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Abstract: In this talk | will discuss the universal properties of thermal transport in conformal field theories that are perturbed by a TThar operator.
TThar-deformation is known to be an exactly solvable deformation in that the spectrum of the undeformed theory alone suffices to predict that of
the deformed theory. Unique properties of TThar deformation allow us to study the TTbar-deformed CFTs using two disparate methods:
integrability and holography. | will apply these two approaches to study the non-equilibrium steady states and Drude weights, finding perfect
agreement. | will also explain how the integrability-based approach yields the exact momentum diffusion constant, which, to our surprise, also
happens to satisfy a universal formula. Finally | will briefly touch upon a curious connection between TThar-deformed CFTs and an integrable
cellular automaton model called the Rule 54 chain.
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Motivation
* The late time dynamics of many-body systems typically exhibits diffusion

purely diffusive ballistic + diffusive

P P

t=10

« Diffusion is also known to be related to chaos in strongly-interacting systems ( e.g. SYK)

* Recently a part of it was uncovered

[Can we understand the mechanism of diffusion in (quantum) many-body systems in a controlled way?}
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To do so, it would be nice to start with a simple system: 2d conformal field theory (CFT)

2d CFTs are quantum field theories that characterise the fixed points of renormalisation group flows

No characteristic scale in CFTs — no asymptotic particles k

Elementary excitations are either right or left movers, each of which does not scatter

LN X

+» No phase shift for L — R scatterings, hence no diffusion

« How can we introduce L — R scatterings? We can deform CFTs by some operators
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Plan

Hydrodynamics and diffusion

What is TT-deformatiom?

Thermodynamics and hydrodynamics of 7'T-deformed conformal field theories (CFTs)

Transport quantities in TT-deformed CFTs

Conclusion and Outlook
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Hydro and diffusion

 Diffusion is conveniently captured by hydrodynamics
* Hydrodynamics is an effective theory that describes the long wave-length dynamics of many-body systems
a,(qi) + Aijax(t]ﬁ = if)jfa?c(qj) Navier-Stokes equation
Al.f = 0(Jj)sta’ 9{q;) 1" linearisation matrix evaluated wrt the back ground state
D/ diffusion matrix that satisfies & = DC, where C;; = [dx S;(x, 1) with S(x, 1) = (g;(x, Ng;(0,0))%,

+ The Onsager matrix & controls the diffusive broadening of fluid packets

'

D; = lim %J ds[dx( Jilx, S)j;,-(0,0))f

de XX(Sy(x,0) + S(x, = ) =Dyt* + Ryt + 6(1) st - oo I e
/

Drude weights

+ The computation of the Onsager matrix is a rather formidable task. Possible in integrable systems
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TT-deformation

TT-deformation is defined via an infinitesimal deformation of the Lagrangian

5
Plorto) = P 4 7‘7 detT,,

Seed QFT

Irrelevant deformation (dim=(2,2)) but solvable. UV corfplete?

Finite size spectrum, thermodynamics, etc

The finite volume energy eigenvalue E, (R, o) satisfies the Burgers equation

1
0,E,(R,0) = E (R, 0)0zE,(R, 0) + EP,E(R)

The spectrum of the seed theory — that of the deformed theory!

Finite temperature free energy in the thermodynamic limit «— the g.s. energy in the finite volume: f(f3, 6) = Ey(f, o)/}

1 nico o > 0: complex free energy
o) =——|1-,/1-— ’
1B, 0) . ( )

342 o < 0: Hagedorn growth
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CDD factor and integrability

« TT-deformed integrable systems are still integrable ><1: : >|< j><

3
« An infinite number of conserved charges — factorisation of a S-matrix into the two-body S-matrices S, _,,

- TT-deformation gives the CDD factor to S,_,, (gravity dressing)

massive: Z(8) = em? sinh 0 S Me**
massless: Z(0) = — op,(6))p_(6,) e

(o) — ¢ 1X(6)
52,0 =5,2,(0) x ¢

* We can formally apply the logic of Thermodynamic Bethe ansatz to CFTs
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Fundamental width of particles

Intuitively speaking, TT-deformation induces the “width” of particles in the original theory

e.g. free boson gas — hard-rod gas
CFT — cellular automaton-like system

Consistent with “7"7-deformation «—» state-dependent coordinate change”

Sx! = b0 x Zﬂ'J- dy! Tég’(O,yl) =66(E. - E.)
xl+e

V= —8ox QIIJ dy! Té‘l’)((),yl) =—d6(P. - P,)
xl4e

* In the new coordinate (or metric), the free space in which particles can explore reduces/increases

Emergence of scattering «—— change of the free space

» The same idea (!) was employed in the context of hard rods and generalised hydrodynamics (GHD)
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Developments

* Novel solvable deformation of QFT in (1+1)-demension

o TT-deformation = coupling to Jackiw-Teitelboim gravity

A TT-deformed holographic CFT still has a gravity dual

o TT-deformation = coupling to a random geometry
» Correlation functions
» Similar deformations to lattice models and non-relativistic systems

 Other solvable deformations, e.g. J T-deformation

 Out-of-equilibrium dynamics of TT-deformed theories

* For more info, see a nice review by Jiang

Disclaimer: by no means meant to be exhaustive!
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Generalised hydrodynamics
for T7-deformed CFTs
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Generalised hydrodynamics

GHD is a hydrodynamic theory for integrable systems

An infinite # of conserved charges —— An infinite # of hydrodynamic equations

az(‘];‘) e ax(jl‘) =0, i=1,--

Integrability provides explicit expressions of (g;) and (j;) in t&rms of quasi-particle momentum
(g2 = Jdﬁ’p(l?)hi(ﬁ')
i) = [ a0pont@n o)

* These ingredients allow us to rewrite the hydro equations as a single equation
0,0(6) + 0, (p(@)v"(H)) = 0

* Vast developments with experimental confirmations
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GHD for 77T-deformed CFTs

BLZ allows us to write down TBA-like non-linear integral equations (NLIE) for CFTs

e.g. minimal models, Liouville CFT. Not known if it's possible for a generic CFT

NLIEs for the simplest case N

£.(0) = (B FV)E.L(0) — J dO'T(©O, 0)log(l + e~ — J dO'T,_(6,0)log(1 + e~
R

R
: \ . \ o apu(O)pB)
energy E.(0) = £ p.(0) phase shift of CFT R — L phase shift T, (6, 6") = — —
+ Scaling M — sM merely shifts the rapidity @ — 0 + s no characteristic scale
« The pseudo-energy £..(6) determines the free energy of the system
_ dpa(g) s (9] nc
f"_TZIR7]08(1-+€ @ )3_6_,52 CFT result «

a=%
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Energy hydro equation in TT-deformed CFTs

The effective velocity viﬂ(ﬁ) in TT-deformed CFTs are f-independent

: *1 - g
vel(@) = bl —o) In thermal state vT = + _ /1 — =
- 1+0(p, +p)) = 35
A

« Hydro equation for the chiral energies p,. = IR dfp.(O)E.(0) is closed

‘ 0,ps+0,(vE ps) =0 }

meaning d,{qg) + 9,{jg)} = 0 and d,{(gp) + 3,(jp) = 0 are decoupled from other hydro equations

* The equation is nothing but the hydro equation for soliton densities in the reversible cellular automaton rule 54 (RCA54)

B hydro
energy quanta of 7'7T-deformed CFTs «— solitons in the RCA54 o ,J

thermodynamics

* A Riemann problem of it was solved before
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RCA54 hydro from the trace relation

« The hydro equation for the chiral energies in TT-deformed CFTs is equivalent to

(Tyo) + o(Ty;)*

9{Too) +94T10) =0, (Toy) +9LT1y) =0, (Tyy) = 1+ o(Tyo)

» The equations of state can be obtained by the trace relation, which is valid inside correlation functions

T',=—-odetT,

» To obtain it, note by definition that, on a curved space endowed with a metric g

ds
= szx\/g detT,,

» On the other hand when the theory has a single mass scale , an infinitesimal change of the mass scale is induced by the
coordinate transformation x* — (1 + & log u)x”, under which the action changes as

das
dlogpu

= Idzx X

- Since o = 1/(2u?), equating them gives the trace relation
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NESS and Drude weights in 77-deformed C

* Non-equilibrium steady state in the partitioning protocol turns out to be simple

* Energy and momentum currents are given by

t

= i _
nic = - T e g f T B2
(EINESS = (T% - T,Z'i') 3
].2/ ‘\'\ €pp = ;

effect of scattering

 Reproduces the CFT result when ¢ — 0

change of thermodynamics b ( 12

Bernard and Doyon

* We can also compute the energy and momentum Drude weights

c

D@ (qg) + (ip)

B T gypefi T

energy conservation

» Perfect agreement with holographic computations!

(qg)
massless-ness

Medenjak, Policastro, TY

3

; AN
T DPP(?) (_) Dgg =

iid

T3

FTs

—
Vr

In CFT

Bernard and Doyon

v: sound velocity
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NESS in 77-deformed holographic CFTs

We work in pure gravity. Assuming that the space the TT-deformed CFT lives is the Lorentzian cylinder, the most generic geometry
is given by the Bafiados geometry

Y
29,2 E(u) = 8nG? Tuu
4= 29" L I | d + By + LT w)dudy o Lud
4p2 P g("’) = 87[Gf<Tw>

The TT-deformed CFT lives on the p = u surface. The following state dependent coordinate change (i, v) — (U, V) yields the
induced metricdUdV atp = u

v u
U=u +,uJ v Ze), V=v +,uJ du' L)
(u, v) are the light-cone coordinates for the original CFT, while (U, V) are those for the deformed CFT. In terms of (u, v),
L) = Z,8(—u) + W), ZE)=Z,9(—v)+ ZLpdv)

In the case of partitioning protocol, we can carry out coordinate transformation and get the deformed light cone
1+u, 1+ up

-, X=—t
1-uZ; 1 —uZg

U=x+t, V=x—-t¢
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Momentum diffusion in 77-deformed CFTs

R — L scatterings induce diffusion in 7T-deformed CFTs

Lorentz invariance (i.e. energy conservation) — no energy diffusion { =0
»

A formula from GHD gives the momentum Onsager matrix £,p

(2 i mc
Lpp :%’EﬂDéE =—20%, s

65 = 3yefig

quadratic in &

Conformal perturbation confirms it up to the second order in ¢. Universal for any CFT?

Holographically challenging to compute
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Conclusion and Outlook
« TT-deformation has a number of remarkable properties, and their full implications have not been fully understood yet
« TT-deformed CFTs admit a variety of unrelated approaches, allowing us to understand the physics from different points of view

* Energy and momentum transport in TT-deformed CFTs are rather universal, and natural generalisation of the pure CFTs case

* Momentum diffusion does not seem to distinguish chaotic and non-chaotic CFTs. What about other diffusion constants? Can we
cook up another deformation that does distinguish them? J7T-deformation?

« Chaos and diffusion are known to be intimately related, at least in large-N theories. Will the TT-deformed holographic CFTs be still
maximally chaotic? Effective field theory for TT-deformed chaotic CFTs? Haehl and Rozali

= Other universality classes from TT-like deformations?

t 2
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