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Abstract: | will give an introduction to the geometric aspects of Lie& nbsp;algebroids& nbsp;and show how they give the correct framework to
discuss gauge theories. The analysis is solely based on geometry, and thus applies to every gauge theory, independently of their specific
features& nbsp;and dynamics. By thoroughly& nbsp;re-formulating the physical content of gauge theories on Atiyah Lie& nbsp;agebroids, we will
show that the& nbsp;BRST& nbsp;construction is part of the formalism,& nbsp;indicating a fascinating& nbsp;interplay between classical geometry
and quantum physics. Time permitting, we will show how our setup encompasses gravitational theories too,& nbsp;once the frame bundle and solder
form are added to the picture.
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Motivations

Geometric framework for gauge theories: Lie algebroids

Completely off-shell and gauge independent

BRST symmetry built-in

Classical geometry featuring quantum symmetries
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Outline

g Lle algebI’OIdS |n d nutShe” Main ref: Mackenzie's books
- Atiyah Lie algebroids
- Gauge theories and BRST

- QGravitational theories
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Lie Algebroids In A Nutshell

Definition
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TLA: vector bundle A — M with anchormap p: A — TM

X, €l (A),f,g e C*(M), Lie bracket on A
S(Z)= X3
(£, 9] = fg [X,9] + f/p(X)(9) D — go(V)(F) X

I
o

pis a morphism: R?(X,9) = [p(X), p®)] - p([2,D])

If X, € ker p = Linearity

§(%) =0=5)

Lie algebroids in a nutshell
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ker p = vertical sub-bundle V of A, unambiguously defined

Introduce the bundle L — M such that . : L — Ais an inclusion map (R* = 0)

R, ¢t A T ) TR )

This short sequence is exact: por=0and TM=A/V

Lie bracket on L linear: L has a Lie algebra structure and (L) = kerp=V

Lie algebroids in a nutshell
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ker p = vertical sub-bundle V of A, unambiguously defined

Introduce the bundle L — M such that . : L — Ais an inclusion map (R* = 0)

R, ¢t A T ) TR )

This short sequence is exact: por=0and TM=A/V

Lie bracket on L linear: L has a Lie algebra structure and (L) = kerp=V

Lie algebroids in a nutshell
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Ehresmann Connection

Lie algebroids in a nutshell
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_'@

Can we reverse the short exact sequence? _. \'?/
= j 7 A E 5 TM > 0
T r= B o oA

Complementary sub-bundle to V in A is ambiguous
The Ehresmann connection o provides HinA=H & Vas H = o(TM)

-
-

Projectorson A: X=0o0p(X) —tow(X) =Xy + Xy

Vis an ideal in A: [X,,,9) ] € [(V), [Xy,9,] € [(V)

Lie algebroids in a nutshell

Pirsa: 21040027 Page 10/36



~

Derivations and d

Lie algebroids in a nutshell
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Can we reverse the short exact sequence?

0 —L—">A—"5TM —0

nr ag

Complementary sub-bundle to V in A is ambiguous

The Ehresmann connection o provides HinA=H & Vas H = o(TM)
Projectorson A: X=0o0p(X) —tow(X) =Xy +Xy

Vis an ideal in A: [X,,,9) ] € [(V), [Xy,9,] € [(V)

Lie algebroids in a nutshell
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Can we reverse the short exact sequence?

R_L:O Rg =20 .
00— L——3A—">STM—0 §°oL=0
| Jai e R Y. -
w o o=
R Wi - QO- :#. o weo D

Complementary sub-bundle to V in A is ambiguous AU H
Twma
The Ehresmann connection o provides Hin A=H & V as H = o(TM)

Projectorson A: X=0o0p(X) —tow(X) =X,y + Xy

Vis anideal in A: [X,,,9) ] € [(V), [Xy,9,] € [(V)

Lie algebroids in a nutshell
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Derivations and d

Lie algebroids in a nutshell
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D(fr

. =
E — M bundle. © is a section of Der(E) with pg : Der(E) — TM if
(f) = D) + pe(D)(f) &, ¢ € T(E),f € CZ(M)
€ kerpg is an endo = Der(E) is a Lie algebroid with prekernel End(E)

£y
> L ; A
\\.
“\\ P
\\\\j
™M — 0

0
0]
PE v

Der(E) represents A supplying the morphisms ¢g : A — Der(E) and vg : L — End(E)’

0 —— End(E) —=— Der(E)
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Lie algebroids in a nutshell
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oe(X) € Der(E), given ¢ € T(E) we introduce di € M(A* x E) as

PE(X)(L) = (d)(X)

— &

Define v e I(A"A* x E) = Q"(A E) = Q%A E) = @Q”(A, E), (Q°%A, E) =T(E))

—I1

3

d is generalized in Q*(A, E) via the Koszul formula with ¢z morphism = d? =0

n+1
(Y )Xy, . Xpyy) = ZH)"”og(L)(gn(L, SO RRE S )
r=1

B Z( ”HS:n( lf lS‘A ! lT 2 nem *_Irr e ls lmt)
£<S

Lie algebroids in a nutshell
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oe(X)(¥) = (dv)(X) = if we know ¢g, we characterize d

Consider first £ = L, we have ¢, (X)(u) = —w([X, t()]), with g € T(L) Mackenzie »

The map w is a section of A* x L, we can act with d
v =
C &“&%Eoﬁn Keorw=H

Q(X,9) = (dw)(X,9) + [W(X), w@) = —w([Xx. D) = AXy,Y) =0

-

Given v, : L — End(L), the horizontal and vertical parts of d are:

Qo>

8E(£H) = V-LEH’_“ /_f(iv): Si(X) = —veow(Xy) (1)

Lie algebroids in a nutshell
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BRST

Lie algebroids in a nutshell
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Eﬁef(g)

Generalized to an arbitrary vector bundle E:
DE(X) (W) = (AL,)(X) = VE, 1| — Ve o w(Ey) (W)= VE, %, + S, (Xv)

ikl A0 AL

= —Ce(th)(Zy)

Grassmann algebra 4§ P Vertical exterior algebra

Lie algebroids in a nutshell
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Atiyah Lie Algebroids
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—.

Principal bundle = : P — M, fibres=Lie group G, locally P=U x G

/—\ 2 group actions /_\

Left action Right action

Gauge transformations Redundancy

The tangent bundle TP has 2 disadvantages
1) Right action redundancy

2) Bundle over P
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Atiyah Lie algebroid TP/G: mod TP by the group right action

TP/
RiGNtreeksadanCy Bundle over M

0 — Lg 4> TP/G =5 TM — 0

with LG =P X Adg 9
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Atiyah Lie algebroid TP/G: mod TP by the group right action

__TPIG____

RIGNtreessadzmICy Bundle over M

0 — Lg —— TP/G = TM — 0

with LG =P X Adg 9

Equivariant Principal Connections > Ehresmann Connections
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Gauge Theories and BRST

Physics vs Geometry
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Physics
e Gauge group G

e Gauge connection

e Gauge curvature

e Charged matter

e Covariant derivative V£
e Fadeev-Popov ghost

e BRST operator s

Pirsa: 21040027

Geometry

¢ Principal bundle

e Ehresmann connection
e Non integrability of H

e Components of ¢ € ['(E)

e Horizontal part of d for Q°(A, E)

e Components of cg = Ve o w

e Vertical part of d for Q*(A, E)
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0 — L A——TM—0 A=TP

PO oy K
(e}

Consider V", the connection coefficients are V& t, = AZ4tp

L =PAA468

Transition functions on L = Adjoint group action _;fj- = g,—i,vBA[g*

| ! B
(V, )0, 2 (V, iy, With = 1t € T(D) = ABG = JPo (g7 E,)g+ 97 Asg) o

o

Pirsa: 21040027 Page 26/36



A=V@H

Trivialization: 7 : AY — LY @ TU, with 7(X}) = X*(9,, + biity), (X)) = X1,

(, Gauge connection

7 is a morphism < Bt wiA s

YO, + bty + XEYVF L,

nv

(&), 7@, & = (X, Y]

With F/, = 9,b) — 9,b/) + fgc”b;bS  gauge curvature

[z L=t
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A=VOH
Trivialization: 7 : AY — LY @ TU, with 7(X}) = X*(0,, + biits), T(Xy) = X"t,
L Gauge connection

7 is a morphism < b < Als

T(Xn), (D)

1240 = [ Y] (0, + bty + XEYEE O

With F, = 9,b) — 9,b/} + fgc”b;bS  gauge curvature

[z [ et 7

FA controls integrability of Ehresmann connection

JHI’
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A - S
k

Contains the Fadeev-Popov ghost \> &—/‘ Contains the gauge connection

Veow = c%e, P = cg locally: EA < t4 — b/idx*
SY = —Cabz 'bga == sy? = —Cab-z ; )
" QX,,9)=0 =  SCe=—z|CE,CE]
2
d =0, B¢ morx\s\«'\svm
(ddy)(Xy,9,)=0 = 54,2, =VE ¢°,
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A . .
JJ:JJAAEﬂ : tA E’/’— bg\s ‘j v+ -
Y

Contains the Fadeev-Popov ghost \> L—/ Contains the gauge connection

Ve ow = cpe, @ f° = ce locally: EA < t4 — bldx"
>
SY = —Cabz ~b§a — sy? = —Cabz .
Pu 534N
roﬂw\)\a 1
Qx,,9)=0 =  SCe=—3|[Ce Ce]
NG o

d S ﬂ5€ mon\)\«'\sm
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A - -
;g:w‘AAEﬂ.:' IA E’— b‘DS\s oj
k

Contains the Fadeev-Popov ghost \> k—f' Contains the gauge connection

VEow = c%e,® P =ce locally: E2 < t* — b/ dx*
sp = —cPe, =  syY?=—cipy® \ ’
Pu 53179V i« 80
roﬂw\)\a ’ /\
b, ) -0 =  soe=—[eece A=A+e
/\'Z. - N AA
d =0, ﬂfg ;v\ort\)\mgvm F:C}A
@)Xy, D,)=0 =  sALa=VECS: || , 350
A = =i S
F
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Gravitational Theories
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Ag = TFg/G, Fg Principal Frame Bundle with Structure Group G

G C GL(d,R), typically SO(1,d — 1) but it can be a non-Lorentzian G-structure

Solder and Schouten form 6:TM — &, P: TM — &%, £€=Fg xp, V
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d=60o0p:H— & without ghost by construction

A

Torsion T(%,9)= (VY *0)(%,9) = TE,9) =0

Given e, basisfor & = sf=—c2, A OPe,

—— Fadeev-Popov G-ghosts

No diffeomorphisms ghosts
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Conclusions

Lie algebroids as off-shell geometric framework

No external assumptions, all built-in and gauge independent

Classical geometry and quantum symmetries
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Outlooks

* Include dynamics
- Boundary and corners
- Geometric quantization of gravity

- Subregions and Entanglement
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