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Abstract: Recently, the notion of symmetry has been extended from 0-symmetry& nbsp;described by group to higher symmetry described by higher
group. In this talk, we show that the notion of symmetry& nbsp;can be generalized even further to "algebraic& nbsp;higher& nbsp;symmetry”. Then
we will describe an even more general point of view of symmetry, which puts the (generalized) symmetry charges and topological excitations at
equal footing: symmetry can be viewed gravitational anomaly, or symmetry can be viewed as shadow topological order in one higher dimension.
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Trivial gapped symmetric state for lattice boson
xiag-g

e Lattice bosonic quantum system States on site-/: [g;), g € G.
- The total Hilbert space V = ). V;. Basis {|--- ,gi-1,8 &i+1, ")}
- A local Hamiltonian H = — > |0),(0|;, 8 h
where |0); = |G|1/2 D gcG |8i) 'A o
e H has an on-site symmetry G: ground state y ~> 1101te gap
W,H = HW, (ie a global symmetry or a O-symmetry):
Wi = 11; Ta(i), Tn(i)lgi) = [gih), he G
e H has a trivial gapped symmetric ground state
| ®grma) = @; 10} = |-+ 0i-10;0i41- - )
e Excitations above the ground state <+ the representations R, of G
[+ 0i-1qi0i11 ), |4i) = 2o, v (8i)lgn), vi(gih™) = RP(h)vy (&)
e The fusion of representations (excitations) — conservation law

Rai(h) © Re,(h) = @, Nitg, Raa(h) = a1 ® g2 = Dy, N2, g3
The excitations are described by symmetric fusion category Rep

Xiao-Gang Wen (MIT) Algebraic higher symmetries and their holographic duality 2/23
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Spontaneous G-symmetry breaking state

xiag-gang W

|

e We may choose another symmetric Hamiltonian:

H = — Z . (Sg, git1" ground-state A—>finite gap
¢ Ba i subspace e —> (P
e H has degenerate spontaneous symmetry f
breaking (SSB) ground states labeled by g € G: |-+ ,g,g,4, ")

e Excitations in the SSB ground states are domain walls labeled by
h=g'g™ G [ 88,88 88,882
e The fusion of the excitations — conservation law
h1 ® hy = h3, where h3 = hyh,.
— The excitations are described by fusion category Vecg.

e What is the symmetry of this new conservation law?
What is the symmetry transformations of fusion category Vecg ?

- In comparison, the symmetry transformation of the SFC Rep is
Wh 1|, 8i-1,8 841, 7) = | "+ s 8i—1h, &l Bivah,-+~), hE G
Tannaka duality: SFC Rep. <> group G

Xiao-Gang Wen (MIT) Algebraic higher symmetries and their holographic duality 3/23
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Algebraic symmetry in G-SSB state

e To see the symmetry transformation for Vecs, we go to a dual
lattice model where degrees of freedom live on link | € Z + %: |h;).
The dual relation is h; = g,;g‘,:%, | =i+ 1 g1 hy 81+
Dual model basis: |---hj_1, h;, hjpq, - ) /o Of 41

e The dual Hamiltonianis H = — > .04, , — H=— 2" ol

- (1) The SSB ground state — The unique trivial ground state
hy =1 |®gna) =|---111---). (2) An excitation hy =1 — h; # 1.

e The symmetry transformations are given by W =Tr 11, R.(h).
(R, is an irreducible le representation of G) W s do not form a group

WQ'I WQ'ZZ Z Ngfcp e
They generate an algebraic symmetry, denoted as G = Vecg.
The old G-symmetry can be denoted as G = Rep.

e The symmetry requirement, HW/;, = WQH, prevents terms like
|h)) — #£|h;g), but allows terms like |h;, hy1) — #|hig, g thiy1).

Xiao-Gang Wen (MIT) Algebraic higher symmetries and their holographic duality 4/23
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kg Algebraic symmetry in G-SSB state

i
e To see the symmetry transformation for Vec., we go to a dual
lattice model where degrees of freedom live on link | € Z + %: |h;).
The dual relation is h; = g,;ng%, | =1+ —21-: g1 h gl
Dual model basis: |---hj_1, h;, hypq, ) o o
e The dual Hamiltonianis H = — > .0, .., — H=— 9ol
- (1) The SSB ground state — The unique trivial ground state
hy =1 |®gna) =|---111---). (2) An excitation hy =1 — h; # 1.

e The symmetry transformations are given by W =Tr[], Ry(hi).
(R, is an irreducible le representation of G) W s do not form a group

Woy Wey = 34, N2, W, m
They generate an algebraic symmetry, denoted as G = V¢€

The old G-symmetry can be denoted as G = Rep.

e The symmetry requirement, Hi;\u/;, = WQH, prevents terms like
|h)) — #£|h;g), but allows terms like |h;, hy11) — #|hig, g thi1).

Xiao-Gang Wen (MIT) Algebraic higher symmetries and their holographic duality 4/23
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Symmetry transformations of the symmetry
and the algebraic symmetry

e Algebraic symmetry G = Vecg: i = g,_ég,j_l

- In the dual model: W, = Tr[[, Ry(h).
- In the original model: W, = Tr[]; Ry(gig;,}) = dimR, (trivial)
— any local Hamiltonian in the original model has the algebraic

symmetry G = Vecg.

e Symmetry G = Repg:
- In the original model: W}, = [, Tx(i), where Tx(i)|g:) — [gh).
- In the dual model: W), =1 (no action and trivial)
— any local Hamiltonian in the dual model has the symmetry
G = Repg. >

e To see both the symmetries in a non-trivial forms, we need -
to introduce patch symmetry transformation

Ji Wen arXiv:1912.13492
Xiao-Gang Wen (MIT) Algebraic higher symmetries and their holographic duality 5/23
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e The Zy-symmetry Rep,,

e The Z,-symmetry Vecy,

o W(i,j) — a pair of Z,-charge

e Local symmetric operators

Patch symmetry transformations (for G = Z,)

()?f)?l'—l—lf 2_{) Thg dualmedel
~ 5 [1Z9B XK

The Z»- -symmetry Repv/

The model (X,'? ZiZf—I—l) —
H=—Y,[JZZ1 + BX]
W(i.Jj) = [T X

—H——eﬂ-—g—W(, J) X[ (empty- bqu)XJ

KT The Z,-symmetry Vecz,

W(I,J) = Te [T Ry(hr) = TTxzs Z

W(l,J) — a pair of Z.o-charge

W(I_j) — Z;(empty—bulk)Zj

Local symmetric operators
W (i, )Ox OxW(l,J) = (I J) Ok
OW(i,j) = W(i,j)Ox OxW(I,J) = (l J)Ok
where k is far away from i/, where K is far away from /, J
The symmetric Hamiltonian is a sum of local symmetric operators

The model and the dual model have both the Z,-symmetry
and the 7Z,-symmetry. They have the 7, V 7, symmetry.

Xiao-Gang Wen (MIT)

Algebraic higher symmetries and their holographic duality 6/23
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Patch symmetry transformations (for G = 7Z,)
T . xiag-gang wen

The model (Xi, ZiZiv1) < (XiXi41, Z)) The dual model

H=—Y,[JZiZis1 + BX] H=-3%,[JZ + BXXi11]
e The Zy-symmetry Repz’f( The Z,- symmetry Repv/
W(I,i) = J;(:f- X . ™ 7] @ W(, J) X[ (empty- bqu)XJ

e The Z,-symmetry Vecy, K | The Z,- -symmetry Vecz2

W(i,j) = Zi(empty-bulk) Z; W(l,J) =T [], Ry(h) = [, Zx
o W(:]) — a pair of Zo-charge W(l,J) — a pair of 7.o-charge

e Local symmetric operators Local symmetric operators
OW(i,j) = W(i,j)Ox OxW(l,J) = W(l, J)Ok
OW(i,j) = W(i,j)Ox OxW(I,J) = (l J)Ok
where k is far away from i/, where K is far away from /, J

The symmetric Hamiltonian is a sum of local symmetric operators
The model and the dual model have both the Z,-symmetry
and the Z,-symmetry. They have the Z, V 7, symmetry.

Xiao-Gang Wen (MIT) Algebraic higher symmetries and their holographic duality 6/23
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Patch symmetry transformations (for G = Z,)
The model (Xi, ZiZis1) ¢ ()?,)?,H, Z) The dual model

H=—Y,[JZiZis1 + BX] H=-3, [JZ + BXi Xi11]
e The Zz—symmetry Repz, . The Z»- symmetry Repv/
W(I j) Xk v W(, J) X[ (empty- bqu)XJ
e The Z,- symmetry Vecy, \/\/—\/) The Z,- -symmetry Vecz2
W( : ) Z(empty bulk)Z W( : ) il » Hi ( ) HK IZK

o W(:y) — a pair of Zo-charge W(l,J) — a pair of 7.o-charge

e Local symmetric operators Local symmetric operators
OW(i,j) = W(i,j)Ox Ok W(l,J) = W(l, J)Ok
O W(i,j) = W(i,j)Ox OxW(I,J) = (l J)Ok
where k is far away from i/, where K is far away from /, J

The symmetric Hamiltonian is a sum of local symmetric operators
The model and the dual model have both the Z,-symmetry
and the Z,-symmetry. They have the Z, V 7, symmetry.

Xiao-Gang Wen (MIT) Algebraic higher symmetries and their holographic duality 6/23
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=@ Patch symmetry transformations (for G = Z5)

xiao-g
~ o~ ~

The model (Xi, ZiZis1) ¢ (X,X,Hg ) The dual model
H=—Y,[JZiZis1 + BX] = -3, [JZ/ + BX; Xj11]
e The Z;-symmetry Rep;, The Z,- symmetry Repv/
W(i,j) = TTk=:i X v W(l,J) = Xlsoipr bl X
e The Z,- symmetry Vecy, \/\/—\/) The Z,- -symmetry Vecz2
W( ,J) = Zi(empty-bulk)Z; W(l,J)=Te[], Ry(h) = [Tx_ ;ZK
o W(:y) — a pair of Zo-charge W(l,J) — a pair of 7.o-charge

e Local symmetric operator i Local symmetric operators
OkW(i,j) = /V!//(r'.j)Ok OKVK.(I’ e (I J) Ok
OW(i,j) = W(i,j)Ox OxW(I,J) = (I J)Ok
where k is far away from i/, where K is far away from /, J

The symmetric Hamiltonian is a sum of local symmetric operators
The model and the dual model have both the Z,-symmetry
and the Z,-symmetry. They have the_Z; \VV 7, symmetry.

Xiao-Gang Wen (MIT) Algebraic higher symmetries and their holographic duality 6/23
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Emergent symmetry at G-SSB critical point
e n+1D G-symmetric H = — ) ;s JOg o — B > _;0:)( A‘

have a SSB critical point. "
G SSB G Symmetric (

&
G "~ Symmetric G SSB B/J

e Definition: spontaneous breaking of algebraic higher symmetry
1) Degenerate ground states on some spaces M". 2) Some
symmetry trans. are not identity in the ground state subspace

e The Hamiltonians have both the symmetries. 3

- For gapped state, symmetry, dual symmetry, or a :" g,
certain mixture of them, must be spontaneously broken.

- The critical point*has both the symm G = Rep. and the dual

algebraic symm G 2 VeCi.  Levin arXiv:1903.00028; Ji Wen arXiv:1912.13492
The critical point has an unbroken categorical symmetry
Repe V Vecg = GV G. (V — not an independent combination)

Xiao-Gang Wen (MIT) Algebraic higher symmetries and their holographic duality 8/23

Pirsa: 21030001 Page 12/17



210308PlL.pdf - Drawboard PDF

= @

Symmetry = shadow of topological order

e n+ 1D G 0-symmetry implies G V G(n-1) categorical symmetry

e GV G"1) categorical symmetry = n + 2D topological order
(G gauge theory) — n+ 1D G 0-symmetry = a shadow of
n+ 2D topological order (G gauge theory)

e n+ 1D GV algebraic (n — 1)-symmetry implies G v G("1)
categorical symmetry

e GV G categorical symmetry = n + 2D topological order (G
gauge theory) — n+ 1D G("1) algebraic (n — 1)-symmetry =
a shadow of n + 2D topological order (G gauge theory)

shadow of 3 + 1D Z>-gauge theory

Realized by the charge condensed boundary of

3+ 1D Z>-gauge theory. The boundary excitations
are described by {1;,s}, s®s =1, — Zg) 1-symmetry.

Xiao-Gang Wen (MIT) Algebraic higher symmetries and their holographic duality 10/23

e Example: 2 4 1D 2Vecy, = Z(zl) I-symmetry = p \)
o &
L=
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The boundary without any condensation is galesf'"_
and has the full catgeorical symmetry "

e D .eg?

i ondense condense g
e Cg — -2
Gapped Gapped
G symmetric G symm. breaking
n—1 i (n—1) "
G éymm. breaking G symmetric

We conjecture that the maximal emergent categorical
symmetry in a conformal field theory (CFT) can
largely determine the CFT

Ji Wen arXiv:1912.13492
Xiao-Gang Wen (MIT) Algebraic higher symmetries and their holographic duality 11/23
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k. Apply categorical symmetry to AdS/CFT duality -

-
xiag-gang wi
.

e Witten: “for gauge theory, suppose the AdS theory
has a gauge group G, [...] Then in the scenario of
[13], the group G is a global symmetry group of
the conformal field theory on the boundary.”

Maldacena arXiv:hep-th/9711200; Witten arXiv:hep-th/9802150

Pure G gauge

Pure G gauge theory w/ charge
in n+1 dim. space

n+1 dim AdS
contains G gauge

ace

CFT in n dim space contains G symm G symm. breaking trans. CFT in n dim.
withG V G ("_If:utcgorical symmetry

G symm. breaking trans. CFT in n dim.
withG V G m_ti':ategorica] symmetry

e G-symm.-breaking-transition CFT has a categorical symmetry
described by the G-gauge theroy in one higher dimension, which
uniquely determines the bulk theory.

Pure G-gauge theory (w/ charge fluc. & gravity) in (n + 1)-dim.
AdS space = CFT at the G-symm.-breaking-transition in n-dim.
space, not other CFT's with G-symmetry. Ji Wen arXiv:1912.13492

Xiao-Gang Wen (MIT) Algebraic higher symmetries and their holographic duality 12 /23
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The essence of a symmetry

A symmetry is the shadow of a topological order in one
higher dimension (/e categorical symmetry)

Categorical symmetry
— symmetry and dual symmetry

Roadway where

puppelteers perform

The same topological order (in one higher dimensions) can have
different shadows — dual-equivalent symmetries.

Xiao-Gang Wen (MIT) Algebraic higher symmetries and their holographic duality
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Apply categorical symmetry to AdS/CFT duality

e Witten: “for gauge theory, suppose the AdS theory
has a gauge group G, [...] Then in the scenario of
[13], the group G is a global symmetry group of
the conformal field theory on the boundary.”

Maldacepa arXiv:hep-th/9711200; Witten arXiv:hep-th/9802150
{ .

Pure G gauge 'cbry w/ charge

Pure G gauge theory w/ charge

n+1'dim AdS ¢ : s
in n+1 dim. space

contains G gauge

ace

CFT in n dim space contains G symm G symm. breaking trans. CFT inn-dim.  G:ssymm. breaking trans. CFT in-n"dim.
withG V G ("_If:utcgorical symmetry withG V G m_ti':ategorical symmetry

e G-symm.-breaking-transition CFT has a categorical symmetry
described by the G-gauge theroy in one higher dimension, which
uniquely determines the bulk theory.

Pure G-gauge theory (w/ charge fluc. & gravity) in (n + 1)-dim.
AdS space = CFT at the G-symm.-breaking-transition in n-dim.
space, not other CFT's with G-symmetry. Ji Wen arXiv:1912.13492

Xiao-Gang Wen (MIT) Algebraic higher symmetries and their holographic duality 12 /23
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