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Abstract: In this lecture we will show that the E8 and Leech lattices minimize energy of every potentia function that is a completely monotonic
function of squared distance (for example, inverse power laws or Gaussians). This theorem implies recently proven optimality of E8 and Leech
lattices as sphere packings and broadly generalizes it to long-range interactions. The key ingredient of the proof is sharp linear programming
bounds. To construct the optimal auxiliary functions attaining these bounds, we prove a new interpolation theorem. This is the joint work with
Henry Cohn, Abhinav Kumar, Stephen D. Miller, and Danylo Radchenko.
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Potential energy

Let C be a finite subset RY. Fix a potential function p: (0,00) — R.

LR

i 12’*:1, ﬁ%i
é’rf z%"'f%
AU, |

The potential p-energy of C is
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Potential energy

Let C be a discrete, closed subset of R?. We say C has density p if

. |C M Bd(O, I’)‘
| = p.
rmo0 vol(Bg(0,r)) "

The lower p-energy of C is

E,(C) :=liminf ! Z p(|x —yl).

r—oo  |C N By(0, r)’ x,y€CNBy(0,r)
xXF#y

The limit exists = we call E,(C) the p-energy of C.

For some important p this limit does not exist (e. g. Coulomb energy ).
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Example 1

Lattices

Let A C RY be a lattice, i. e. a discrete abelian subgroup of rank d.

The density of A is

The p-energy of A is

1
PN = oIRIAY

p(N) = Z p(|x])-

xeN\{0}
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Example 1
(0, h)

Lattices
Let A C R be a lattice, i. e. a discrete abelian subgroup of rank d.

The density of A is
1

PN = oIRIAY

The p-energy of A is

Ep(N) = Z p(|x])-
pﬂﬁ‘ﬂl) xeN\{0}
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Example 2

Periodic configurations

Fix a lattice A € R9. A configuration C € RY is A-periodic if C + ¢ = C for all £ € A.

The density of C is

The p-energy of C is

Ep(C)

IC/A]
vol(R9/A)

IC//\I( DI x—y+€)+ L0

x,y€C/A LeN £en\{0}
XFy

- ,C/LM( ST S allx—y+ ) - p0)

x,y€C/N\ LeN
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Potential energy minimization

Let C be a discrete subset of R? with density p, where p > 0, and let p: (0,00) — R
be any function.

We say that C minimizes energy for p if its p-energy E,(C) exists and every
configuration in RY of density p has lower p-energy at least E,(C).

We also call C a ground state for p.
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Universal optimality

How do the ground states depend on the energy profile p?

Example: Gaussian core model in R3
Fix a« > 0 and set Cong;b{er oom§|3 WFQ‘{:('OVI‘S

__—Tar
pa(r) =e : o0& demsf“% Q=
o <1 bcce lattice
a>1 fcc lattice

a1 F. Stillinger (1976): Phase coexistence has smaller energy then fcc and bcc.

p1<1 p2>l
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Universal optimality ® &— ©
ol &

How do the ground states depend on the energy profile p?

Example: Gaussian core model in R?
Fix & > 0 and set Cong["g{er oomfl'g WPQ‘E['OVI'S

pa(r) = e ™", of demsh%c e=4
a <1 bcce lattice
a>1 fcc lattice
a1 F. Stillinger (1976): Phase coexistence has smaller energy then fcc and bcc.

p1<1 p2>l
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Universal optimality ® &—> ©
ol ©

How do the ground states depend on the energy profile p?

Example: Gaussian core model in R3
Fix a« > 0 and set Cong;b{er oomgl'g WFQ‘E[.OVI'S

pa(r) = e 7", o demsf‘% =
o <1 bcece lattice
o> 1 fcc lattice

a~1 F. Stillinger (1976): Phase coexistence has smaller energy then fcc and bcc.

Poisson  sywwahov

= ooy, [ e 33300
_/Pt(é ) EPiff)

p1 <1 | px>1
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Universal optimality

Let C be a discrete subset of R? with density p, where p > 0. We say C is universally
optimal if it minimizes p-energy whenever p: (0,00) — R is a completely monotonic

function of squared distance. (efm‘u‘a,&u{; -0 mimma 2;}43 ﬁ - eneray
Conjecture(Cohn, Kumar) o all o€ [R> O)

The lattices Z, A>, Ag and Ap4 are universally optimal.

Theorem (Cohn, Kumar 2007)

The lattice Z is universally optimal.

Theorem (Cohn, Kumar, Miller, Radchenko, V 2019)

The lattices Ag and Ay4 are universally optimal.
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Our strategy of the proof

» Linear programming bounds
» Fourier interpolation

» Numerical verification of the positivity of a certain function on [0, 1] x [0, 1].
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Linear programming bounds

Theorem(Cohn, Kumar)

Let p: (0,00) — R be any function, and suppose f: RY — R is a Schwartz function. If
f(x) < p(|x|) for all x € R?\ {0} and f(y) > 0 for all y € R?, then every subset of

RY with density p has lower p-energy at least pf(0) — £(0).
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Linear programming bounds

{ T §Jhmm4% ’&W"‘O’(‘OA

£ < cC=(p) )xldCuD (F>(x)y—> O
arn [ X|=>P

Theorem(Cohn, Kumar)

Let p: (0,00) — R be any function, and suppose f: RY — R is a Schwartz function. If
f(x) < p(|x|) for all x € R?\ {0} and f(y) > 0 for all y € R, then every subset of

RY with density p has lower p-energy at least pf(0) — £(0).
Fourier tsamsdocn

fiay - ) gene od
£y -Rfifme >‘
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Cohn-Kumar linear programming bound. Idea of the proof

Let C C RY be a A-periodic configuration of density p.

Ep(C IC//\I( > pr—y+€) > (o)

x,y€C/N\ LeN £eN\{0}
XF#y
T( S Y fle-y+0)+ Y F(0) = ( > D fx=y+0)-F(0)
x,y€C/N LeN (eN\{0} x,y€C/N LeN

X7y
Use

1 f\ 27r1x —y)i
i Al 2 vol(Rd//\ (Zf | )‘“0)

‘POI‘SSO d x,y€C/A pEN*
sumwmakion

§-Ca
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Cohn-Kumar linear programming bound. ldea of the proof

1 1 - -
= |C/—/\| Z vol(RZ/A) (Z f(u)e2m(x )/)H«) — £(0)

x,yeC/A HEN*

-
Z f Z e?mx,u, o f(O)
USe_ |C//\|vol (R9/A) (W\ ‘XEC/A )

Fpls > TRy O [C/NE = £(0) = pF(0) = (0).
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Sharp linear programming bounds

Suppose that a lattice A C RY minimizes p-energy for some p: (0,00) — R.

Suppose that the optimality can be proven by linear programming using a Schwartz
function f : RY — R.

No loss in the inequalities —

> i(x) = p(|x|) for all x € A\ {0}

> f(y) =0 forall y € A*\ {0}
» Equalities hold to the second order
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Sharp linear programming bounds

Suppose that a lattice A C RY minimizes p-energy for some p: (0,00) — R.

Suppose that the optimality can be proven by linear programming using a Schwartz

function f : RY — R. .F(x_) pPcx)
No loss in the inequalities —
» f(x) = p(|x|) for all x e A\ {0} (X]
> F(y) =0 forall y € A*\ {0} N
» Equalities hold to the second order T".P &)

I = (y)
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Fourier interpolation of second order

Theorem (2019)

Let (d, no) be (8,1) or (24,2). There exists a collection of radial Schwartz functions
an, bn, an, by : RY — R such that for every f € S;oq(R?) and x € RY,

— i f(V2n) ap(x) + i f'(vV/2n) by(x

n=ny n=nq
+§:f %u-+22f V2n) by(x),
n=ny n=ng

and these series converge absolutely.

Loy o ety of nowaers
nell5n,
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Fourier interpolation of second order

Theorem (2019)

Let (d, no) be (8,1) or (24,2). There exists a collection of radial Schwartz functions
an, bn, an, by : RY — R such that for every f € S;,q(R?) and x € RY,

— i f(V2n) ap(x) + i f'(vV/2n) by(x

n=ny n=nq
+Zf a,,(x—l—Zf V2n) by(x),
n=ny n=ng

and these series converge absolutely.

lewthay of hon~2CElO
{m:’]hé ZLZT‘O = uedo,fs ~j\—ﬂ‘
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Fourier interpolation

» D. Radchenko, M. V. - Fourier interpolation on the real line (2017)

» A. Bondarenko, D. Radchenko, K. Seip - Fourier interpolation with zeros of zeta
and L-functions (2020)

» J. Ramos, M. Sousa, Perturbed interpolation formulae and applications

» M. Sodin, A. Kulikov, F. Nazarov - Fourier uniqueness and non-uniqueness pairs
(2020)
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Construction of “Magic functions”

Let p: (0,00) — R be a completely monotonic potential function. The only possible
“magic” function f that could prove a sharp bound for Eg or the Leech lattice under a

potential p:
f(x) = Z p(V2n) as(x) + Z p'(V2n) by(x).

In order to prove that Eg or the Leech lattice minimize the p-energy, it suffices to show
that f(x) < p(|x|) for all x € R\ {0} and f(y) >0 for all y € RY.

. . . " 2 .
If a configuration is a ground state for every Gaussian r — e~ ", then the same is true
for every completely monotonic function of squared distance.
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Functional equation for the “magic function”

Consider the generating functions

F(r,x) = Z an(x) €2™" 4 2riT Z V2n bp(x) €27

n>ng n=ng

and

E(T, XY= Z an(x) e 2MiInT 4 omir Z V2n b bn( E2TnT

n>nop n>ng S

miT|x|?

The interpolation formula for the complex Gaussian x +— e is equivalent to

F(r,x) + (i/7)?2F(=1/7,x) = e™IX,
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Functional equation for the “magic function - e @J Tm (T)> 0

Consider the generating functions

Flr,x) = Z an(x) €2 4 2riT Z V2n bp(x) €217

n>ng n=ng

and
I::(T, X) = Z an(x) e2™inT 4 orir Z V2n En(x) el

n>ng n>ng S

miT|x|?

The interpolation formula for the complex Gaussian x +— e Is equivalent to

F(r,x) + (i/7)?2F(=1/7,x) = ™,
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Solving the functional equation

Using the methods developed in the theory of automorphic forms and by improving
these techniques we can explicitly solve the functional equation

F(r+2,x) — 2F(7 + 1, x) + F(7,x) = 0 Tm(x)> 41
F(r+2,x) = 2F(7 + 1,x) + F(7,x) = 0
F(r,x) + (i/7)¥2F(=1/7,x) = e™’

Moderate growth of F implies the interpolation formula

The inequality I::(it,x) > 0 for t € (0,00) implies the universal optimality of Ag
and /\24.
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Solving the functional equation

Using the methods developed in the theory of automorphic forms and by improving
these techniques we can explicitly solve the functional equation

F(r+2,x)=2F(t+1,x)+ F(r,x) =0 IW(_C)>L
F(r+2,x)—2F(T +1,x)+ F(r,x) = 0
F(r,x)+ (i/'r)d/zﬁ(—l/’r, X} = ot

O

Moderate growth of F implies thg\interpolation formula
£ <P $ >0

The inequality E(it,x) > 0 for t € (0,00) implies the universal optimality of Ag
and /\24.
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Technical details of the proof.
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