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Abstract: To analyze the performance of adaptive measurement protocols for the detection and quantification of state resources, we introduce the
framework of quantum preparation games. A preparation game is a task whereby a player sequentially sends a number of quantum states to a
referee, who probes each of them and announces the measurement result. The measurement setting at each round, as well as the final score of the
game, are decided by the referee based on the past history of settings and measurement outcomes. We show how to compute the maximum average
score that a player can achieve under very general constraints on their preparation devices and provide practical methods to carry out optimizations
over n-round preparation games. We apply our general results to devise new adaptive protocols for entanglement detection and quantification. Given
a set of experimentally available local measurement settings, we provide an algorithm to derive, via convex optimization, optimal n-shot protocols
for entanglement detection using these settings. We also present families of adaptive protocols for multiple-target entanglement detection with
arbitrarily many rounds. Surprisingly, we find that there exist instances of entanglement detection problems with just one target entangled state
where the optimal adaptive protocol supersedes al non-adaptive alternatives.
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Motivation: Certifying and Quantifying Quantum Resources

Weilenmann, Mir jam

Picture credits: Christian Murzek.
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Quantum Preparation Games — General Setting

Weilenmann, Mirjam

f d {/‘25
ERENEERTEE
Player Referee

Basic setting: player prepares resources, referee scores player’s resources after n rounds

Player's strategy P Protocols: Referee's strategies (M, S, g)
@ Measuring devices M
@ Prepare quantum systems from C @ Classical memory with states S

@ Scoring rule g

Expected score for a player with strategy P

G(P) =Y p(sP)(g(s))-

sES
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Quantum Preparation Games — Referee

k

P
| Weilenmann, Mirjam
k-1 g k k+1 Sk+2
M M = —
Referee

@ Recursive computation (and optimisation) of the score of a player:

(n) a t M ’
s rpggz f(M).p)(g(s)).

,L = max Z tr(Mg,|5 Hl)

peC

Grine — ll(l) .
&,

@ Maxwell-demon games: full information about previous states of the
experiment in memory Sk.
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Preparation Games for Quantifying Resources from Gradient Descent

-
s

Weilenmann, Mir jam

Preparation game (M, S, g) with memory requirements growing as O(kN) with
round number k.

9,

@ Choose one out of N +1-outcome measurements M (k), Ma(k), ..., My(k)
according to some probability distribution.

@ Counter of positive vs. negative outcomes for each measurement
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Example: Preparation Game for Quantifying 2-qubit Entanglement

Task: Find game to quantify the entanglement of |1g) = cos(#) |00) +sin(6) |11)
in n-rounds.

@ Alice and Bob perform adaptive measurements |,

Mh(K) = {]1+ \;V(Q)?]I \;V(G)}?

9,

{|oxo|, |1x1|} {14X+], |-%-]}
. |[1g) = cos(8) |00) + sin(6) |11)

/ cos(0) |0) + sin(6) |1) cas(B) 405~ =nld) | 1)
J = [+) =3

V2 V2

g
=

W(o) = 5 [10)(0] ® Z + |1){(1| ® (=2)

+ |[+)(+] ® (sin(20) X + cos(26)Z) + | —)(—| ® (—sin(20) X + cos(20)2)]

b
2
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Preparation Games for Quantifying Resources from Gradient Descent

Weilenmann, Mirjam

Preparation game (M, S, g) with memory requirements growing as O(kN) with
round number k.

@ Choose one out of N +1-outcome measurements My (k), Ma(k), ..., My(k)
according to some probability distribution.
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Example: Preparation Game for Quantifying 2-qubit Entanglement

Weilenmann, Mirjam

Task: Find game to quantify the entanglement of |1s) = cos(€) |00) +sin(€) |11)
in n-rounds.

@ Alice and ®ob perform adaptive measurements ,

Mh(K) = {]1+ \;\/(9)?]1 \g\/(e)}?

{loxo], |ax1]} {144, | X[}

|1g) = cos(8) |00) + sin(B) |11)

I.f" / | cos() |0) + sin(6) [1) cos(8) |0) — sin(0) |1)
E‘. / = H‘) ok |7>

V2 V2

W(o) = 5 [10)(0] ® Z + |1)(1] ® (=2)

+ |+) (+] ® (sin(20) X + cos(26)Z) + | —)(—| ® (—sin(20) X + cos(20)2)]

s
2
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Example: Preparation Game for Quantifying 2-qubit Entanglement

N
% o

Weilenmann, Mirjam

Task: Find game to quantify the entanglement of |19) = cos(8) |00) +sin(€) |11)
in n-rounds.

o Alice and Bob perform adaptive measurements for 8 = 6(s:(k)),

Ml(k):{m W(Q).H—W(Q)}’ Mz(k):{Ma‘—%W(e) H—%W(Q)}.

5 ) 2 2 i 2
{|0X0|, |1X1]|} {1+X+], |-X-|}
‘ . \. ) " |4g) = cos(8) |00) + sin(@) |11}
/ | ~ (cos(o) 10) + sin(6) 1>) (cos(ﬂ) |0) — sin(6) I1>)
_‘ = |4 + | =)
1
W(9) = 5[10)(0] ® Z +[1){1] ® (~2)

+ [+){+] ® (sin(20) X + cos(260)Z) + |—){—| @ (— sin(20) X + cos(260)2)]

e Final score: g(s1(n),0 = 0(s2(n))) = h (COSZ(Q)) © (s1(n) —6(0)))
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Quantifying 2-qubit Entanglement in 40 Rounds

Weilenmann, Mirjam

Player preparing states |tg)(19|®" Player preparing states 0 € Ex
0.8 1
B 0.9
0.7 i
0.6 '. 07
. 0.6
E 0.5 : % )
Q 04 O
% . ’ 0 0.4
03 : @{, -
0.2 02
0.1 Q.1
C L 0 = - |- ' L
'JO 02 04 06 0.8 1 12 14 16 0 005 01 015 0.2 D.25l lO..} 035 04 045 05
6 negativity
o _ le7Bl—1
Negativity N (o) = —*1—.
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Preparation Games for Performing Hypothesis Tests

P o
S =

Weilenmann, Mir jam

Task: certify entanglement of a state p in n rounds; distinguish Eent = {p®”}
from Esgp.

@ Binary final outcome s € {ent, sep} with g(ent) =1, g(sep) = 0.

@ Quality of the protocol given by the worst-case errors

e = max ent|P <—\
/ 'PEESEPP( | )

Maximal expected score

€ = _MmaX p(sep|73) for separable strategy
pESEf\'T

9,

Goal: design optimal protocols (M, S, g) for p taking restrictions on M of the
referee into account.
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Optimising Quantum Preparation Games

@ Solving problems of the following type (1-round version)

el e ——— p(sep|p)
(Ms)s,ey

st 1= ) tr(Mep)(g(s)) < en,

Weilenmann, Mirjam

Y tr(Mio)(g(s)) < e @, Vo € SEP,

(MS)S = M: L
p(ent|o)
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Optimising Quantum Preparation Games

@ Solving problems of the following type (1-round version)

Weilenmann, Mir jam

min ey
(Ms)s,ey

st 1— Y tr(Msp)(g(s)) < en,

S

el— > M(g(s)) € SEP*,

(MS)S = Ma

@ For SEP, the dual to the Doherty-Parillo-Spedalieri hierarchy approximates SEP*
(from the inside).

Doherty, Parillo, Spedalieri, PRL 88, 2002 and PRA 69, 2004.
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Optimising Quantum Preparation Games

@ Solving problems of the following type (1-round version) Weﬂenmam’mja,;'

min ey
M)s,e
( S)s, 1 .*

st. 1= ) tr(Mp)(g(s)) <en  VpeE,

el — > Mi(g(s)) € SEP”,

(MS)S = M7

@ For SEP, the dual to the Doherty-Parillo-Spedalieri hierarchy approximates SEP*
(from the inside).

@ Applies to cases where
E={0|p 20, tr(p') =1, [|p' — o1 < €}

@ Applies to finitely correlated strategies where correlations between rounds may
build up in the uncontrolled environment.

K
Ideal Pideal Fa

5K Source 7= ' ] pif

Environment
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Entanglement Certification with Various Types of Measurements

Global measurements Adaptive measurements Non-adaptive measureme Weilenmann, Mirjam
,U.:Jsk F'Aak l'-]A!vk
L_ 3 L_ > dii= <> &
Sk . : Sktt Sk et ; T ) Skt1 =|Sk "?kjl ’ :S:k:g ’

o Global measurements: any POVM (M;)s.
@ Adaptive Pauli measurements M, = iny Plx,y;sla, b)a.i,a 2oy st

Y P(xy.slab)=P(x) and Y P(x,y,slab) = P(x,yla).

YsSs

o Non-adaptive Pauli measurements M, = , P(x,y,sla,b)ox. @0y st

Y " P(x,y,sla, b) = P(x,y).
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Single-shot Entanglement Certification for |¢) = —=
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Multi-round Maxwell Demon Games

Example: 3-round entanglement detection of |¢) = %(|00) + |14)) with adaptive PaflfEneesree |
measurements.
Pt Pt p?
L Lg
o &P | .
o ‘ma ' Sy p’:w_ i S3 pgs’ﬁ. y :gem,sep}
M = Z P(xiy1...y3s|aibi...b3) Ox 2 @Oy by @ & Ty by

X1:¥1:%2:¥2,%3,¥3
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Multi-round Maxwell Demon Games

Example: 3-round entanglement detection of |¢) = \/ﬁ(|00) + |14)) with adaptive Pa Welenmann, Mijam

measurements.
Pt I
L L g l_—
> B (4
M = Z P(xiy1...y3s|aibi...b3) Ox 2 @Oy by @ ® Ty by
X1:¥1:%2,¥2,%X3,V3
9,
oot “re * 1 round
07t
06 ."....
o 05 o N
04Ff
031 .'. ..'.
02| q i
N
O 51 92 03 04 05 06 07 08 08 i
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Adaptiveness in Maxwell Demon Games

Yo -
Weilenmann, Mir jam

e,

s € {ent, sep}
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Adaptiveness in Maxwell Demon Games

s € {ent, sep}
—

SEP

Weilenmann, Mir jam
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Adaptiveness in Maxwell Demon Games

s € {ent, sep}

SEP

Weilenmann, Mir jam

Page 22/29



Adaptiveness in Maxwell Demon Games

Weilenmann, Mir jam

s € {ent, sep}

9,

Surprise: Adaptiveness between rounds helps for entanglement
detection of single states (e.g. for |p)).
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Beyond Maxwell Demon Games: Repetition of Optimal Protocols

’ ’ . eilenmann, Mir jam l
@ Construct G by playing a game G m times and accept if at least v of the . b ‘
individual games are won. 9,

@ Optimal score for a player restricted to strategies P € S,

m
k:

max G/"(P) = ¥ ( 7: > G ) (1= TGP

v

Elkouss & Wehner, npj Quantum Information 2, 2016.
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Multi-round Preparation Games with Restricted Memory .

Weilenmann, Mir jam

SEP SEP
T 0 @
o SEP SEP SEP
4
/
0 . 3 & - 57 <
ENT
SEP
s34 53 é — B
SEP
Round Round Round Round Final State
1 2 3 n
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Multi-round Preparation Games with Restricted Memory

- ==
L
e
Weilenmann, Mir jam X Hn

Ideal Pliear Pa

s, Source _— ' k
it Uncontrolled P
Environment

@ Task: certify the entanglement of % (|00) 4 [11)) in n = 20 rounds interacting

(for t = 0.1) with an environment according to
H=a @I |0X1]+ [0X1| @T) + a® (I® [1X0] + |[1}0| ®T).
@ Optimisation problem (round by round see-saw optimisation)

min ey
k
{Mgk)}k.Sk ,E'H e\&

il e tr[M({Mgf)}kgsk)a] Vo € SEP
enn > 1 — tr[Qp({M{}is )pal  Vpa

with recursive decomposition of Q, and of M({Ms(‘f)}k,sk) as before.

Pirsa: 21030027 Page 26/29



Example: Entanglement Certification when Interacting with an Environms )

Weilenmann, Mirjam

0.35

o3fe

0.05
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Summary and Open Questions

Weilenmann, Mirjam

@ Framework of preparation games allows us to analyse and optimise protocols.
@ Optimal protocols for Maxwell demon games with few rounds.
@ Various ways to construct protocols for larger round numbers.

@ Implications for other resources ? (High-dimensional entanglement, multi-party
entanglement, non-locality, magic states)

@ Allow referee to conduct resourceful operations ?

o Application in NISQ devices (allow referee with quantum memory of fixed
dimension) ?

@ Asymptotic rates for Maxwell-demon games 7

»,

Hu et al., Optimized detection of unfaithful high-dimensional entanglement, ;arXiv:2011.02217.
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Summary and Open Questions

@ Framework of preparation games allows us to analyse and optimise protocols.
@ Optimal protocols for Maxwell demon games with few rounds.
@ Various ways to construct protocols for larger round numbers.

@ Implications for other resources ? (High-dimensional entanglement, multi-party
entanglement, non-locality, magic states)

@ Allow referee to conduct resourceful operations 7

e Application in NISQ devices (allow referee with quantum memory of fixed
dimension) ?

@ Asymptotic rates for Maxwell-demon games 7

Thank you!

Hu et al., Optimized detection of unfaithful high-dimensional entanglement, ;arXiv:2011.02217.
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