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Abstract: A planar map is a canonical model for a discrete surface which is studied in probability theory, combinatorics, theoretical physics, and
geometry. Liouville quantum gravity provides a natural model for a continuum random surface with roots in string theory and conformal field
theory. After introducing these objects, | will present ajoint work with Xin Sun where we prove convergence of random planar maps to a Liouville
guantum gravity surface under a discrete conformal embedding which we call the Cardy embedding.
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The normal random variable

# heads in 1000 coin tosses Height (inches) in a group of people

Universal: describes the asymptotic behavior of many discrete models,
independently of the details of the model

Holden (ETH Ziirich) January 13, 2021 28




= Adobe Reader Touch

The normal random variable

Universal: describes the asymptotic behavior of many discrete models,

independently of the details of the model

Canonical: uniquely characterized by natural symmetries

Example: Let Xi..... Xn ~ N(0,1) be independent. Then

X1+ -+ X, — nE[X{]
\/nVar[Xi]

has law N (0, 1).

Here N(0, 1) denotes the law of the standard normal random variable.
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Normal random variable Brownian motion Schramm-Loewner evolution
(number in R) (function Ry — R) (curve Ry — R?)
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2d Gaussian Free Field Liouville quantum gravity
(function R? — R) (surface)
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Simple random walk
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Brownian motion
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Pollen grains in water Historical USD-EUR exchange rate
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Brownian motion

Brownian motion is the unique mean zero continuous function started
from zero with independent and identically distributed increments.

N
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Normal random variable Brownian motion Schramm-Loewner evolution
(number in R)  (function Ry — R)  (curve Ry — R?)

2d Gaussian Free Field Liouville quantum gravity
(function R? — R) (surface)
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Percolation
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Percolation
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Percolation Porous stone
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Percolation

blue
cluster
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The percolation interface
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The percolation interface

The percolation interface converges to the Schramm-Loewner evolution.
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Percolation crossing event
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lim P

n—o0
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Normal random variable Brownian motion Schramm-Loewner evolution

(number in R) (function Ry — R) (curve Ry — R?)
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2d Gaussian Free Field Liouville quantum gravity
(function R? — R) (surface)
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Two random surfaces

random planar map (RPM) Liouville quantum gravity (LQG)

Main result (informal): RPM converges to LQG as its size goes to infinity.
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Planar maps

@ A planar map M is a finite connected graph drawn in the sphere,
viewed up to continuous deformations.
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Planar maps

@ A planar map M is a finite connected graph drawn in the sphere,
viewed up to continuous deformations.

@ A triangulation is a planar map where all faces have three edges.

@ Given n € N let M be a uniformly chosen triangulation with n
vertices.
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Planar maps

conformal field theory
string theory

random matrix theory
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The discrete Gaussian free field

@ Hamiltonian H(f) quantifies deviation of f from being harmonic

.1 2 2
H(f) = QZ (x) — f(y f:=22n[0,1* - R.

X~y

Holden (ETH Ziirich) ; January 13, 2021
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The discrete Gaussian free field

@ Hamiltonian H(f) quantifies deviation of f from being harmonic

H(f) = %Z(f(x) — i, - %22 n[0,1]%* — R.

X~y

@ Discrete zero-boundary Gaussian free field hp:

Q hn‘0[0,1]2 — O,

o probability density relative to the product of Lebesgue measure
proportional to

n =20, n=100
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The discrete Gaussian free field

@ Hamiltonian H(f) quantifies deviation of f from being harmonic

1o 2
H(f) = QZ (x) — f(y f:=22n[0,1)* - R.
X~y
@ Discrete zero-boundary Gaussian free field hj:

° hnlop1p =0,
o probability density relative to the product of Lebesgue measure
proportional to
exp(—H(hp)).
o For fixed z,w € (0,1)? and ¢ = &,
hno(z) ~ N(0,clogn+ O(1)),

Cov(hn(z2), ha(w)) = clog |z — w|™ + O(1).

Holden (ETH Ziirich) ; January 13, 2021 1l e
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The Gaussian free field (GFF)

@ The Gaussian free field (GFF) h is the limit of h, when n — .
e The GFF is a random distribution (generalized function).

e h(z) is not well-defined.
o The average h.(z) of h(z) on OB(z,¢) is well-defined for € > 0.

e Natural analogue of Brownian motion with two time dimensions but
still one space dimension.

e Formal path integral definition: With D¢ “Lebesgue measure on the
space of functions” and S(¢) = %j IVo|? d?z the action,

h ~ exp(—S(¢)) Do.

Holden (ETH Ziirich) January 13, 2021
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The discrete Gaussian free field

@ Discrete zero-boundary Gaussian free field hj:

o hnloppape =0,

o probability density relative to the product of Lebesgue measure
proportional to
exp(—H(hn)).
o For fixed z,w € (0,1)? and ¢ = &,
ho(z) ~ N(0,clogn+ O(1)),

Cov(hn(z2), ha(w)) = clog |z — w|™ + O(1).
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Liouville quantum gravity (LQG)

o If h:[0,1]> — R is smooth and v € (0.2), then the following defines
a measure ;. and a distance function (metric) D on [0, 1]*:
/ e"h2) g2, D(z1,2z2) = inf / eﬁ"hz(Z) dz,
JU P

P:z1—2
where U C [0,1]? and z1, z € [0, 1]%.
@ 7-Liouville quantum gravity (LQG): h is the Gaussian free field.

@ The definition of an LQG surface does not make literal sense since h
is a distribution and not a function.

@ Measure ;1 and distance function (metric) D defined by

considering regularization h, of h.!
2

w(U) = lim e / evhe(2)¢?z, D(z1,2z) = lim ¢, _inf
Ju

e—0 e=0 P.zy—z

'Metric construction: Gwynne-Miller'19, Ding-Dubedat-Dunlap-Falconet'19,
Dubedat-Falconet-Gwynne-Pfeffer-Sun'19. Hausdorff dim. ([0.1]% D) denoted by d(~).
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Liouville quantum gravity (LQG)

o If h:[0,1]> — R is smooth and ~ € (0,2), then the following defines
a measure ;. and a distance function (metric) D on [0, 1]%:
B " h(2) 2 B _ " ~h(2)
pu(U)= [ e d“z, D(z1,2) = inf e 2 dz,
U 2

P.z1—2z
where U C [0,1]? and z1, 2 € [0, 1]%.
v-Liouville quantum gravity (LQG): h is the Gaussian free field.

The definition of an LQG surface does not make literal sense since h
is a distribution and not a function.

Measure ;: and distance function (metric) D defined by

considering regularization h, of h.}
2

‘. . : . | he(2)
u(U) = lime= / e"h(2) g2 D(zi.z0) = lim ¢, _inf / e 0T dz.
JU P

e—0 e=0  P:zj—2

e LQG for v = \/8/3 is called pure LQG.

!Metric construction: Gwynne-Miller'19, Ding-Dubedat-Dunlap-Falconet'19,
Dubedat-Falconet-Gwynne-Pfeffer-Sun’19. Hausdorff dim. ([0.1]% D) denoted by d(~).
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Random area measure ;1 = €7 d?z defined by

pu(U) = lim eA/2/2f eYh(2)g2z U c[0,1]2.
U

e—0
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lllustration of LQG metric

Random metric defined by

D(z,z) = limc. _inf / e @/ I gz 7, 2, € [0, 1]
P

e—=0 Pz—n,

Simulations by J. Miller
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Random planar maps converge to LQG

Two models for random surfaces:
@ Random planar maps (RPM)
@ Liouville quantum gravity (LQG)

Conjectural relationship used by physicists to predict/calculate the
dimension of random fractals and exponents of statistical physics models
via the Knizhnik-Polyakov-Zamolodchikov (KPZ) formula.

What does it mean for a RPM to converge?
@ Metric structure (Le Gall'13, Miermont’13, ...)
e Statistical physics observables (Duplantier-Miller-Sheffield'14, ...)

e Conformal structure (H.-Sun'19)

Holden (ETH Ziirich) January 13, 2021 20/27



Adobe Reader Touch

Conformal embedding of random planar maps

conformal embedding
—_—

Figure by Nicolas Curien.
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Conformal embedding of random planar maps

conformally embedded planar map

The embedded planar map induces the following on S?:

a measure ji, and a metric (distance function) D,,.

Conjecture: For a large class of conformal embeddings, (D, j1,) converge
as n — 0.

Holden (ETH Ziirich) January 13, 2021 21 27
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Triangulations with a boundary

A triangulation with boundary is a planar map where all faces have
three edges, except for the exterior face, which has arbitrary degree and
simple boundary.

Simulation by Bettinelli
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Cardy / -

embedding ¢ scaling limit

\ <//\

embedded random planar map

random planar map (RPM) A,

e Uniform triangulation M, with n vertices, boundary length [n!/2].
e Cardy embedding: uses properties of percolation on the RPM.
Let 11, be renormalized counting measure on the vertices in T.

Let D, be a metric (distance function) on T prop. to graph distances.
Let 1 be /8/3-LQG area measure in T, and D the associated metric.

s
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A

)
Cardy //\ ‘\\

embedding ¢ \ scaling limit
_ > r/

s /“/\/ .

embedded random planar map

random planar map (RPM) A,

o Uniform triangulation M, with n vertices, boundary length [n/?].

e Cardy embedding: uses properties of percolation on the RPM.

@ Let 1, be renormalized counting measure on the vertices in T.

@ Let D, be a metric (distance function) on T prop. to graph distances.
o Let y be \/8/3-LQG area measure in T, and D the associated metric.

Theorem 1 (H.-Sun'19)
In the above setting, (jtn, Dpn) = (u, D).

Holden (ETH Ziirich) A January 13, 2021 230 21
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Cardy

embedding o

random planar map (RPM) Al, T ~
embedded random planar map V8/3-LQG h

Theorem 1 (H.-Sun'19)
In the above setting, (jin, Dp) = (1, D).

More precisely, 3 coupling of M, and h s.t. with probability 1, as n — o0,
@ /in(A) — 1(A), Vballs A C T (measure convergence)

/67 Dn(z,w) — D(z, w), uniformly in z, w € T (metric convergence)
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Cardy embedding: percolation-based embedding

/\/
\
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T
// Cardy embedding ¢

7%

random planar map

embedded random planar map
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Cardy embedding: percolation-based embedding

—

\
// Cardy embedding ¢

/
B 7

embedded random planar map
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Cardy embedding: percolation-based embedding

@ What is the “correct” position of v in T?
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Cardy embedding: percolation-based embedding

@ What is the “correct” position of v in T?

blue
Crossing
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Cardy embedding: percolation-based embedding

@ What is the “correct” position of v in T?

blue
Crossing
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Cardy embedding: percolation-based embedding

@ What is the “correct” position of v in T?
@ Map v € V(M) to x € T such that

A AN A

(Pa(x). pe(x), pc(x)) = (Pa(V), Pb(V), Pc(V)).
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RPM = LQG under conformal embedding

Cardy
embedding ¢ / scaling limit

random planar map (RPM) A, \/— » 5
. AU 8/3-LQG h

embedded random planar map

Our result is for uniform triangulations and the Cardy embedding, but
is also believed to hold for other

© conformal embeddings,
© local map constraints, and

© universality classes of random planar maps.
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Discrete conformal embeddings

Circle packing

Riemann uniformization
Tutte embedding

Cardy embedding
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Discrete conformal embeddings

Circle packing

Riemann uniformization
Tutte embedding

Cardy embedding
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Discrete conformal embeddings

Circle packing

Riemann uniformization
Tutte embedding

Cardy embedding

ASANTA
NA4

Random planar map Riemannian manifold
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Discrete conformal embeddings

e Circle packing

@ Riemann uniformization
@ Tutte embedding

e Cardy embedding

Uniformization theorem: For any simply connected Riemann surface M
there is a conformal map ¢ from M to either D, C or S.

ATAANNS
A%
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Discrete conformal embeddings

@ Circle packing

@ Riemann uniformization
@ Tutte embedding

e Cardy embedding

Tutte embedding
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Discrete conformal embeddings

@ Circle packing

@ Riemann uniformization
@ Tutte embedding

e Cardy embedding

Tutte embedding
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Summary

@ Universal and canonical random 2d objects
@ Cardy embedded uniform triangulations = /8/3-LQG

@ Future direction: universality (other embeddings and planar maps)

Thanks for your attention!
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