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Abstract: Can gravity, in certain regards, be the “product’ of two gauge theories, such as those appearing in the Standard Model? | will begin by
reviewing the Bern&€” Carrascoa€” Johansson colour&€” kinematics duality conjecture, which implies that one can write the scattering amplitudes of
Einstein-Hilbert gravity (coupled to a Kalb-Ramond 2-form and dilaton scalar) as the double copy of Yanga€”Mills amplitudes. Although the
colour&€” kinematics duality, and therefore the double copy, was quickly established at the tree level, it remains a longstanding open problem at the
loop level, despite highly non-trivial explicit examples.

| will then describe how one can take this “gravity = gauge x gauge' amplitude paradigm "off-shell&€™ as a product of spacetime fields: the
Yang-Mills BRST-Lagrangian itself double copies into perturbatively quantised Einstein-Hilbert gravity coupled to a Kalb-Ramond 2-form and
dilaton, establishing the validity of the double copy to all orders, tree and loop. | will end by briefly discussing the homotopy algebras underpinning
this result and the inclusion of supersymmetry, which reveals fascinating octonionic structures (some very well-known, others completely new) that
will be the subject of Mia Hughes's talk in the following week.
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Gravity and gauge theory

» Gravity as a gauge theory:

» Gauge theory of Lorentz, (super) Poincaré or de Sitter symmetries

[Utiyama '56; Kibble '61; MacDowell-Mansouri '77; Chamseddine-West '77; Stelle-West 79]

» Holographic principle - AdS/CFT correspondence

['t Hooft '03; Susskind '94; Maldacena '97]
» Here, we appeal to a third and (superficially) independent perspective:

Gravity = Gauge x Gauge

» The theme of gravity as the “square” of Yang-Mills Ras appeared in a
variety of guises going back to the KLT relations of string theory
[Kawai-Lewellen-Tye '85] Cf F|E|d theory [Feynman—Morinigo—Wagner; Papini '65]

» Bern-Carrasco-Johansson colour-kinematic (CK) duality and double-copy
of (super) Yang-Mills (plus matter) scattering amplitudes

[Bern-Carrasco-Johansson '08, '10; Bern-Dennen-Huang-Kiermaier '10]

Pirsa: 21030011 Page 3/39



Gravity = Gauge x Gauge
» Longstanding open question: does the double copy hold to all loop orders?

» Off-shell field theory double copy, as opposed to on-shell amplitudes

» Perturbative quantum Einstein—Hilbert gravity coupled to a Kalb—Ramond
2-form and dilaton' is the square Yang—Mills theory [Bikmsw 20, 21]

» BV/BRST quantised Yang-Mills — L..-algebra that factorises:
N

colour ® tinematics ®, scalar

Sym =00 R, 6

Bi-adjoint ¢* theory YM theory N = 0 supergravity
gRIREG — RV®. G — VR VR, 6

*Which I'll call ‘A = 0 supergravity’
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Order of Events

1. Review: BCJ Colour-Kinematic Duality and Double-Copy

2. The BRST Lagrangian Double-Copy: A Heuristic Summary (4 parts)

3. Conclusions - enter the octonions!

4. Homotopy double copy
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Amplitudes and cubic diagrams

» Can write n-point L-loop gluon amplitude in terms of only cubic diagrams:

TR
A:rnLn B /*‘- :"i—cu;diag ;:: . 3 X
T P d

ab ¢ o\
G ™ % fl%}f

» ¢;: colour numerator, built from £2°, read off diagram i
s

» n;: kinematic numerator, built from p,e  4— vuyss mmlﬁkukf,

> d;: propagator, | [i . ines p°, read off diagram i
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Amplitudes and cubic diagrams

» Can be realised in the Lagrangian through auxiliary fields:

1

EYM =" gz[A;,. Au][AM. A”] > 2 me - !B;H“"' g(f)JfA" t \/5

2

8" By )[A", AY]

» Feynman diagrams give ‘cubic’ amplitudes directly:

AH.L . : Z Cr ¥ nrh _ I : : C_r ”f
e J L 5 Sf't (-J’ I Tl s : L Sr' f!
acFeynman diag i€cubic diag

» Example: 4-point s-channel diagram

e

-~
—
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Amplitudes and cubic diagrams

» Can be realised in the Lagrangian through auxiliary fields:

1

Lym =+ 4 gz["q;n A[AY, AY] — 2B"R Buux—8g(0uAu+ /2

L 3" B YIAE AY]

» Feynman diagrams give ‘cubic’ amplitudes directly:

Aﬂ.l‘_ . ‘ Z Cr. nrl _ . : : C_r ”f
W oL . Sn d ) JL . . . Sr' f-"r-'
aEFeynman diag i€cubic diag

» Example: 4-point s-channel diagram

'J‘\’% —
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Amplitudes and cubic diagrams

» Can write n-point L-loop gluon amplitude in terms of only cubic diagrams:

n, ] cinj
M= 3 5q

I

" iccubic diag

-~
-~
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Amplitudes and cubic diagrams

» Can be realised in the Lagrangian through auxiliary fields:

b

4 LK - [ 1 Ty L i/
Lym = - -+g°[Ay, AJJ[A*, A”] = 1B*"OBu.x—g(0uA.+ \/ﬁf)“me)[A’ ,A”]
(—\7
» Feynman diagrams give ‘cubic’ amplitudes directly: (} L, m:P
mbL : Coallee . cin; LF
AYM /I_ . z 3 Sud-'u /L . Z . Sr'df'
aEFeynman diag i€cubic diag
» Example: 4-point s-channel diagram
(%
) < = —— g P
A \
o -~ N

Pirsa: 21030011 Page 10/39



BCJ double-copy prescription

» Given CK dual amplitude of pure Yang-Mills

An.f_ - / cin;
YM JL Z Sd

i€cubic diag el
Svym = ﬁz‘ / trF A xF

» Double-copy:
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Implications

» Conceptually compelling and computationally powerful: A" =8
supergravity four-point to 5 loops! (finite)

[Bern—Carrasco—Chen—Edison—Johansson—Parra-Martinez—Roiban—Zeng '18]

» Can be explained by supersymmetry and E;(7y U-duality [Bjornsson-Green '10

Bossard—Howe—Stelle '11; Elvang—Freedman—Kiermaier '11; Bossard—Howe—Stelle—Vanhove '11]

» At 7 loops any would-be cancellations are “not consequences of
supersymmetry in any conventional sense’ [Bjornsson-Green '10]

» D — 4, N = 5 supergravity finite to 4 loops, contrary to expectations:

“Enhanced’’ cancellations

[Bern-Davies-Dennen '14]

» Such cancellations not seen for A = 8 at 5 loops: implications unclear
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Origin, validity, generality, implications and applications

» Solutions: classical (perturbative/non-perturbative) gravity solutions from
amplitudes and the double-copy

» — Applications to gravity wave astronomy
[Monteiro—Q'Connell-White '14; Cardeso—MNagy—Nampuri '16;
Luna—Monteirc—Nicholson—0Ochirov—0'Cannell-Westerberg—White '16;
Berman—Chacén—-Luna—White '18;, Kosower—Maybee—0O'Connell '18;

Bern—Cheung-Roiban—Shen-=Solon-Zeng '19; Bern—Luna—=Roiban-Shen—Zeng '20. . .]

» Geometric/world-sheet pictue: ambitwistor string theories theories and
scattering equation formalism

» — Non-trivial gluon and spacetime backgrounds s
[Cachazo—He=Yuan '13 '14; Mason-Skinner '13; Adamo—Casali-Skinner "13;

Adamo—Casali-Mason—Nekovar '17 '18; Geyer—Monteiro '18; Geyer—Mason '19. . ]
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Off-shell BRST-Lagrangian double-copy

» Can the double-copy be realised at the level of the Lagrangian itself?

» Can ‘going off-shell’ in this way be used to establish the validity of the
double-copy to all orders in perturbations theory?

tree CK duality = tree double-copy

loop CK duality = loop double-copy

» Field theory product of BRST gauge theories and Lagrangian double-copy
[Bern—Dennen—Huang—Kiermaier '10; Anastasiou—LB-Duff-Hughes—Nagy '14; LB '17;

Anastasiou—LB—Duff-Nagy—Zoccali '18; LB-Jubb—Makwana—Nagy 'J3: LB Nagy '20]

» CK duality manifesting actions and kinematic algebras
[Bern—Dennen—Huang—Kiermaier '10: Tolotti-Weinzierl '13; Cheung—Shen '16;
Luna—Monteiro—Nicholson—Ochirov—O'Connell-Westerberg—White '16] [Monteiro—QO'Connell '11,
'13; Bjerrum—Bohr—Damgaard—Monteiro—0O 'Connell '12; Fu—Krasnov '16;

Chen—Johansson—Teng—Wang 19]
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Lighting overview
Step 1. Cubic tree-level CK duality manifesting Yang-Mills BRST-action:
SeRsT-CK YM = Cab GGA" LIAY + fopc Fij AY A” A<
Step 2. BRST-action double-copy:
SeRsT-ck X SBRsT-ck = Spc = C; G A" LIAY + Fyy F;_;;A'-FAJ'FAM
Step 3. Double-copy BRST operator:

(Qvm, @ym) = Qoc = Qiiffeo + Qo form + -

Step 4. Perturbative quantum equivalence: N

tree CK 4+ BRST Ward identities = Spc = SgrsTa=0 (perturbatively)

Corollary: Loop amplitude (integrands) computed from Feynman diagrams of
SersT.ck double-copy correctly:
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Step 1. Colour-Kinematic Duality Redux

» There is YM action such that the Feynman diagrams yield amplitudes
manifesting CK duality for tree-level amplitudes:

[Bern—Dennen—Huang—Kiermaier 1004.0693; Tolotti—-Weinzierl 1306.2975]
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Step 1. Colour-Kinematic Duality Redux

» There is YM action such that the Feynman diagrams yield amplitudes

manifesting CK duality for tree-level amplitudes: ( e
He) O
ACA AR AF (\ e ) )
J' J" "L? ) \9 Sﬂco\oﬁx
SCK YM = L JC( M T Z ﬁ 3

/f N
0 éﬁ@w--} Wy b

[Bern—Dennen—Huang—Kiermaier 1004.0693; Tolotti—-Weinzierl 1306.2975]

4+ \9 f,L'mawmg
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Step 1. Colour-Kinematic Duality Redux

» This can be “strictified” to have only cubic interactions through infinite
tower of auxiliaries [2007.13803]

» ]

Sck vym = Cap GGAYTIAY + fop Fi A A% A

> i.j, k: DeWitt indices over position, all fields including the auxiliaries:
A% = (A2 (%), B (), - )

» c.p, f6-: Lie gauge algebra Cartan-Killing form and structure constants
Cij, Fij: Bi- and tri-linear differential operators
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Step 1. Colour-Kinematic Duality Redux

» This can be “strictified” to have only cubic interactions through infinite
tower of auxiliaries [2007.13803]

Sck vm = Cab CGATTIAY + fopc Fj A” A% A

> i,j, k: DeWitt indices over position, all fields including the auxiliaries:
AV = (A% (x), B yup()y )

» c.p, f56-: Lie gauge algebra Cartan-Killing form and structure constants
Cij, Fij: Bi- and tri-linear differential operators

» Example: 5-points

N
E% - AR C;u» + C*" O Gwh- ! Foaiia O CH’H}\ t

3 gCh”[A”. A:J] i g(;.ﬂ C.Hi'zh'[ £ A.-,—] _ %i}“ C“VHA[(I)[,,A,;]- A,\]
+ gC" (L]0 Cunpey AL + [0 Corvpe, AM)

[Bern—Dennen—Huang—Kiermaier '10]
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Step 1. Colour-Kinematic Duality Redux

Tree-level gluon CK duality

» Cubic action manifesting tree-level CK duality for physical gluon states

Sck ym = Cap CiAYOAY 4 fopc Fi A” A” A%

Cin;
SCK YM s E ’

= d
i€cubic

Generalise: Tree-level BRST CK duality

» Cubic action manifesting tree-level CK duality for physical gluons and
unphysical longitudinal gluons and ghosts:

A:Ji Aaj £ F E.‘JJA!}J'ACR
SBRST—CK YM — Cab C-’J' - labe 7 ijk

» Now 1, J, k runs also over the BRST ghosts ¢, ¢, the Nakanishi-Lautrup
auxiliary b and auxiliary ghosts
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Step 1. Colour-Kinematic Duality Redux

BRST Quantization
» BRST operator: A = D8 — QvmA = Dc
QmSym =0, Qym” =0
Qvmc=cc Qvmc=b Qwmb=20

» Gauge fixing
LersT, YM = Lym + QvymV, W = C(G[A] +&b)
LersT, ym = Lym + b(G[A] 4 £b) — ESYM G[A]

» Extended BRST Fock space (note, abuse of notation):

Aphys. A, Ap=b, ¢, C,

» Allow ourselves to put Ag, b, ¢, € on external points of tree-amplitudes and
show that they can made CK dual
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Step 1. Colour-Kinematic Duality Redux

Tree-level CK duality for longitudinal gluons

» Relax transversality p, - £, # 0 = tree CK duality fails

» By analogy can compensate with new non-zero vertices [2007.13803]:

LA

» We can add them to the action without changing the physics [2007 13803]
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Step 1. Colour-Kinematic Duality Redux

Tree-level CK duality for longitudinal gluons

» Relax transversality p, - £, # 0 = tree CK duality fails

» By analogy can compensate with new non-zero vertices [2007.13803]:

iy

X
N

il

» We can add them to the action without changing the physics [2007 13803
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Step 1. Colour-Kinematic Duality Redux

Tree-level CK duality for longitudinal gluons

» The CK failures are always of the form
O"ALY[A]
» Can add them through the gauge-fixing functional
G[A] = 0"A, — G'[A]=0"A, —2£Y

b — b =b4+Y
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Step 1. Colour-Kinematic Duality Redux

Tree-level CK duality for ghost

» Use on-mass-shell BRST Ward identities
QyvmAshys =0, QyMAr=c, Qyub=¢

» Analogous to global SUSY Ward identities

0 = (0|[Q¥™,,01---0,]|0)

» Transfers CK duality onto ghosts through

LyM,ghost = CQym(0" A, — 26Y)
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Step 1. Colour-Kinematic Duality Redux

Summary: tree-level CK manifesting BRST action

» Introduce new auxiliary gluons and ghosts:

- ai aj ai abj ack
SBRST-CK YM — C_-abCijA A¥ + fe]bc Fr'jkA A7A

» /. j, k: DeWitt indices now run over all BRST fields including b, ¢, ¢ and
the tower of ghost auxiliaries

» Feynman diagrams yield CK dual tree amplitudes for physical gluons and
unphysical longitudinal modes and ghosts
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Step 2. BRST-Lagrangian double-copy
» Given cubic form and “colour-kinematic” factorisation:

S = GO0V + fop Fipd” &%

§— &, 607 b 4 £ F &3 &b Gk

abc" 13k
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Step 2. BRST-Lagrangian double-copy
» Given cubic form and "colour-kinematic” factorisation:

S — C(;F}ijq)ml ~¢'JJ -+ fahct ngq)d;q)bj(DCk

.§ — E‘ﬁg'ﬁ:;j(bjf '(Ff)'?j -+ éfﬁcﬁ?.ﬂ&)md’)ﬁ}&}&&
» Replace left (right) sector with second copy of right (left) sector:

Double-copy | c.o — 6-,-_-; fape — f:_.{-_.-,.;; ¢ -

Zeroth-copy ‘ Ci =&z Fix — fyg NP s p?

apc

» Double/zeroth copy Lagrangians:

3 Sne = G Gi;®" 07 + Fiix !:_;5;;(13’_? T pkk

Sx5— ) )
SZC - C_-;bE‘:iIE;CDIL} (D‘-”J .3 Ji;,f_u;Eél—fq}Jﬁ(D“b(D(E
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Step 2. BRST-Lagrangian double-copy

» SersT-CK YM X SBRsT-ck YyM — N = 0 supergravity

A* - A h @ ¢ @ ghosts @ auxiliaries

Sckym = SHEY = CGATDOAT 4+ FuFop ATAT AR

» G x G bi-adjoint scalar theory,

bi-adj 5 a3 ab = a3 4w bb 4 cé
Soc | = CanCap®TLIOT + fopc Fip 07D
Y

» Cf. scattering equation formalism [Hodges '11; Cachazo-He-Yuan '13 '14]
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Step 2.

>

BRST-Lagrangian double-copy

Conclusion: N = 0 supergravity is the double-copy of Yang-Mills?
But wait, you should be suspicious!
No mention of CK duality - isn't this overly general?

Semi-classical equivalence needs tree-level CK duality of Sck ym:

5 . J.; Tk’ i oot ﬂ('!
fobe Firjrio A™ A A 5 FyyFovjoio AT AT A

S v en nn
= —.} L

L d d

N
Implies by construction the physical (h, B, ) tree-level amplitudes are

those of N' = 0 supergravity
Cf. [Bern-Dennen-Huang-Kiermaier 1004.0693] for gravitons up to 6 points

What about quantum consistency? = Double-copy BRST operator
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Step 3. BRST operator double-copy

» How do we we know that there exists some BRST @ such that:

@5oc =1, Q° =0

» Double-copy yields a putative BRST operator Qpc

QP = g QP + ¢ QuOT Ok 1 ...
(‘j&)é‘! . 55};0;}‘56; b @j;';; érﬁ&){;;a)c;} -
[
Qoc = QL+ Qr
Q8507 + Q' F' o o §Q 7 + Flu Q" 07 ok
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Step 3. BRST operator double-copy

» How do we we know that there exists some BRST @ such that:

OSDC - O QQ . 0 l}\‘ﬂC AL f':'N]N
I I
» Double-copy yields a putative BRST operator Qpc "
|
(1) o A,
A T F g
Qv = Q0% + q'h QP OK ..
é&’g’l = 55;;0;}‘56; T Efj_ﬂ';f QT_}'E&)E';&)C& Al
(%
Qoc = QL + Qr
Q"_r.-(}‘?jd)f—} ik Q‘jk F?ﬂ—{-cbj'%“z rSEJQ?.)'q"H i F’-;kQT.};\,CDJ‘:"dJ*"’;‘
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Step 3. BRST operator double-copy
» For Yang-Mills
QDCAH . erdx;A” + Qr')l_k Ff‘lkAJ‘.lAkk + O-fj QH}“AJJ i Fffk Q'E ?kAj;Akk
» Linear diffeomorphisms and 2-form gauge (and gauge-for-gauge)
symmetry: . _ .
IIZ;?& = clsllilflfeo + Qél—l'lgorm

> Require QpcSpc = 0, Qgc =0

» Holds if F7* satisfies the same identities as f?*° as operators equations,
) o Dfddf
Cab = C[ab}l E?J'Jc‘ — ﬁdhf:'] ﬁ.'rh d fn’" cle — O

Ci = Cy) Fixk = Fiijx) Fis1iC" Frriigm =0

> Tree-level CK for extended BRST Fock space: QpcSoc € Ideal(CJA™)
ey
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Step 4. Perturbative quantum equivalence
Claim: The BRST Lagrangian Lpc and the canonical BRST Lagrangian Lir—o

are related by field redefinitions preserving quantum equivalence

1. Kinematic equivalence BRST field complexes and kinetic Lagrangians
straightforwardly related:

Lpc, kin < LAr=0kin

2. Semi-classical Tree-level CK duality = physical tree-level amplitudes
match and there is an invertible field redefinition Lpc, phys <> LAr=0,phys

» Formally: if two field theories have the same tree amplitudes, then the
minimal models of their L..-algebras coincide and are thus
quasi-isomorphic, cf. [Juréo-Raspollini-Saemann-Wolf 1809.09899]

s

» Local (in fact non-derivative) field redefinition:

Rl
JC-.-'\-"_-O.phys =%k N=0,phys = Lpc, phys
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Step 4.

3

Perturbative quantum equivalencee
Quantum equivalence Now add gauge-fixing and ghost sectors to

ﬁ.-\':()_phys

i Gauge-fixing sector Choose gauge-fixing fermion W —o such that

/ ! ’
Q_\-"—_Ow.\-'—o =L N=0,gf T C N=0,gh

Ghost sector Since Qpc = Qo it is not clear that £'xr—0 gh = Lbc gh

But Q5e=Q'\", so we have matching on-mass-shell BRST Ward
identities — tree-level ghost amplitudes match N

Final subtlety: auxiliary-ghost amplitudes — the set of auxiliary-ghosts
and their tree amplitudes are both determined by the non-auxiliary ghost
amplitudes

Conclude: Both Lagrangians are local, cubic and have matching tree
amplitudes for all fields — perturbatively equivalent (tree and loop)
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Conclusions

» BRST-Lagrangian picture of the double-copy
» Tree-level BRST-CK duality — perturbative quantum equivalence

» Quantum gravity /s the square of Yang-Mills
(well, perturbatively and coupled to a 2-form and dilaton)

Corollary: Sgrst.-ck ym — ‘almost BCJ numerators’ that correctly double-copy:

n.L - C.{r” ﬂ;n, o n.L
M= ¥ = [ Y Eeak

JL iccubic diag JiL

i=cubic diag

> ‘Almost’: construction doesn't imply n; satisfy perfehct loop CK duality, but
close enough for double-copy
Cf. generalised CK duality [Bern—Carrasco—Chen-Johansson—Roiban '18]

» Only tree-level CK duality required to construct loop almost BCJ n; -
complicated, but purely algebraic

» |s there a precise weaken notion of on-mass-shell loop CK duality?
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Conclusions

» BV quantisable field theory — L., homotopy algebra:

Vector space | Graded vector space

g= W L=, Va

Bracket | Higher brackets i
pr=——] |m=[-] p=--] pa=[-—--]...

Higher fLi SatiSf}’ homotopy JaCObi rE|3ti0nS [Zwiebach '93; Hinich—Schechtman '93]

» Homotopy algebra realisation of colour-kinematics

Lvm = colour ® Binematics ®- scalat
N, s’
Lo A
L. -
T
Coc
W v
.

» 7 kinematic twist, cf. kinematic algebras of [Monteiro-0'Connell 11, "13]

———

» Homotopy double-copy: £pc = tinematics ®. tinematics ®, scalat
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Future Work

T —

» When sending colour — tinematics it was not necessary that

N

Einematics = Binematics

——— e e

» finematics could have come from any other £ satisfying tree-level CK
duality:

» Super Yang-Mills — supergravity
» Non-linear sigma model — special Galileon theory [BIKMSW "21]
» Massive Yang-Mills — massive gravity(?)

» Higher derivative Yang-Mills — conformal gravity(?)
» Growing zoology — Unity through homotopy and double-copy
» Counter-terms and renormalisation

» Ultimately, open/closed string field theory
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A Kind of Magic
» Introduce N =1, 2,4, 8 supersymmetry through A =2 R,C,TH,0 =
Magic Square A; @ A g of supergravity theories

[LB-Duff-Hughes—Nagy "13]

» Note, not the famous magic supergravities of Gunaydin—-Sierra—Townsend
(different theories and different real form of magic square)

» Introduce D = 3. 4,6, 10 spacetime through A = R,C,H,O =

Magic Pyramid A; ® Ag of supergravity theories

[Anastasiou—L B—Duff—Hughes—Nagy '13; Anastasiou—LB-Duff-Hughes—Nagy '15]

» Tune into Mia Hughes' talk next week!
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