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Abstract: We have already met the octonionic Fierz identity satisfied by spinorsin 10-dimensional spacetime. This identity makes super-Y ang-Mills
"super" and alows the Green-Schwarz string to be kappa symmetric. But it is also the defining equation of a "higher" algebraic structure: an
L-infinity algebra extending the supersymmetry algebra. We introduce this L-infinity algebra in octonionic language, and describe its cousins in
various dimensions. We then survey various consequences of its existence, such as the brane bouquet of Fiorenza-Sati-Schreiber.
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The Octonions

> O is alternative—the associator is alternating:
(x,y,2) = (xy)z — x(yz).

» Equivalently, any subalgebra with two generators is
associative [Artin].

» This is just enough associativity so that *

[, ¢] -4 =0, €0

» But what is the meaning of this identity?
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The spinor identity

» \ectors V = { {

t+x y | .
y t_x].t,xeR,ye@J}.

» Spinors S = Q7.
» Two actions of vectors, depending on chirality:

A-p=Ag, ¢S

» Likewise, two spinor to vector pairings:

[¥1,%2] = 19} + i), 1,92 € Sy
(61, ¢2] = $106h + d28), 1,02 € S-
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The spinor identity

» Vectors V = {[

t+x y |
y t_x}.r,xeR,ye@}.

» Spinors S = Q2.
» Two actions of vectors, depending on chirality:

A-o=Ap, odeS_

» Likewise, two spinor to vector pairings:

—_—

[t01, 2] = Y190} + otbl, 1,42 € Sy

(b1, d2] = D10} + d2db!,  b1,d0 € S_
F}“&’ _ A .—-{:r(mi*
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Proof of identity

Theorem
Fory € Si, we have [, 9] -4 = 0.

Proof.
Due to Dray—Janesky—Manogue:

[, ¢]-¥ = 2(pyt)y
= 2((v¥" )y — Y(¥Ty))
= 0

: el tV°
(‘V sk el£y of O.
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Physical consequences

» D =10,N = 1 super-Yang—Mills theory depends on this
identity for its supersymmetry.

» The Green-Schwarz action for the superstring in R%:1//A or
R% 1B depend on this identity for x-symmetry.
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Equivalent forms

» The expression

V(A ¢, 9) = g(A [¥, ¢])
defines cocycle in Lie algebra cohomology on
T=VeaS.

the supertranslation algebra.
Dr\\ i VOAZERT o

. 85 — \
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Equivalent forms

» The expression

VA, 8) = 9(A, [, ¢])

defines cocycle in Lie algebra cohomology on

T=Va&S.

the supertranslation algebra.

/\.S/ L N o rsly. OnalY WMdAZero
v~ : -

ekt | Byl GBS Y DR

Vit 0F ke guprspamed] oy S( .
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Lie algebra cohomology
le O&_‘g'(“ ,C\.)r ﬁ O —+-L e CE CpPX .

¢ X
c'Ca) = N4
W4 d.Lfervatia o

5L.-La ([2()(]--;
Jo( (X, Xor) = 2P XYY
14
CDM’@:\{Q \,J/ -l—th W Soa L co>or< —{7‘-@{,
et A o f extelior derlvat.ve,

Hfﬁ?lt*[Cfﬁﬁ



L..-algebras

Theorem (Baez—H.)
There is an L..-algebra superstring(7) extending T via .
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L..-algebras: idea

A L.-algebra L is like a graded Lie algebra:

&

=0

with a differential:
a: L;’ — L,’_1.

There’s a bracket:
[-—-]: Lo L — L,

but Jacobi fails:

1,1, 2] + Iy 21, X1 + [[2, X1, Y] = d[x, . 2].
i)\\\[ hold§ uf

Ao o~ WXt Teim .
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L..-algebras: idea

A L.-algebra L is like a graded Lie algebra:

&

=0

with a differential:
a: L;’ — L,’_1.

There’s a bracket:
[-—]: Lo L — L,

but Jacobi fails:

[[X,y],Z] + [[yu Z],X] T [[z,x],y] = d[x,y,z].
i)\\\[ holdd wuf

WXt teim .

LyydiLeLer—L ,

S ""{":S'F.‘-e.j - e N\ 0-3\,_,:_ 9 _B“L"\D: .J_Q an
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L.-algebras: definition

An L..-algebra is a graded vector space:
L=EPL:
i=0

together with maps:
20 Manl

- ®
In: L*" — L, of degree n—2 e &et'0 ¢

satisfying the generalized Jacobi identities:
Z Z ilf({f(xa(ﬂa Xz(2)s " " :Xo‘(f)):xcr(f—{—‘l): bt :xor(n)) = 0.

GRS <O Maal
J_\ — A , ch!.li \ =7 =1, atlLi=™Li- :A-e,\'\‘-‘—\";-e._s.

L, = L-,-2 Qe 4 - }S:E‘—]-—’_j <t
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L..-algebras: why?

Plhysies
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L.-algebra: superstring(7T)




L .-algebra: 5upet5tting(7'
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The brane scan
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Figure by Mike Duff.
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supetstring(7) and 2-brane(7T

Let K be a normed division algebra of dimension k.

Theorem (Baez—H.)
There is a supertranslation algebra 7k in dimensions k + 2 and
an L-infinity algebra extension supetstring(7k).

Theorem (Baez—H.)

There is a supertranslation algebra 7k in dimensions k + 3 and
an L-infinity algebra extension 2-brane(7x).
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superstring(7) and 2-brane(7)

Let K be a normed division algebra of dimension k. 1,2 ,4 ¢

Theorem (Baez—H.)
There is a supertranslation algebra 7 in dimensions k + 2 and
an L-infinity algebra extension superstring(7x). 24, 6,0

Theorem (Baez—H.) ( 5= IKH

There is a supertranslation algebra 7k in dimensions k + 3 and

an L-infinity algebra extension 2-brane(7k). dye 7, @
Div Aws {.'

50?~£"6‘I~\M£1‘f~{ T 5:@4-

—
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The pipeline
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superstring(7) and 2-brane(7)

Let K be a normed division algebra of dimension k. 1,2 ,4 ¢

Theorem (Baez—H.)
There is a supertranslation algebra 7k in dimensions k + 2 and

an L-infinity algebra extension superstring(7k). 24 0,
A V ..ﬁmgp_“ i( K)q T B
Theorem (Baez-H.) \( 5= IK

There is a supertranslation algebra 7k in dimensions k + 3 and
an L-infinity algebra extension 2-brane(7k). dye 7, @
Div Aws ¢

50?~“6‘|~\M£1‘f~{ T 5:@4-

—
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fc}{?_{r.»- .A/\

Theorem
There is an‘L..-group’with Lie algebra supetstring(7x).

Theorem
There is an'L..-group’with Lie algebra 2-brane(7k).
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The brane bouquet
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The brane bouquet

F‘.“‘r%‘\%"\ - Sl - g(.\af':e_\\bwzf
ldes WY bhev ok Jwrt one XAl

ST T
s0string ' -jtrmljlu-1' littlestring,,,

B

| D0branc 2prane ‘

D6brane | D&brane ‘

- =10
N = N=(1,1 i -2
v

- e - JeiO -
mbbrane | — il RN i nsHbraneye I

ARG ¥ A

= -r'=!|' 1
N = Ne(2 N L a DK
— (o r

Dstring

teingn (p.q)stengnp

“di:l;“f‘.';«\]
CoLYCley

L; , 0’\ e "‘"l&
et ' “-K'l'v\&'

Figure by Urs Schreiber. ~
lo renve $ Can’ NOW AN Y

Iy rease L-J! 'F-Llé..(
o~ elr WorKdvel.

Pirsa: 21030015 Page 25/30



The equivariant brane bouquet
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An L. -action of supersymmetry
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An L..-action of supersymmetry
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