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Abstract: "l discuss applications of a hidden $U_g(\mathfrak{dl} _2)$-symmetry in CFT with central charge $c \leq 1$ (focusing on the generic,
semisimple case, with $c$ irrational). This symmetry provides a systematic method for solving Belavin-Polyakov-Zamolodchikov PDE systems,
and in particular for explicit calculation of the asymptotics and monodromy properties of the solutions. Using a quantum Schur-Weyl duality, one
can understand solution spaces of such PDE systems in a detailed way. The solutions, in turn, are useful both for CFT questions and for rigorous
understanding of the connections of 2D CFT with critical models of statistical physics.”
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CRITICAL LATTICE MODELS IN 2D STATISTICAL PHYSICS

0
@ random walks, percolation, Ising model, Gaussian free field,

6-vertex model, Potts model, O(n) model, ...
@ phase transitions = critical phenomena
@ critical exponents: observables have power law behavior
o self-similarity
@ universality conjecture: microscopic details irrelevant
@ scaling limits: conformal field theories ???

[Belavin, Polyakov & Zamolodchikov 84; Cardy 84]

Problem: How to make these things precise?
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CONFORMAL INVARIANCE OF CRITICAL 2D PERCOLATION

eveling peltola

Theorem [Cardy 92; Carleson (unpubl.); Smirnov '01]

In the scaling limit, P[ yellow crossing from A to B ] = x

@ “conformal invariance” of the scaling limit of percolation
(crit. site perco on triangular lattice; e.g. case of square lattice still open)

@ exploration process converges to random curve

called Schramm-Loewner evolution, SLLEg

eom” scaling limit: loops converge to CLEg “amia, Newman 06
“G P l l t: | to CLE [C N 06]
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CROSSING PROBABILITIES OF PERCOLATION INTERFACES

0 . y y y
@ discrete polygons (Q°; xf . xg.,\,) (on triangular lattice)

&, .0 5 60 evelin peltolal
o (Q ;,‘C‘l, s v ’IIQN) — (Q;x1,...,XN) (in Carathéodory sense)
Theorem [P. & Wu]

For the critical Bernoulli percolation model on Q° with alternating

boundary conditions, for all connectivities @ € LPy, we have

: = i 5 (k=6
lim P[ connectivity of interfaces = a] = fo (€ x4, . st RGN )

o—0

where {ZS(ZG): a € LPy} are so-called “pure partition functions”.

@ «a € LPy label planar pairings of xi,...,Xon

@ #L.Py =Cy = %ﬂ(?) Catalan number

@ Idea: Z, are CFT correlation functions

(central charge ¢ = 0, weight k1o = 0)

@ N=1 Z=1,and N =2 Cardy’s formula (prev.slide)
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How TO GET GRASP ON THIS?

O BPZ PARTIAL DIFFERENTIAL EQUATIONS

[Belavin, Polyakov & Zamolodchikov 84]

COULOMB GAS FORMULAS FOR SOLUTIONS

[Feigin & Fuchs (unpubl.) and Dotsenko & Fateev 84, ...]

PROBLEM: FIND “PHYSICAL" SOLUTIONS...?

©@ Toor: HIpDEN U, (5l2)-SYMMETRY
[80s="90s: Felder, Frohlich, Keller; Moore, Reshetikin;

Bouwknegt, McCarthy, Pilch; Gomez, Sierra:; Felder, Wieczerkowski;

Varchenko; Ramirez, Ruegg. Ruiz-Altaba; Pasquier, Saleur: ...]
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CFT CORRELATION FUNCTIONS

0

Correlation functions {(¢1(z1) -+ ¢n(z0)) = F(z1,...,2,) in CFT

@ encode physical information (“observables”)
e are conformally covariant: e.g. for (chiral) primaries ¢;,

there are conformal weights A; € R s.t. for conf. maps f,

F(f@, ... @) = | [|f @™ x Fla, ..., z)

j=1
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BENOIT & SAINT-AUBIN PARTIAL DIFFERENTIAL EQUATIONS

0

Correlation functions {(¢(z;) - -- ¢,,(z,)) = F(zy,...,z,) in CFT

encode physical information (“observables”)
are conformally covariant: e.g. for (chiral) primaries ¢;,

there are conformal weights A; € R s.t. for conf.maps f,

FUFGD, o o flaad) = H J.f"(Z,;)I_AJ YT ovs Ber)

=1
@ many interesting observables satisfy linear homog. PDEs

3enoit, Saint-Aubin '88: explicit formulas, e.g.

K (72 3 2 0 2]‘11,2 !
{5@ * Z (7' =% E - m)} <L'bl-2(z.)¢l(31) . an(i"-n)) =0

4 4 ol
|

where h; 4 = %", central charge ¢ = i(SK -8)(6-k) <1, with k>0
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BENOIT & SAINT-AUBIN PARTIAL DIFFERENTIAL EQUATIONS

0

Correlation functions {(¢(z;) - -- ¢,,(z,)) = F(z,...,z,) in CFT

encode physical information (“observables”)
are conformally covariant: e.g. for (chiral) primaries ¢;,

there are conformal weights A; € R s.t. for conf.maps f,

FUFGD, o o flaad) = H J.f"(Z,;)I_AJ YT ovs Ber)
j=1

many interesting observables satisfy linear homog. PDEs
Benoit, Saint-Aubin '88: explicit formulas, e.g.

k3 K 2 0 2hi

sy * T ¢12(z Z1)  @Pu(zn)) =0

where h; 4 = %", central charge ¢ = i(SK -8)(6-k) <1, with k>0

Problem: There are many solutions! Find physical ones?

Idea: Impose boundary conditions, or specify monodromy...
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CROSSING PROBABILITIES OF PERCOLATION INTERFACES

0 5—0

Qo (Q‘S; x‘f, e ,ng) — (Q;x1,...,XoN) (in Carathéodory sense)
Theorem [P. & Wu]

For the critical Bernoulli percolation model on €° with alternating boundary
conditions, for all connectivities & € LPy, we have

limP[ connectivity of interfaces = ] = Z::‘:I"](_Q; Ko s XoN)
60

where {Z%7%: ¢ € LPy} are so-called “pure partition functions”.

Idea: fo) are CFT correlation functions
(central charge ¢ = 0, weight 53 = 0)
Mathematically: solns to 2nd order PDEs

with prescribed asymptotic properties:
IXjv1 — x| = ZalXty.. ., X2n)

Xj X1 = € Za\( 1t X gn oo ¢ Xy XJuTsn o5 Xn)
R
0

Pirsa: 21020046

Page 10/17



»  PlLwomen_talk pdf

BENOIT & SAINT-AUBIN PARTIAL DIFFERENTIAL EQUATIONS

0

Correlation functions {(¢(z;) - -- ¢,,(z,)) = F(zy,...,z,) in CFT

encode physical information (“observables”)
are conformally covariant: e.g. for (chiral) primaries ¢;,

there are conformal weights A; € R s.t. for conf.maps f,

FUFGD, o o flaad) = H J.f"(Z,;)I_AJ YT ovs Ber)

=1
many interesting observables satisfy linear homog. PDEs

Benoit, Saint-Aubin '88: explicit formulas, e.g.

k0 ~f 2 4 2hy 9 |
{5 (9:_’,2 * Z (Zi —=Z ;E N m)} <C-bl.2(:-_)¢§l(<-1_) s an(zn_)) =0

4 L
|

where h; 4 = %", central charge ¢ = i(SK -8)(6-k) <1, with k>0

Problem: There are many solutions! Find physical ones?

Idea: Impose FENEENIEONMIENNS or specify mgnodromy...
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CORRELATION FUNCTIONS OF (CERTAIN) PRIMARY FIELDS

0

@ Benoit & Saint-Aubin PDE system: with ¢ = (s1,...,5,),

DEF D=0, DLFED=0 forall j=1....n

5+l 5i+1
s ; )
where s; +1 = degree of differential operator D {)1
4 ks

@ covariance: for all conformal maps f,

Ff(2), /() = ( [ [@re Bf(zf-))‘ﬁ**) Fe(z,2)
=1

where A; = conf. weight of type A1, or h.a in the Kac table

@ F. is defined for {(z,l,..%,zn) eC" | zitzy for i j)

Theorem. [Flores, P. (in prep.)] |

Suppose k€ (0,8)\Q (soc= i(SK — 8)(6 — k) <1 irrational).

There exists a unique SlNEIEEINEE conformally covariant
solution F(z,Z) to the Benoit & Saint-Aubin PDEs.

(Uniqueness holds up to normalization in a natural solution space.)
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0

(GENERAL METHOD:

evelina peltola

HIDDEN QUANTUM GROUP

SYMMETRY

Feigin & Fuchs (unpubl.); Dotsenko & Faleev '84; Felder, Frohlich, Keller 89;

Felder, Wieczerkowski 91; Kytolad, P. 14

Main ref: see [arXiv:1408.1384] / JEMS 22(1): 55-118, 2020.

Kytola, P., Conformally covariant boundary correlation functions with a quantum group.
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How 1o FIND soLUTIONS To BPZ/BSA PDEs

DE) F = foralli=1,...,n ' ‘? (? (?
@ . *

Write solution in integral form & use Stokes theorem:

F(2iso0ida)= ff(;.l,..‘,\.”:u‘l we)dwy - - - dwy
r

@ find f s.t. for all j

D& f = “total dcri\!?ti\!c’"

= then D% fdw =dn is exact {-form
o find closed (-surface [:  Jl =0

= then DWF = frD(‘"")fdw = fl_d??

= fem = fom

= £
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HIDDEN QUANTUM GROUP SYMMETRY g = e

hidden quantum group: Uy(sly) ( = “quantum” sly(C) )

evelina peltola | J
vectors v € M

Sh

®---®M; «—  functions F[v](xy,...,x,) |

. F . . ,
basis vectors ¢;, ® ---® ¢, <«— integral functions f fdw

ry

AN AR
h{'{—:g\\?‘l ﬁll- i

Theorem [Kytola, P. 14]

F
@ highest weight vectors ( E.v =0 ) «— solutions of PDEs

. 1 F : : : :
@ weight (K.v=¢g“%v ) «— conformal transformation properties

N . F .
@ projections onto subrepresentations «— asymptotics

U,(sl) gen. by E, F, K, K~ ! and M; its simple module (dim. s + 1)
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IRREDUCIBLE REPRESENTATIONS OF U,(sly)

1

MS = Sp&ﬂ.!é’(}, SR eS} evelinapeltola
ep is highest weight vector: Eey=0 and K.ep=q°’ep
eo generates Mg: oy =iF k o5

associate contours to eg:

€ =
F adds a contour:

e -

E I‘CI'II?\PCS a contour:

JH— = [kl [s+1-klgx

=
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ASYMPTOTICS |.-’C_,i+1 =8 | Y

1

evelinapeltola!

FIvI(xt,...,xn)

5

| X1 — .rle"""J‘ Ee

FIPHT o5 X528 Bjum s 55 5)

=

B
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