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Abstract: The predictions of quantum theory resist generalised noncontextual explanations. In addition to the foundational relevance of this fact, the
particular extent to which quantum theory violates noncontextuality limits available quantum advantage in communication and information
processing. In the first part of this work, we formally define contextuality scenarios via prepare-and-measure experiments, along with the polytope
of general contextual behaviours containing the set of quantum contextual behaviours. This framework allows us to recover several properties of set
of quantum behaviours in these scenarios . Most surprisingly, we discover contextuality scenarios and associated noncontextuality inequalities that
require for their violation the individual quantum preparation and measurement procedures to be mixed states and unsharp measurements. With the
framework in place, we formulate novel semidefinite programming relaxations for bounding these sets of quantum contextual behaviours. Most
significantly, to circumvent the inadequacy of pure states and projective measurements in contextuality scenarios, we present a novel unitary
operator based semidefinite relaxation technique. We demonstrate the efficacy of these relaxations by obtaining tight upper bounds on the quantum
violation of several noncontextuality inequalities and identifying novel maximally contextual quantum strategies. To further illustrate the versatility
of these relaxations we demonstrate the monogamy of preparation contextuality in atripartite setting, and present a secure semi-device independent
guantum key distribution scheme powered by quantum advantage in parity oblivious random access codes.
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z € [X] y € [Y] Contextuality scenario
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Generic operational theory: P M &

P, P" € P are equivalent: P ~ P,

I)I'Ob(/l{"f)7 ]\/{) — PI’Ob(k|P/, ]\/[) for all [k|M] € &

k| M], [K'|M'] € € are equivalent: [k|M] = []f, |M,]

Prob(k|P, M) = Prob(k'| P, M") forall P € P
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Noncontextual ontological model

pp: A — 0, 1] Ene (K|A)

Prob(k|P, M) = [, 5]\/1(%’)\)#13()\)0”\
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Noncontextual set

See Phys. Rev. A 97, 062103 (2018) 1” £ X f € [Y]
Py
MY
)
ke K]

(P() -+ Pl) - %(PQ + Pg) ~ %(P,g: -+ P5)

b | =

implies

s(upy +up) = 2(pup, + pp,) = 5(p, + 11py)

S(p) = p(0]0,0) +p(0[1,1) + p(0}4,2) < 2.5
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Quantum contextuality

on some finite dimensional Hilbert space
//
Density operators p, and POVMs {Eg}k satisfying,

Tr(EY p.) = p(klz,y)

%(Po +p1) = %(PQ + p3) = %(94 + ps)

%(Eg + E(% —IE Eg) — %(E(l) + E% + E%) No efficient characterisation

S(p) = p(0]0,0) + p(0[1,1) + p(0]4,2) 5 2.8660254
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Quantum contextualit
y on some finite dimensional Hilbert space

-

) e
Pvms {11}, . ;

Density operators p, and-R@#M-e—{ﬁE-,%-k- satisfying, 0
| S

Tr(Eype) = p(klz, y)

%(Po +p1) = %(PQ + p3) = %(94 + ps)
Y(EQ + Ej§ + E3) = 3(EY + Ef + E})

S(p) = p(0]0,0) +p(0[1,1) + p(0]4,2) 5 2.8660254
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Quantum set

X <3

or >~ NC=Q=C
T=(X,Y,K,0,06y)

T=(X,Y,K,0Ep,0) Q=0n

non-trivial preparation equivalences Qq]

N
O

convex

> in general

non-trivial measurement equivalences QH C Q
+
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Semidefinite programming relaxations

Consider density operators 0z and POVMs {Eg}k such that TI'(E]E/O;E) = p(k\x, y)

= + f
() = Te(0; Oxps) | st

Positive semidefinite Satisfy operational equivalences

Necessary condition given by semidefinite feasibility problem HOWEVER, currently very bad!
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Semidefinite programming relaxations

Consider density operators 0z and POVMs {Eg}k such that TI'(E]E/O;E) = p(k\x, y)

(F:c )j, k — Tr (O] T Ok@ /any seq L(Ji?c(e)jf 'O.p.erators

Positive semidefinite Satisfy operational equivalences

Necessary condition given by semidefinite feasibility problem HOWEVER, currently very bad!
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PROBLEM: cannot assume projective measurements

s

SOLUTION: a helpful lemmal

_ I e
E—2Jr 4

Instead use the operators Uij and UET to index the moment matrix.

1
(F:I?)H,[I;; + (FQT)H,U;?T Sk (])(;CLI?, y) = 5)
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Relaxations of the quantum set

Maximising success metrics over the relaxations is

an SDP N

“see-saw’’ + relaxation —» tight upper bounds in
examples considered

up to machine precision

S(p) Se Snve  Seg, So, 592
Poo + p12 + p2a 3 25 3 3 3

Poo + P11 + p2a 3 2.5 2.8660254 2.8660254 2.8660254
Poo — Po2 — 2po2 — 2p11 + 2p12 + 2p24 4.5 3 3.9209518 3.9209518 3.9209518
2poo — p11 + 2p12 3.5 3 3.3660254 3.3660254 3.3660254
Poo — Posa + p11 + P12 + 2pas 5 4 4.6889010 4.6839010 4.6889010
Poo — Poa + 2p11 + 2paa 51 1  4.6457513 4.6457513 4.6457513

Doo — Po3 — 2po2 — 2p11 + 2p12 + 2p2a 4.5 3.5 3.5 3.5552760 3.5

/i
/

Phys. Rev. A 97, 062103 (2018)
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n oSk Sk S& Sk

5 6 5 5.2360679 5.2360679
7 7 6 6.3176672 6.3176672
9 &8 7 7.3600895 7.3600895
11 9 8 &.3863029 8.3863029

Phys. Rep. 506, 1 (2011)
Phys. Rev. A94, 062103 (2016)

Page 15/19



Pirsa: 21030018

Py + 5P11 =~ aPy + (1 — a)Pio
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Parity-oblivious random access codes

Win when:
r = xor1 € {0, 1}2 Y € {O, 1} k = Ty
p Average success probability:
I - MY,
: 1 )
I S5™(P) = § 2wy P(@yl2, Y)
ke {0,1}
=(Poo + P11) ~ % (Po1 + Pio)
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Monogamy of contextuality SDIQKD

r — Togr1X9

Assumptions:

* rounds i.i.d.

* free will

* no quantum memory for Eve
* preparation equivalences

r> —log S5e¢ — h(Spe)

QKD based on (3, 2)-porac
0.3 i 1 I 1 T T I 1 1 T I T 1 T I T 1 T I T T

kB ko
Srac 4 grac < 1,392

IIIlIIIIIIIlIIIIIIIIIIIII-
0.776 0.778 0.78 0.782 0.784 0.786 0.788

Bob’s success
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Summary

Introduced a general framework for contextuality scenarios ¥ 3

(X,Y,K,06p, OE 1)
* Semidefinite relaxations of the quantum set for ANY scenario Ql, QQ, o
* SDP for upper bounding quantum violation of generic non-contextuality inequalities

+ Demonstrated monogamy of contextuality and used for an SDIQKD"protocol

* Properties of quantum contextuality, including: necessity of mixed states and unsharp

measurement

Open questions:

* Hierarchy converges?

* |Infinite dimensions?
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