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Abstract: A remarkable aspect of 4-dimensional complexified General Relativity (GR) is that it can be non-trivialy deformed: there exists an
infinite-parameter set of modifications with the same degree of freedom count. It istrivial to impose reality conditions that lead to real theories with
Euclidean or split signature, but the situation is more complicated and not yet fully understood in the Lorentzian case, which is the subject of this
talk. I will first show that the choice of potentially consistent reality conditions is essentially unique and boils down to the reality of the underlying
3-metric at the canonical level, as in the case of GR. For simplicity, | will focus on a subset of modified theories that correspond to a natural
extension of Ashtekar's Hamiltonian constraint, namely, a linear combination of EEE, EEB, EBB and BBB. Interestingly, the evolution equations
for the 3-metric and its first time-derivative take the same form asin GR, but with an effective stress tensor source which cannot be expressed in
terms of these two fields. Modified theories therefore appear as essentialy "non-metric” in that they do not admit a closed geometrodynamics form.
In particular, this obstructs the conservation of the reality conditions, because the effective source remains complex. Alternatively, if we insist on
reality, we obtain extrareality conditions which then leave no room for degrees of freedom. | will finally argue that this should be a generic feature
of the Lorenzian modified theories, in stark contrast to their Euclidean and split-signature counterparts.
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Complexified GR

Reality conditions

Deformations (Lorentzian signature problem)

A natural subclass
Geometrodynamics
Obstruction to reality

Take away

Pirsa: 21030029 Page 3/17




Plebanski SO(3,C) action

S = /[B/\F’ WIB; A Bj — ¢ (A + uv?)

. R
F'.=dA + > e AR A A
if real fields
) :
Bi:Mer/\ej+§€jjkej/\ek, p=e"Nel Ae? A e?

= real Palatini-Holst action (real GR)
- i =205 = SO(3) ~ self-dual SO(4)
- pij=mn; = S0(1,2) =~ self-dual SO(2,2)
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but so(1,3) ~sl(2,C) = Lorentzian self-dual is complex

= complex fields + non-linear reality conditions

Re [6YB; A Bj] =0 BiAB; =0
underlying real metric

1

I prpo p. :

: & il ;
B,-:l(S;jeo/\e’+§€,-jkeJ/\ek, p=e’nel Ne® A€’

v
= Lorentzian Palatini-Holst action

= real Lorentzian GR
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Back to the complex theory: deformation

r Ca )
= /B,'/\F’—§wUBiABj-¢()\—|—[JJU¢U)]

— / _Bi AF'— %WJB:' A Bj — ¢H(¢)]

- same degree of freedom count!

- dynamical internal metric

1 OH
5 Bi A By = —6H, Hy = 50 HER =

- pure-connection form

5:/f(F"/\FJ') SGR:/[TN/W]Z
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Reality conditions for deformed theories?

GR : Re [6YB; A Bj] =0 BiAB; =0

Scalar constraint: generalization Re [f (B; A B;)] =0

amounts to changing #H(¥’) = no new direction in theory space

Tensor constraint:  too rigid

reality of conformal class of metrics [g),, ]

Buv X gngaﬁ’stB;LaBll/BBf;(S 5 EuypaBipa = lvy _ggpbpgya Bipa
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Reality conditions for deformed theories?

GR : Re [6YB; A Bj] =0 BiAB; =0

Scalar constraint: generalization Re [f (B; A B;)] =0

v,
amounts to changing #(¥’) = no new direction in theory space

Tensor constraint:  too rigid

reality of conformal class of metrics [g),, ]

Buv X gngaﬁ’stB;LaBll/BBf;(S 5 EuypaBipa = lvy _ggpbpgya Bipa

= unique reality constraints (up to redef. of H)
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ol

we implement at the action level: S =5, + S,

= e [%U(w) B: A Bj] =0 iy = HauHY = 5{

s = [ |5 (BinF-3uB.06) - o)

1

S, f xRe (HYB; A B)) + X¥B; A Bj]

Important action structure:  holomorphic + reality constraints

= equations of conjugate fields B; x,xY =0

= S, does not affect holomorphic equations of motion

1 9 ’ 1
5:/[; (B,'/\F’E’QDUB,:/\BJ')—é/H(’(,b)%—XUB%/\ Bi| 9€R
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compatibility? = = canonical formulation :  x* — {t,x*}

. 1| . o . M
ES = o, BI® B := — eFy, Wl = E.B™®

canonical action

S= / & [ (AL — 0'G: — N*Do ) — NH(Y) ~ Eas Tl

with N, N¢ € R and
G = HI(y) EPE]
3-metric density from Urbantke 4-metric

H,De,G;i first-class algebra (3-metric again §*°)
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simple subset of theories
H = Mo (E,E,E)+ M (E,E,B) + M2 (E, B, B) + X3 (B, B, B)

capre* X2 Y Z)

X,Y,Z):=
( C ) nxlny!nzl

— G =R B B R
— AL As = Ao — AoAs A=A — M3

natural extension of Ashtekar formulation
arise from 7D 3-form theories

redundancy: canonical transformation E* — EY 4 cBY

invariant coupling: A = )\% —4MENB h:
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reality conditions? gus € R = Kz €R

(0 — L) Kag = [szKg — KKap — Rag + VaVs + GagV + ASarsSs™ | N

in general V, 5,3, € C not conserved

imposing Tos € R zero degrees of freedom

exception: ifA=0 = V = constant
= closed GR geometrodynamics, and also GR constraints

= conserved reality constraints (if V € R)
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what theories have A = 07
A := A% — 4)\g)g is discriminant of 3-metric

§*F = \eEFEP + AsEPB™ + \gB*B'

= A = 0 are exact square 3-metrics

§f = E*E? = H=x+0ui = GR

§*P =BrB’ = H=A+dly; =  Self-Dual GR

Sspag = f (e 'AF/ + reality conditions
¥,
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what theories have A = 07
A := A% — 4)\g)g is discriminant of 3-metric

§*F = \eEFEP + AsEPB™ + \gB*B'

= A = 0 are exact square 3-metrics

§f = ECE? =  H=x+0ui = GR

§*P =BrB’ = H=A+dly; =  Self-Dual GR

Sspag = f (e 'AF/ + reality conditions

(A)dS connection + linear chiral field v unbounded energy
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what about the generic theory?

obstructing term

1

570[6 = T5A Evde {qa(S’ qﬁe}

generic 3-metric

§°° = fe(¢) EFE] +fs(v) EF B + fa(y) BB

3-metric cannot be a phase space coordinate
no canonical 3-metric formulation
no closed geometrodynamics

no conserved reality conditions

Page 15/17




Take away

complexified GR admits an infinite-parameter family of
deformations

trivial real versions in Euclidean and split signature
Lorentzian signature requires non-linear reality conditions

generically not compatible with dynamics

=  no deformed Lorentzian theories ®

better understanding of geometrodynamics for Euclidean/split
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Thank youl
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