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Abstract: We present two classical algorithms for the simulation of universal quantum circuits on n qubits constructed from c instances of Clifford
gates and t arbitrary-angle Z-rotation gates such as T gates. Our algorithms complement each other by performing best in different parameter
regimes. The Estimate algorithm produces an additive precision estimate of the Born rule probability of a chosen measurement outcome with the
only source of run-time inefficiency being a linear dependence on the stabilizer extent (which scales like &%60"1.177t for T gates). Our agorithm is
state-of-the-art for this task:

as an example, in approximately 25 hours (on a standard desktop computer), we estimated the Born rule probability to within an additive error of
0.03, for a 50 qubit, 60 non-Clifford gate quantum circuit with more than 2000 Clifford gates. The Compute algorithm calcul ates the probability of a
chosen measurement outcome to machine precision with run-time O(2M&™ r(ta”' r)t) where r is an efficiently computable, circuit-specific quantity.
With high probability, r is very close to min{t,nd”w} for random circuits with many Clifford gates, where w is the number of measured qubits.
Compute can be effective in surprisingly chalenging parameter regimes, e.g., we can randomly sample Clifford+T circuits with n=55, w=5, c=105
and t=80 T-gates, and then compute the Born rule probability with a run-time consistently less than 104 seconds using a single core of a standard
desktop computer. We provide a C+Python implementation of our algorithms.
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The task: Born rule probability estimation

Elementary description of U

Register a =

— W T B W
(al

C, Cs C Co ()56

Register b

(al, U0)5," {

e Allowed gates: Cliffords + T}, where ¢ € (0,7/2) can be arbitrary.

|1 0
Tﬂf’—{o ew’]

e For a given z € {0,1}", project first w qubits in computational basis state |z).

e Want classical estimate of p := || (x|, U0)S .
2
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Overview

Elementary C » (Xo,0.7.W. G} z € Xp
description of p . AUMERESS - 0, 0,1, W, G —_—

Small r/ \Largc r

@ — ESTI\‘TATE CtUt étoc) CONIPUTE - @

RawEsTiM(s, L)

Code for algorithms availible at: https://github.com /or1426 /Clifford-T-estimator
and coming soon to Qiskit

1. COMPRESS algorithm
2. COMPUTE algorithm
3. RAWESTIM algorithm

4. ESTIMATE algorithm arXiv: 2101.12223 3
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COMPRESS algorithm: Gadgetize

Clifford + T} circuit [J
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COMPRESS algorithm: Gadgetize

Clifford + T} cireuit [J
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COMPRESS algorithm: Constrain

Register a

Register b

Register ¢
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COMPRESS algorithm: Construct

Clifford + T} cireuit [J

Register a
g
Register b 2 1 Z 10)ay"
Clifford circuit V'
] 2
p = |[Yo)ll
= = 2'Tr (T~ [2)al, ITPNT))c)
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COMPRESS algorithm

Given an ‘elementary description of p’, COMPRESS efficiently outputs:

e The locations of some deterministic outcome qubits: {q1,...,q,} C [w] and specifes the
outcome
e Stabilizer generating set G € G(t,t — ) g = PRIy (HdTb{TQ)

e rc{0,1,..., min{t,n —w}}

2

e Elementary description of Clifford circuit W P = P TTEW || (0]% ™" W\TJ)) H
2
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Checkpoint!

V xz € Xo

Elementary / ; COMPRESS — {Xo,v,r, W, G} — Return p =0

description of p
Small ‘r‘/ \Large r

€ | ESTIMATE(€t0t, Otot ) COMPUTE —

L <&

RAWESTIM(s, L)
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COMPUTE algorithm

e Exactly computes p in time Tooupurs = O(2877(t — 7)t).

e Using G ={g1,...,9:—r} from COMPRESS:

p = ot—THv—wTy (HG|T;><T;\) = 2v~¥(T}| H(I + 9:)|T)

e 1 €{0,1,..., "max} Where rmax = min {¢,n — w}.

e 1 concentrates near 7. for high Clifford count random circuits.

= Hd

w=>5

t =80

c=10°

runtime < 2 hrs

arXiv: 2101.12223 7
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COMPUTE algorithm

e Exactly computes p in time Tooupurs = O(2877(t — 7)t).

e Using G ={g1,...,9:—r} from COMPRESS:

p= 2Ty (g THNT) = 20~ (T)| H(I +94)|T)

e r€{0,1,...,"max} Where ry.x = min{t,n — w}.

e 1 concentrates near rp.y for high Clifford count random circuits.

103 RCs 600
n = 100 5 400
w =20
t =80 e = 200
cC = 105 0 ]7 |
0 1 2 3 4
b= arXiv: 2101.12223 7
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COMPUTE algorithm

e Exactly computes p in time Tooupurs = O(2877(t — 7)t).

e Using G ={g1,...,9:—r} from COMPRESS:

p = ot—THv—wTy (HG|T;><T;\) = 2v~¥(T}| H(I + 9:)|T)

e r€{0,1,..., "max} Where rp. = min{t,n — w}.

e 1 concentrates near 7. for high Clifford count random circuits.

10% RCs w Note: This says ‘typically’ 7 ~ rmax.

n = 100 . 400 But ﬁtypically’ p = 2z -

w = 20 — When do we get practical simulation for
t =80 L ‘non-uniform’ p?

¢ = 10° — L

Open: Intersting applications for COMPUTE?

0

b= arXiv: 2101.12223 7
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Checkpoint!

V x e Xo

Elementary / COMPRESS — {XOJU'.I T, W1 G} — Return = 0

description of p
Small 'r"/ \Lav

€= | ESTIMATE(€tot, Otot ) COMPUTE —_ -

{r %

RAWESTIM(s, L)
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RAWESTIM algorithm: Concentration

t—r4v—w

2
2 = (0P WTh | = Nl

p=|

e For y € {0,1}", we define unnormalized stabilizer states |1)(y)) and product probability
distribution ¢(y) s.t.

> a) () = |u) -

e Concentration: The s-sample average @) = % >0, |¥i) concentrates around |u):

—s(y/p+€— \/1_9)2)
VRSV

Pr ([ ~ Il = ) < 2¢%exp

e We show that £* > [[[1(y))|3-
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RAWESTIM algorithm: Concentration

t—r4v—w

2
2 (0P WITH) | = Nl

p=|

e For y € {0,1}", we define unnormalized stabilizer states |1)(y)) and product probability
distribution ¢(y) s.t.

> a) () =) .

e Concentration: The s-sample average ‘E) = 1 5°° | |[#i) concentrates around |u):

—s(y/p+€— \/1_9)2)
VRSV

Pr ([ ~ Il 2 ) < 2¢%exp

where p = [[|1)]|3 and m > [[¢b(y))]]3-

* 2 T. P. Hayes, A large-deviation inequality for vector-valued martingales, Combinatorics, Probability and Computing (2005).
e We show that £* > |||¢(y))||5- .
- arXiv: 2101.12223 9
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RAWESTIM algorithm: FNE and CH-form

a o : —\ (|12 . ; y
e p is estimate of H |1,D>H2 using L iterations of the BG fast norm
estimation algorithm.

e CH-form [BBCCGH] + tricks used to compute [)(y)) o< (0|~ W |)

— Instead of |g) — W |y) we use W |6t> — W |g)
— Factorization of CH-form: CHF(|0) ® |p)) — CHF(|p))

.1 e T T t 1.2
e Stabilizer extent: £* :=&(|Ty )) x ... X §(|Ty,)) < 1.2"
Bl
/ \\_
1.15 N
o 7 %
b5 \
/ R

- i \
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& 11 /-"' X

up /, \
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1.05| / b
,,"’ \
5. Bravyi and D. Gosset, Improved classical simulation of quantum circuits dominated by Clifford gates, Phys. Rev. Lett. .;,- \\
116, 250501 (2016). ke A
1L
5. Bravvi, D. Browne, P. Calpin, E. Campbell, D. Gosset, and M. Howard, Simulation of quantum circuits by low-rank 0 71—}/'8 7'Tx"f4 37”*’3 n—f,('_g
stabilizer decompositions, Quantum 3, 181 (2019).
arXiv: 2101.12223 P
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RAWESTIM algorithm: performance

e For given s, L € NT computes p in time Tgawrsty = O(st2(t — 1) + sLr?)
s.t. Verort > 0,€ € (0, €40t):

Pr([p — | > etor) < 2¢%exp ((;E?J: \/é@‘?j) e ( . ( - )2)

=i 5(}0; €tots €5 S, L)

e (P, €0t €, S, L) depends on unknown p

e Can UB 4(p, €401, €, S, L) by setting p = 1 but this is very conservative.
o
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Checkpoint!

V x € Xo

Elementary 3
/description of p / ’ COMPRESS — / {Xo,v,n,W,G} —_— Return p =0

Small ‘r‘/ \Lav
4 | ESTIMATE(€tot, Otot ) COMPUTE — -

T [+]

RAWESTIM(s, L)
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ESTIMATE algorithm

e ESTIMATE purpose: Pr(|p — p| > €ot) < Otot

e ESTIMATE will use RAWESTIM as a sub-routine

ESTIMATE(€tot ; Otot )

T &

RAWESTINgS, L)

e RAWESTIM gives: Pr(|p — p| > €tor) < (P, €tots €, S, L)

e Defn: €*(p, dtot, T)

arXiv: 2101.12223 13
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ESTIMATE algorithm

e ESTIMATE purpose: Pr (|p — p| > €rot) < Stot

e ESTIMATE will use RAWESTIM as a sub-routine

ESTIMATE (€0t Stot )

P &

RAawEsTiM(s, L)

e RAWESTIM gives: Pr(|p — p| > €or) < (P, €tot, €, S, L)

e Defn: €*(p, dtot, 7) is the minimal achievable additive error s.t. TRawrsrna(s, L) < T and
FP § 51:01:

Pr (‘ﬁ _p‘ 2 E*(pa 51:01317-)) § 5t0t-

€*(p, 001, T) is monotone increasing in p
arXiv: 2101.12223 13
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ESTIMATE algorithm

o Idea: for k = 1,2,..., compute €*(p, dot, 2870) until we find €*(p, Stot, 2870) < €tot

e Idea: for k =1,2,..., compute €} := ¢*(p}_,, 0k, 287o) until we find €*(p*, ok, 2°To) < €tot

e po =1, pi =pr + ¢, and

e O _
® 0} = —z0tot €nsures y , 0 = ot

a b
@) 10° (b) 10° §
B s P .
£y " pa .
A __p o
A
*:“ s L]
.... Y *u. .
= —1 A —1
10 N . 10 .
-2 R T T,
5 ' 10 I .- N N Etot 2 °
[ i
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8
Total run-time [10%s] Total run-time [10°s]
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ESTIMATE algorithm

e ESTIMATE gives: Pr (|p — p| > €tot) < tot
e Runtime depends on p and is probabilistic.

e RUNTIME gives a probabilistic upper bound of Tggrnare for any possible p.

10" | / n = 40
ST =5
+ t=324+8
o}
S 101 r=§8
g ¢ = 2000
g 10 . Actual C Y= §(|T>32)
o~ 100 | —— Lower bound eiot = 0.05
. —— Upper bound Otot = 103
10

0 01 02 03 04 05 06 07 08 09 1 O%uB=005
p
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ESTIMATE algorithm

e ESTIMATE gives: Pr (|p — p| > €tot) < Otot
e Runtime depends on p and is probabilistic.

e RUNTIME gives a probabilistic upper bound of Trgyare for any possible p.

1015 = | n = 40
w=3~8
t=32+8
r=28
c = 2000

. Actual C £ = §(|T>32)
—— Lower bound €tot = 0.05
—— Upper bound Seor = 1073

10

10xe

1=

Run-time cost C

1011

110 =
" O 001 02 03 04 05 06 07 08 09 1 0u=005

[1] S. Bravyi and D, Gosset, Improved classical simulation of quantum circuits dominated by Clifford gates, Phys. Rev, Lett. p
116, 250501 (2016),
[2] 5. Bravyi, I Browne, P. Calpin, E. Camphbell, D. Gosset., and M. Howard, Simulation of quantum circuits by low-rank

stabilizer decompositions, Quantum 3, 181 (20149). arXiv: 2101.12223 15

Pirsa: 21030043 Page 24/27



ESTIMATE algorithm

e ESTIMATE gives: Pr (|p — p| > €tot) < tot
e Runtime depends on p and is probabilistic.

e RUNTIME gives a probabilistic upper bound of Tggrnare for any possible p.
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Outlook

e Can we predict properties of COMPRESS output?

e Practical applications for COMPUTE?
e Can we apply some of these techniges to improve sampling algorithms?

e Can we adapt ESTIMATE to the mixed state formalism?

arXiv: 2101.12223 16
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Outlook

e Can we predict properties of COMPRESS output?

e Practical applications for COMPUTE?
e Can we apply some of these techniges to improve sampling algorithms?

e Can we adapt ESTIMATE to the mixed state formalism?

Thank you!
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