Alternative characterization) Introduce the difference operator

Am = (m1 — Mg, M2 — M, )

Then,
(—1)"A"m
must have non-negative entries for every n € N. [Englert, Giudice, Greljo,
MecCullough][Bellazzini,Miré,Rattazzi,Riembau,Riva]
m Example:

*;rrd ﬂ_ﬁ ?Tﬁ ‘,FTB
A=l e ite. L L&) > 0.
M={(50 "% "oa5 T 925 ~ < "oagp T2

6 6 6 8

mw m mw o
— B T ‘
045 255 T2ga5 T 65 T 6T Gar T 450

— 2(7) > 0.
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Spectrum with gap: Hausdorff

m Without loss of generality let's 5ugpgsa;_:.§3p =1

m Again consider the sequence n7. Criteria for feasibility is that of Stieltjes
plus

K[m] > K[r].

m (Alternative characterization)}m operator

Am = (m1 — Mo, M2 — M, )

Then,

must have non-negative entries foreve = BN—TEnglert, Giudice, Greljo,
MecCullough][Bellazzini,Miré,Rattazzi,Riembau,Riva]
m Example:

’]'Td TTE m ?TB
A=l e it T . -
M={50 "% "oa5 T 925 ~ < "oazp T2

6 6 6 8

mw m m T
I YO, S .
045 ~ <5 “2g45 T 57 gar T Gas0

— 2¢7) > 0.
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Revisiting the Gegenbauer positivity

m Now that we know the geometries that arise when expanding in s and t
directions separately, let us try putting them together

GF(l + 2—%]
i SV 2 p fe
a = gl dra /ﬂ;xmdg(“ O amn

t=0

m Consider terms with the same total mass dimension(k = 4):
34,[}54 -+ 34,153I -+ 34,252'{'2 ~+ 341351'3 -+ 34,4i’4
m mass dependence can be factored out and gives
d4.0 1

= | 941 = [ do(u’, £)—5
Y JIKCxH &
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Revisiting the Gegenbauer positivity

m Now that we know the geometries that arise when expanding in s and t
directions separately, let us try putting them together

Ge(1+ 2)
2 n
dk,g = aﬁ /ﬂ:xmd“(f‘ *ﬁ) (12k—2q+2

s S
t=0
R i i

m Consider terms with the same total mass dimension(k = 4):

4 3 3. 3 4
{ 3408 +as1s5t+ ag5t ?raq.g,st + aaat

m mass dependence can be factored out and gives

d4.0
= | 94,1

Page 17/45
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The geometries
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Revisiting the Gegenbauer positivity

m [he allowed region for coefficients corresponding to a fixed mass
dimension is a positive cone of v ., where £ runs over spins.

m (34.0,as1,as2) must lie inside

which is a proper subset of R%ﬂ.

m How to determine the facets of a polytope with infinite number of vertices?

Page 18/45
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Revisiting the Gegenbauer positivity

m The allowed region for coefficients corresponding to a fixed mass
dimension is a positive cone of V¢ ., where £ runs over spins.

m (34.0,as.1,as2) must lie inside

which is a proper subset h

m How to determine the facets of a polytope with infinite number of vertices?
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Cyclicity of Gegenbauer polytope

m Cyclicity=> co-dimension 1 facets given by adjacent spin vertices:

va

m In the 3-component example, we have

as.o 0 6 18 120
W laga ]l 20 W=[0 -3 -4 ~J5
a4 2 1 2 1 ",

where W is given by collecting normal vectors of co-dimension 1 facets.

m [he fact that one can derive the exact form of the walls are crucial to
deriving bounds.

Page 20/45
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Cyclicity of Gegenbauer polytope

m Cyclicity= co-dimension 1 facets given by adjacent spin vertices:

m In the 3-com we have

d4.0 -
WT : d4.1 E U, Y=
4.2

where W is given by collecting normal vectors of co-dimension 1 facets.

m [he fact that one can derive the exact form of the walls are crucial to
deriving bounds.
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The geometries
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Cyclicity of Gegenbauer polytope

m Cyclicity is determined by examining the non-negativity of ordered minors
of the matrix formed by collecting corresponding vectors.

m Consider a matrix where entries are Taylor coefficients of Gegenbauer
polynomials

Vr_:ﬂ _ (ﬂ‘}f' (E)—q(f‘l‘&)q
YT QU T (A +2a - 1)

Factors that depend on either £ or g alone can be factored out.

N = D=3

n+1

A)e, 1
=% D-Et[vg_j]r',j;ﬂ.--' = H (lt")ltr
er %

7 .(A+2a-1)al
- Det [(€)—i(ti + ANl jo.... o

m The last determinant should have a factor [[;_ .(¢; — ;) due to alternating
symmetry. Together with the invariance under ¢; — —¢; — A from

(—a)s = (—1)°(a)-s

we deduce that the last determinant is just [[,_ (¢ — 4)(A + 4 + 4), a
[}DEiti‘u’E factor. Page 22/45
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Cyclicity of Gegenbauer polytope

m Cyclicity is determined by examining the non-negativity of ordered minors
of the matrix formed by collecting corresponding vectors.

m Consider a matrix where entries are Taylor coefficients of Gegenbajier,, ;
polynomials '

- (ﬂ‘}? (E)—fr(# 2k &)q
g!(0) TI5,(A +2a—1)

-

we deduce that the last determinant is just [[,_,(4i — 4)(A + 4 + 4)), a
[}DEiti‘u’E factor. - | - l Page 23/45

b B el A B4 ST
(@f’:(:l_) (a)-b CaN(1==) (2-4a)
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General Gegenbauer polytope

m Expand to higher order in Mandelstam variables, a coefficient vector € [P*
should lie within the higher dimensional Gegenbauer polytope. Boundary
structure:

(X, Vi, Vi1, Vi, , Vi1, ) > 0 for even p
(0, X. Vi, Vig1, Vi, Viz1,-+) 2 0 and (X, V;, Viy1, -+ .o0) > 0 for odd p.

m Example: (1,x,y,y) € P? that satisfies permutation invariance.

Page 24/45
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General Gegenbauer polytope

m Expand to higher order in Mandelstam variables, a coefficient vector € P*
should lie within the higher dimensional Gegenbauer polytope. Boundary

structure:

—

X, Vi, Vit1, Vi, Vig1. - ) > 0 for evep—p

0, X, Vi, Vit1, Vj,, Vi41,+ -+ ) = 0 and , Viy Vigl, 't + , 00) EDOF odd p.

m Example: (1, x,y,y) € P°.that satisfies permutation invariance.

/
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The geometries
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Spinning polytope

m When external particles have spins, the Legendre polynomials become
Wigner d-matrices:

G:Lhzﬁ}hd(cgg ;‘E}) = ({, hy — h:;le-".mj’rw, hs — hg).

One can similarly expand amplitudes on this basis with proper helicity
configuration:

M(—s)(—t O s Sop 50
Resg—.guz( ()M ]—.l-sym.) Gf‘+EG§’+1—46§",

M1+ v) ~ 28

where h; = 172374~

The vectors formed by taking derivative of Gf"(l + x) also furnish a cyclic

polytope for any h;. On the other hand, for h; = 17273747 we should be

expanding G/(1+ &) = GJ'(-1 — 2t), which translates to an alternating

sign (—1)° when using 1 + 2* as argument.

Page 26/45
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Spinning polytope

m When external particles have spins, the Legendre polynomials become
Wigner d- matrlces

Ghl o hy, h-ﬂ(C'DE@ J.|Ir h] = h

One can simllarly expand amphtudes on thls basis with proper hehmty
configuration:

2 (T(=s)I(—t) 20w 9 %
Ress—3u ( L+ o) + sym. _28(34 G + G

where h; = 1727374

The vectors formed by taking derivative of G:T"(l + x) also furnish a cyclic
polytope for any h;. On the other hand, for h; = 17273747 we should be
expanding G, (1 + 24 = G, (—1— 2t), which translates to an alternating

sign (—1)" when using 1 + E as argument.
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Spinning polytope

m When external particles have spins, the Legendre polynomials become
Wigner d- matrlces

Ghl o hy, h-ﬂ(C'DE@ J.|Ir h] = h

One can simllarly expand amphtudes on thls basis with proper hehmty
configuration:

2 (T(=s)I(—t) 20w 9 %
Ress—3u ( L+ o) + sym. _28(34 G + G

where h; = 1727374

The vectors formed by taking derivative of G:T"(l + x) also furnish a cyclic
polytope for any h;. On the other hand, for h; = 17273747 we should be
expanding G, (1 + 24 = G, (—1— 2t), which translates to an alternating

sign (—1)" when using 1 + E as argument.
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u-channel mixing in moment curves

m Consider
2t
m?

2

i

t 24 25t 4 2 t
s+t 2+ 54—{— +) (1+2W_!1_2+,..)_
I m

m Fixed mass dimension coefficients in u-channel are now " deformed” :

2—i i, 1

st (52 + (2 — 2ve,1) st + (1 — 2ve1 + 4ve2) i‘z)

mb
but still cyclic.

m Not necessarily cyclic when combining vectors from both s- and wu-channel.
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u-channel mixing in moment curves

m Consider

2F

m? — u m

Ge(1+35) 1 Sy WP Depup g t
_ L (st g Y )

1+ 2vp1—5 + -
m

m? m*

— )

m Fixed mass dimension coefficients in u-channel are now " deformed” :

2—i 0 1

s° 't (52 + (2 —2vea)st+ (1 — 2ve1 + 4ve2) r‘?)

mb
but still cyclic.

m Not necessarily cyclic when combining vectors from both s- and u-channel.
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s — u polytope

m For (— — ++) or (— + —+) configuration, we have to take Minkowski
sum of two separate polytopes

= (X, V2, Vs4) > 0. (X, Vya,Vy3) >0

m Observe that the resulting polytope still retains cyclic polytope boundaries.
The only addition here are a few mixed boundaries between s- and u-
vectors, e.g. (X, V2, Vs2) > 0.

Page 31/45

Tzu-Chen Huang California Institute of Technology



10045 AM  Tue Apr 20
=-! "'__". i" I___:.-r-.__:. .-'::.._ Sy .
: [olalalalalalaleloleln] |

s — u polytope

@ -.@u (— +) configuration, we have to take Minkowski

5 Separate polytopes

(. 85, Toca) 35 00X, Buss¥ing) B s

W5 (x.3,0D 2e

——

m Observe that the resulting polytope still retains cyclic polytope boundaries.
The only addition here are a few mixed boundaries between s- and u-
vectors, e.g. (X, V2, Vs2) > 0.

T2i-Chen Huang California Institute of Tachnalogy
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Combined constraints

m [Two families of constraints: the moment problem in s-expansion, and the
Gegenbauer/spinning polytope for fixed mass dimension coefficients

aoW? >0 and K[3.g]>0,K[3.q] >0

e o

Polytope Moment

m s-channel EFThedron: K|(a- Wl;] >0, K[(a- Vv};] = (0,

m The above constraints are always necessary for any scalar amplitudes that
has physical spectrum in the s-channel.

m Sufficiency is not established, and in fact one might need extra
constraints. Related to the fact that bivariate moment problems are more
than tensor product of ordinary moment problems.

2
Moo Mo1 Mgy - -+ 1 Xi X;
2
Mo M M2 - Vi  XiVi X Vi
; 2 M
g M1 My --- : Xi¥Yi X Vi

Page 33/45
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Combined constraints

m [wo families of constraints: the moment problem in s-expansion, and the
Gegenbauer/spinning pol ! i i ficients

Folytope

B S ——

—
- -
m s-channel EFThedron: [K[(g-3);] > 0, K[(a - V‘v”i,u] > @
m The above constraints' are always necessary for any scalar amplitudes that
has physical spectrum in the s-channel.

m Sufficiency is not established, and in fact one might need extra

Page 34/45
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Deformed moment curves and scalar EF Thedron

m Example of a deformed moment problem:

(s o) = Tk L
0, d1, a2, g == CilUe;.2,q9; Ut; 4.q mzf”fr‘-ﬁﬂ por i

JI ! I

The problem does not depend on g before because the scaling factor was

universal. Now the factor ws, 2042, in front of - is spin-dependent and

m:?’ '

can be negative!

m Combine the whole family of moment problems parametrized by g € N:

5w = T T |
(aﬂ._, a1, d2, ¢ ) —_ ZC:‘(UE,-.E-_ uf"}ﬁﬁ: Uf',‘.ﬁm_'!' t

i ) I

m Recall definition of walls W;: every vector v' inside the convex hull will
have to satisfy v/ W, > 0. This includes vectors coming from a single spin!
= The outermost boundary is the Minkowski sum of {Walls(k) of d, «}

Page 35/45
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Deformed moment curves and scalar EF Thedron

The problem does not depend on g before because the scaling factor was

universal. Now the factor wy, 2,424 in front of ;-T-]g,; is spin-dependent and

can be negative!

m Combinijﬂe whole family of mo

(30,31, 3, ) =Y df

-

m Recall definition of walls W;: every vector v' inside the convex hull will
have to satisfy v/ W, > 0. This includes vectors coming from a single spin!
= The outermost boundary is the Minkowski sum of {Walls(k) of ;. «}
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Deformed moment curves and scalar EF Thedron

m For increasing k, the walls are actually contained within each other. Let
the largest total mass dimension be K.

= ar =W - bex > 0.

m The deformed moment curve becomes

Xg; 4
E oy, 2, Y1y, a2 0.

2 s
m;

:

m Taking the convex hull again, we arrive at "boundaries” of convex hulls of

moment curves deformed by oy x. For example, suppose we want to find
R | g 6 . .
the outermost wall for » 7, pi(as, 2, —5-, —%&=), which can be written as

]

the positive cone of (1, x, éix*). We would simply find & such that

vy xy ,
( s ni;;‘) >0. W/

Gpa —=

L8

m The full EFThedron for the deformed case is then K[ﬁ;]{;;- =,
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Deformed moment curves and scalar EF Thedron

m For increasing k, the walls are actually contained within each other. Let
the largest total mass dimension be K.

K —
= apx = W; gy 2 0.

cvy k. For example, suppose we want to find
g4 Op 6 . .
oy v Sy ), which can be written as

]

We would simply find & such that

— >

== %ﬁ) >D. VI

{.}’.;5.4_ i =

0

m The full EFThedron for the deformed case is then K[A/]z > 0.
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Caveat & Example

m For some spin £ there must exist a piece of wall such that W -, = 0.
This occurs for the largest value of k. The moment problem then becomes

Z (1, x,ax%) = de(ove.», HL;,D] =2 =0

m

[

m Fix: scan over all sets of walls that are outside of the largest k one to find
the strongest bound.

m Consider ] )
d4,0 44,2 XiUg, 40 X;Ug 4.2
g0 d62 | = Z Ci XF Ug. 6.0 XPUF,-,:’:.::
dg.0 4982 i X;SU;.,-._S.D X}ij—.s,z

dn.2
an0

m Moment: 240380 — a5 ¢ > 0. Gegenbauer: 33 > -%_._;35 > ---%,53
m Wall is at —8, but let's go outside of it by 0.01 and we'd obtain

(Ba +8+0.01)(8s + 8+ 0.01)
Gmax(0.01)

Furthermore let 3, :=

(B6+8+0.01)* > 0, @max(0.01) ~ 0.0085.
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Caveat & Example

This occurs f{)r the largest value of k. The moment pmb 3

A
%JL% Z C:'(l._}f.ﬁ.’xz) - d{(ﬂ’r 2, m QJ —" El, —

:f = ’
m Fix: scan over all sets of walls that are outside of the largest k one to fi

the strongest bound.
Consider

m Moment: M Gegenbauer: 33 > —3, 65 > —2&, 35 >
m Wall is at —8, but let's go outside of it by 0.01 and we'd obtaln

(Ba + 8+ 0.01)(S3 + 8+ 0.01)
(imax(0.01)

—(B6+8+40.01)" > 0,  Amax(0.01) = 0.0085.
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The EF I hedron
alelal ]

Caveat & Example

kg, 4

L—:"“} Z c,-(l_x__(fi-xz] = dﬁ(ﬂfr:,:' QJ =L o= 0

T ", 5(“% -r
m Fix: scan over all sets of walls that are outside of the largest k one to
the strongest bound.

Consider \ ; ﬁ
. 4 4
a - i . i ||I .|'1- 5
| o6 6,
| 1 U " III . S . . » 8 1 -
! -

= Moment: Ma&ﬂim Gegenbauer: 34 > —2, 85 > —2, B
m Wall is at —8, but let's go outside of it by 0.01 and we'd obtain

(Ba +8+0.01)(3s + 8+ 0.01)
('max(0.01)

—(Bs+8+0.01)> > 0, @max(0.01) &~ 0.0085.
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The EF I hedron
[slslsl ]

Caveat & Example

h_—_"_—=“l'-_

This occurs ﬁ)r the largest value of k. The moment probfle

#f!
A_,é_ﬁ_{iwﬂ% Z Cj(l_.}f. ﬁ:xz] — d;f(i:l:r 9, m — {P —

T ", 5(_‘%
m Fix: scan over all sets of walls that are outside of the largest k one to fiid ——

the strongest bound.
m Consider

m Mcment 34.0338.0 — 32_\3"0 Gegenbauer @4 > ——__ _.ﬁﬁ > —
‘_“—H_‘_'_‘—-—\_

(Ba + 8 + 0.01)(8s + 8 + 0.01)
(¥max 001]

—(B6+8+0.01)° > 0,| @ . 0.0085.
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Summary

Legendre/spinning polytopes naturally arise when considering forward limit
expansion of residue

Positivity of spectral density can be rephrased in terms of moment
problems, and they come with rigorous criteria for determining feasibility

The union of constraints from Stieltjes moment problem and Gegenbauer
polytopes are probably not sufficient for the full EFThedron, which calls
for further investigation.

u-channel contribution can deform both the polytopes and the moment
curves, and the analytic proof of boundary structure including all spins
remains lacking.

Thank you!
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m The union of constraints from Stieltjes moment problem and Gegenbauer

polytopes are probably not sufficient for the full EFThedron, which calls
for further investigation.

m u-channel contribution can deform both the polytopes and the moment

curves, and the analytic proof of boundary structure including all spins
remains lacking.

L

7
h,e

(pds

Bt (gl )
R z

-
—

Thank you!

I,_.-s—-—
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A tale of two geometries
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problems, and they come with rigorous criteria for determining feasibility

m [he union of constraints from Stieltjes moment problem and Gegenbauer
polytopes are probably not sufficient for the full EFThedron, which calls
for further investigation.

m u-channel contribution can deform both the polytopes and the moment
curves, and the analytic proof of boundary structure including all spins
remains lacking.
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A tale of two geometries
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