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Abstract: Many physical states of interest, such as ground states of gapped quantum many-body systems, are expected to obey an are
entanglement entropy. | will report on a series of recent results that suggest a deep connection&nbsp;between area law and two seemingly
subjects: topological quantum field theory and quantum marginal problem. Recently, we deduced --- only using area law and qu
information-theoretic tools --- the existence of new topological charges and invariants associated with the domain walls between topolo
ordered systems in two spatial dimensions. Moreover, the same set of tools were also used in finding a&nbsp;solution to the quantum n
problem. This is the problem in which one asks whether a set of reduced density matrices on bounded subsystems are compatible with some
well-defined many-body quantum state. Since this problem was first posed in 1959, a solution that goes beyond the mean-field ansatz has r
elusive until now. These results suggest that area law is not just a qualitative statement about entanglement; it is an important equation the
"solve" quantum many-body systems that appear in nature.
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An allegory
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An allegory

Inertial mass = Gravitational mass

mg = my;

This led to, for instance, the proof of Kepler's third law:
R3
72 = Constant,

where R is the radius of the orbit of a planet and T is its period.
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Power of physical axiom

An axiom that makes quantum many-body physics “solvable.”
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The key: Area law

Sa(A) = O(|9A])

[Sredincki (1993)]
While generic many-body quantum state obeys volume law of entangle-
ment entropy, many physical states at low energy obey the area law.

All states

/I

“Physical” states
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A success story

ex) 1D, constant spectral gap (A)

e Ground energy problem: Efficient numerical methods exist.
[White (1992), Landau, Vidick, Vazirani (2013)]

e Classification problem: Group cohomology-based classification.
[Chen, Gu, Wen (2011), Schuch, Cirac (2011)]
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A success story

ex) 1D, constant spectral gap (A)

- @09®

Fundamental insight 1

These systems obey the area law of entanglement [Hastings (2006)]:
Sa(A) = O(1)

for any Renyi-a < 1 entropy, defined as S, (A) = = log (Tr(p%)).

1-«
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A success story

ex) 1D, constant spectral gap (A)

A

Fundamental insight 2

Area law, ie.,

Sa(A) =0(1),

implies

Ground state ~# [HHF - LHHI . [Hastings (2006)]
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Expectations

1. Perhaps constant spectral gap implies area law?

Sa(A) = O(|0A])

* Subvolume law was established in some cases.
[Anshu, Gosset (2018)]

2. From area law, perhaps we can conclude:
Ground state = 2D tensor network.

* This is an important problem, but challenges remain. [Ge and Eisert (2014)]
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Physicist's approach

A/.do_.‘-o\;o...-.o.o
e o o o o o @

“Strong area law"

However, for gapped systems, we expect

S(A) = a|9A| -, (1)

for some constant ~.[Kitaev and Preskill, Levin and Wen (2006)]
F @ |
Ll - EI E

Under Eq. (1), 2D quantum many-body physics can be “solved.”

Pirsa: 21020024 Page 13/74



“Strong area law”

S(A) = aloA 7,

1

This equation looks very special, but it is not.?

Entropy S(Ly)

Levin and Wen (2006) Isakov et al. (2011) Jiang et al. (2012)

?At least, if we ignore the approximation error and some counterexamples,
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“Solving”

S(A) = o]9A| — 7

Classification Classical simulation
D

We want to calculate:

1. Energy
2. Local order parameters

Topological quantum field theory?

(TQFT) [Witten (1988)] 3. Entanglement entropy
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2D gapped phases are expected to be characterized by the modular data
of some topological quantum field theory (TQFT) and the chiral central
charge. [Kitaev (2006)] TQFT, in turn, is characterized by the

Superselection sectors and fusion spaces,

which must obey certain nontrivial relations, e.g.,
X }' 7\'. w

Epew _—7 P\t

X yIrw 4

[y <
\p\?/ S “
q
\ Xyzw
\Y

T
q

u

%

Q: Can we "derive” TQFT (or possibly something else) from area law?
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2D gapped phases are expected to be characterized by the modular data
of some topological quantum field theory (TQFT) and the chiral central
charge. [Kitaev (2006)] TQFT, in turn, is characterized by the

Superselection sectors and fusion spaces,

which must obey certain nontrivial relations, e.g.,
X }' 7\'. w

Epew _—7 P\t

X yIrw 4

[y <
\p\?/ S “
q
\ Xyzw
\Y

T
q

u

%

Q: Can we "derive” TQFT (or possibly something else) from area law?

A: We don't know yet, but there are mounting evidences that we can.
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The puzzle

TQFT prescribes data about ground state degeneracy on any closed
manifold as well as the low-energy excitations. How can we recover all
this from a single ground state?
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Entanglement constraint

S(A) = a|0A] — v

That this equation strongly constrains the low energy physics has been noticed
in the past.

1. Bound on ground state degeneracy [K (2013)]

2. Uniqueness of a disk-like region [K (2014)]

3. Constraint on braiding statistics [K and Brown (2015)]
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Entanglement constraint

S(A) = a|8A| —

That this equation strongly constrains the low energy physics has been noticed
in the past.

1. Bound on ground state degeneracy [K (2013)]
2. Uniqueness of a disk-like region [K (2014)]
3. Constraint on braiding statistics [K and Brown (2015)]

4. “Entanglement bootstrap” approach:

e Extraction/constraint on modular data [Kato, K, Shi (2018-2020)]
e New(?) TQFT data/identities [Shi and K (2020)]
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Entanglement Bootstrap

Suppose

A s =l

for any O(1)-sized ball A.

Central question

What is the space of all possible quantum states consistent with these
constraints?
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Conformal Bootstrap

Entanglement Bootstrap

Physical axioms

Unitarity,
Conformal symmetry

Physical objects

or quantities

Correlation functions

Fundamental data

Scaling dimensions,
OPE coefficients

Constraints on
the fundamental data

Crossing symmetry,

Modular invariance, ...

1K (2015), Shi, Kato, and K (2019)
2Shi, Kato, K (2019), Shi, K (2020)
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Conformal Bootstrap

Entanglement Bootstrap

Physical axioms

Unitarity,
Conformal symmetry

Area law

Physical objects
or quantities

Correlation functions

Density matrices
(over different subsystems)

Fundamental data

Scaling dimensions,
OPE coefficients

Information convex set!

Constraints on
the fundamental data

Crossing symmetry,

Modular invariance, ...

1K (2015), Shi, Kato, and K (2019)
2Shi, Kato, K (2019), Shi, K (2020)

Isomorphism theorem,
Hilbert space theorem,

Merging identity,” ...
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Information convex set

Suppose a global reference state o satisfies

A }o—:}{o:o:o:o:c. S(A) — Q|(9A| i f

for any O(1)-sized ball A.

Information convex set

A

&
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Information convex set

Suppose a global reference state o satisfies

A }o—:}{o:o:o:o:c. S(A) — Q|(9A| i f

for any O(1)-sized ball A.

Information convex set
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Information convex set

Suppose a global reference state o satisfies

A }o—:}{o:o:o:o:c. S(A) — Q|(9A| i f

for any O(1)-sized ball A.

Information convex set

E(ﬁ) set of density matrices locally consistent with o.
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Information convex set

Suppose a global reference state o satisfies

A }o—:}{o:o:o:o:c. S(A) — C‘élaA| i f

for any O(1)-sized ball A.

Information convex set

12

For every A € )Af(ﬁ) trace out ﬁ\Q The resulting set is the information
convex set of €, denoted as:

Q).
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Area law puts a very strong constraint!

S(A) = a|0A| —

Quantum Markov Chain

S(AB) + S(BC) — S(8) — S(AEC) = 0.

Local recovery

pasc = Pppc[pas] = Peaslpac] [Petz (1987)]
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The shape of ()

() is a convex set, but different convex sets can have different shapes.

! r - SRR

The “shape” only depends on the topology of (2!

() 2 5(QY)

if Q% ~ Q.
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The shape of ()

() is a convex set, but different convex sets can have different shapes.

The “shape” only depends on the topology of (2!

Disk , 1 hole Disk , 2 holes

— o

a

c
. v
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Correspondence

Entanglement bootstrap

Theory of anyon

T(Q) ~ Q) if Q~ Q'

Globally well-defined
topological charges/fusion spaces

¥ (D? with 1 hole)

Superselection sectors

35, (D? with 2 holes)

State space of the fusion space
axb—c

Page 31/74



TQFT equations

Data vs. Equations

The topological data of the underlying theory (partially) characterizes
the TQFT.

There are equations involving these data which are valid for all TQFTs,
eg.,

dady =Y N5yde,

[
STNGNE =S NN

ieC jec

Q: Can we recover these equations, again from a single ground state?
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Quantum Markov Chain

S(A) = o]dA| — 5

Quantum Markov Chain (reference state)

S(AB) + S(BC) — §(8) — S(ABC) = 0.

Pirsa: 21020024 Page 33/74



Quantum Markov Chain

S(A) = o]9A| — 5

!

Quantum Markov Chain (Information convex set)

ex)

S(AB) + S(BC) — 5(B) — S(ABC) = 0

for any state in X(ABC).
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Markov Chain + Markov Chain — Markov Chain
“Merging"” identities

(Informal) If px and Ay are Markov chains,

(px; Ay) € (X) x Z(Y) = px ¥ Ay € Z(XUY)

S(px ™ Ay ) = S(px) + S(Av) — S(pxnv),

Max Entropy
in L(XUY)

[Shi, Kato, K (2020)]
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Area law — TQFT?

S(A) = aldA] — v

1. Microscopic definition of superselection sectors and fusion spaces,
just from a single state!

. Quantum dimension, S-matrix, etc, ...

. Fusion rule, Verlinde formula, ...

.y =log+/Y,dx.
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Area law — New physics!

. New topological charges and fusion spaces, again from a single
state!

2. Quantum dimensions.
3. “Quasi"-fusion rule.

4. Domain wall topoloigcal entanglement entropy.
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Physical context: Gapped domain walls

[Kitaev, Kong (2011), Lan, Wang, Wen (2014), Hung and Wan (2014)]
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Gapped domain walls: Prior approach
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Gapped domain walls: Prior approach
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Correspondence

Entanglement bootstrap

Theory of gapped domain walls

T(Q) ~ X() ifQ~

Globally well-defined
topological charges/fusion spaces

¥ (D? with 1 hole)

Superselection sectors

¥<,(D? with 2 holes)

State space of the fusion space
axb—c

Identities

Fusion rule, quantum dimension, ...

¥ (Half-annulus)

?

¥ (More complicated shapes)

?

Extra identities

?
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“Parton” sectors # Point-like excitations

There are “N'- and “U"-type sectors, denoted as n € Cy and u € Cy.
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“Parton” sectors # Point-like excitations

A parton sector generally does not uniquely determine the topological
data of a localized excitation. More information is sometimes needed.
(Generally, parton sector subdivides the known® superselection sectors.)

#[Cong, Cheng, Wang (2016)]
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“Parton” sectors: Important fact

1. Fixed @ — Unique n and u.

2. nand u fixed » a ay not be unique!
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Two ways of defining a superselection sector

String operator approach

Measurement approach
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Quasi-fusion rule

Given two parton sectors n and n’, one may want to study their fusion rule:

’ "
nxn —n.

However, there can be more than one fusion spaces even if n,n’, and n” are all
fixed!
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Correspondence

Entanglement bootstrap

Theory of gapped domain walls

T(Q) ~ X(Q) if Q ~

Globally well-defined
topological charges/fusion spaces

Extreme points of (S x (0, 1))

Topological charges

25, (D? with 2 holes)

State space of the fusion space
axb-—oc

Identities

Fusion rule, quantum dimension, ...

¥ (Half-annulus)

“Parton” sectors

¥ (More complicated shapes)

“Composite” sectors

Identities
(Extra)

Quask-fusion rule + More
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Domain wall topological entanglement entropy

Stopo,N

Siopo = (Spec+ Scp — S — Sp)e

Stopo. N = |OE Z dg

neCy

di = Z () Doy

a€Cq

where dads = 3 . N 5dy for {N] ;} satisfies (part of) the fusion

rules. [Shi, K (2020)]
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Entanglement bootstrap

S{A) = aldA] - 14,
&

. New topological charges
. Generalization of the fusion rule
. Domain wall topological entanglement entropy

. (Maybe) classification
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“Solving”

S(A) = o]9A| — 7
1

e ™

Surprisingly, we can derive the We waitit 16 ealeulate:
structural axioms of the TQFT,

just from the area law! More-

over, new physics is being un-
covered! 3. Entanglement entropy

1. Energy

2. Local order parameters
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Marginal Problem

Suppose the marginal probability distributions
P[XY], P|YZ], P[XZ]

over three variables X, Y, and Z are given to you. Can you determine if there is
a probability distribution P[XYZ] satisfying the following constraints?

> P[X =x,YZ] = P[YZ],

> PIX,Y =y, 7] = P[XZ],

'Z PIXY, Z = z] = P[XY].

If such a P exists, we say that P[XY], P[YZ], and P[XZ] are globally consistent.
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Quantum Marginal Problem

Suppose the marginal density matrices

PXY,PYZ, PXZ

over three subsystems X, Y, and Z are given to you. Can you determine if there

is a density matrix g[XYZ] satisfying the following constraints?

Trx(pxyz) = pvz,
Try(pxvz) = pxz,
Trz(pxvz) = pxv.

If such pxyz exists, we say that pxy, pyz, and pxz are globally consistent.
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Why care?

Consider H = ), hx. For physical Hamiltonians, hx are often local.

Ground energy = p%@?’l?p)zl Tr(pH)

= min II;Tr(phx)

p20,Tr(p)=

px=0,Tr(px)=1
s.t.{px }is consistent

min Tr(px hx)
X

‘ p (exponential) — {px} (polynomial)

[ The real question: Can we efficiently check if {px} is consistent?
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Some history: Where it all started

There is an instinctive feeling that matters such as electron correlation
should show up in the two-particle density matrix. ... but we still do not
know the conditions that must be satisfied by (13;1'2")?. Until these
conditions have been elucidated, it is going to be very difficult to make
much progress along those lines.

[Coulson (1959)]

?This refers to the entries of 2-electron marginal density matrices.
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Main Challenge

> (100) + [11)) ({00] + (1)),

% (100) +[11)) ({00] + (11]).

Monogamy of entanglement

Even though pg = Ag, there is no state over ABC which is compatible
with both psag and Agc.

Classical case

|f [PAB,/\BC] =0 and PB = )\3,

pABABC/AB

is consistent with both pag and Agc.

Pirsa: 21020024 Page 55/74



Some history

1. Necessary conditions known

e Quantum chemistry: Ayers, Mazzioti, ...
e Quantum information: Osborne, Chaves and Fritz, K, ...

2. Sufficient conditions are very difficult to make progress on

e General sufficient condition: QMA-hard [Liu (2006), Broadbent and Grillo
(2019)]
e Even classically, this is NP-hard.

“Once every few decades, a new generation of scientists
work on the quantum marginal problem, only to realize
that it is impossible to solve. They eventually give up,
and years later, the cycle continues.”

v | _M. B. Ruskai

.

e Special (and nontrivial) conditions: Kato et al. (2016), K (2016), K (2020)
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Geometry of marginal density matrices

Marginal density matrices

Consistent marginal density matrices

Consistent marginal density matrices

which are easy to verify
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Geometry of marginal density matrices

a

Consistent marginal density matrices which are easy to verify.

Mean-field ansatz p = p1 ® - - - g@p
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Geometry of marginal density matrices

p

Consistent marginal density matrices which are easy to verify.

4 N

Beyond mean-field solution (K (2016, 2020))
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Geometry of marginal density matrices

/

Consistent marginal density matrices which are easy to verify.

\

Beyond mean-field solution (K (2016, 2020))

. Physically relevant

. Linear-time algorithm for computing

energy and entropy.
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Sufficient Condition

1. Internal translational invariance

2. Area law

S(A) = a0A| — v

within every O(1)-sized balls.

.

Then there exists a global state consistent with all the marginals. [K (2020)]
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Key idea: Merging Quantum Markov Chains

Kato et al.'s lemma (2016)

Consider pagc and Agcp such that
S(AB) + S(BC) = S(B) — S(ABC) = 0 for pasc,
S(BC) + S(CD) — 5(C) — 5(BCD) = 0 for Agcp,

and pgc = Agc. Then there exists a density matrix p x A which is
consistent with both pagc and Agcp. Moreover,

S(p % A) = S(p) + S(\) — S(pec).

.

Key point: p x A is again a Markov chain!

Markov Chain + Markov Chain — Markov Chain
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Key idea: Merging Quantum Markov Chains

S(A) = a|fA| —~

000000
o e 000
® o @00

LN L B 3
L N =
LU B
® e 00000

E(Ac) +5(5C) - S(7)—S(A=C) = 0. S(£C) + S(CD) — S(C) — S(5CD) = 0.
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Bootstrapping the argument

arkov Chain—_
. am/ﬂMarkov Cham

Markov Chain

- :://Markov Chain _—

N ain Markov Chain
v mn/ —_— Markov Cha]n

Markov Chai /

\i\ Markoy Chain
Markov Chain
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The key question

How local can we make the Markov chain assumption to ensure global
consistency?

Markov Chain

_ ~— Markov Chain
Markov Chain Markov Chain

Markov Chain ~ Markov Chain

Markov Chain Markov Chain

Markov Chain ey o o Markov Chain

Markov Chain  Markov Chain

Markov Chain Markov Chain

A: O(l)—local (assuming translational invariance).
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Comments

() = S () + 5 (@) - 5 (@)
(@) = S (@) + 5 (@) - 5 (@)
s (fu) =5 (TR) + s (T) +5 ()
+5 () - s () -5 (T

-5 (W) - s () +5 (Fh)

1. All three equations follow from the area law.

2. In fact, these equations hold even if there is a volume law
contribution!

Pirsa: 21020024
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Applicability

S(A) = a|dA| — v

S (M) =S (T + 5 (Th) — S (T
I

S(@) = 5 (&) + 5 (@) - S (@)

s () =s (i) +5 () +5 ()
+5 () -5 (T) -5 (T)
-5 () -5 () +s ()

If all 2D (translationally invgria capped phases satisfy area law, they should
also satisfy our conditions. | SN )
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“Counterexample”

There are 2D gapped systems with “spurious” contribution to the area law

[Bravyi (Unpublished)], thus violating our assumption. Is this a problem?

.

For these specific counterexamples, the answer is no. The spurious con-
tribution can be removed by applying a finite-depth quantum circuit. So,
up to finite-depth quantum circuits (and translational invariance and ap-
proximation error), our solution seems to cover all known gapped phases.

Maybe our solution covers all possible 2D gapped systems?
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Bootstrapping physics from entanglement

S5(A) = a|0A| — v

S (Th) = S () + 5 (T)
- S(T

; S =5()+5(@
- S(T)
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Area law is the key to solving quantum

many-body physics!

* Under the area law, reduced density matrices become “lego blocks” that
together form the many-body quantum state.
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