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Abstract: While spacetime and quantum theory are crucial parts of modern theoretical physics, the problem of quantum gravity demonstra
their full relationship is not yet completely understood. In my talk, | report on two recent results that aim to shed light on this relationship via
and tools from quantum foundations.

We start with the setting of (semi-) device-independent quantum information protocols. In this scenario one considers abstract black boxes
characterised by their input-output statistics. Typically, these inputs and outputs are assumed to be abstract labels from a finite set of intec
replace the abstract inputs with physical inputs that correspond to continuous spatio-temporal degrees of freedom, e.g. angles of polari
time-durations of laser pulses. This framework gives new insights about the relation between space, time, and quantum correlations, and it g
to new kinds of Bell non-locality witnesses.

We then turn to the topic of quantum reference frames. Specifically, we consider a composite quantum system and an outside experimer
does not have access to an external reference frame to specify all of the system's properties. We show that for such an observer the
descriptions of states and observables are related by quantum reference frame transformations that have been independently proposed
works. We give an explicit description of the observables that are measurable by agents constrained by such quantum symmetries, and we i
a relational generalisation of the partial trace that applies to such situations.
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Space & time in
quantum foundations

Causal structures/ :

> ! Sanhuri refersnce frar . Indefinite causal
Quantum correlations : erence frames structure

I Spaceftime coordinates Light-cone causal structure

Physical models using path as control
Perspective of observers g i

Superpositions of spacetimes
MK et al., arXiv:2011.01951

; Can several causal structures be
. L . _ - i ed into ?
Device-independent Generalized Probabilistic MENCR IO
fﬂmism . ThGOﬁGS(GPT} P. Allard Guerin, MK, C. Budroni, C. Brukner

New J. Phys. 21, 012001 (2019)

Bell non-locality Specific models for causal structures

Causal models Axioms, e.g. tomographic locality

Spacetime parameters as inputs Dimensionality of space . TOdaY!

A. Garner. MK, M. P. Milller, PRR 2, 013112 (2020) MK & M.P. Miller, npj Quantum Information 5, 7 (2019)
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Semi-device independent formalism with space-

time inputs

Joint work with Andrew J. P. Garner and Markus P. Mller
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Background: Device-independence

Black box formalism Devices are characterized only via their input-output statistics

No promises made about the internal workings of the apparatus involved.

X
A . Not even the physical theory (quantum, or otherwise) governing it.
-,

In quantum theory: inputs x = measurement choice, and outcome a.

« Usually a, x abstract integers.

Most famous example: Bell scenario

¥
" B Separated agents Alice and Bob each locally measure their part of a

p ¢
X P - oo
./\;“\f\,hﬂ. °A multi-partite system.
\ a

b '/ » The experiment is described by the probability table P(a, b|x, y).

Bell (1964}, Physics Physique Fizika 1:195 Mayers & Yao (1998), 10.1109/SFCS.1998.743501.
Brunner et al. (2014), Rev. Mod. Phys. 86:839  Barrett et al. (2005), Phys. Rev. Lett. 95(1), 010503.
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No-signalling correlations in Bell scenarios
* No-signalling

« Motivated by special relativity.

* Alice’'s measurement choice should not instantaneously affect Bob's marginal statistics and vice versa.
Pu(a|x)=Py(a|x,y) = ) P(a,b|x,y), Va x v Similarly for Bob
b

« Correlation function forthe casea,b=+1: Clx,y) = Z ab - P(a,b|x,y)

a,b==x1

Clx,y)=P(+1,+1|x,y)+P(-1,-1 Ix,y)l— P(+1,—-1]x,y) —=P(-1,+1]x,y)

No signalling restriction is mostly on probabilities, not necessarily on correlation functions:

o @ O
. 2
—|
3
4
= |
B
B
i3
= =
7
=
8

1 1
P(a, b |x,y) = = + Za b C(x,y) Valid no-signalling probabilities for any choice of C with | C(x,y)| < 1.
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Spatiotemporal degrees of freedom

In the black box picture, the set X of inputs is finitely many abstract numbers.

In many experiments: Inputs X are spatiotemporal (geometric) degrees of freedom!

Angles Directions Frames Durations

0 € [0,2m) ye gl R € SO(d) t € Rt

Polarizers* Magnetic fields Orientation of Rabi pulse
an object

o @ O
2
3
4
5
3
7
8

Pirsa: 20120029 Page 7/45



— . Pifinal
[I_ i Page 7 of 52

Spacetime transformations

Inputs can be transformed into each other through the action of a (Lie) group G: E.g. G =S0(2) or SO(3)

X

I=5 1 ~ /X
X"

X =[0.27) X=SO(3) (Right-handed) Frames

o @ O
2
3
4
5
L]
7
8
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Linear representations

Ensemble behaviour could become arbitrarily complex, so we make a simplifying assumption:

[m.mmm Every ensemble of black boxes can be characterized by a finite number of parameters.

Similar to bound on the Hilbert space dimension, common in semi-device independent cryptography
(to prove security of BB84 etc).
Our assumption is much weaker — no need to even assume the existence of Hilbert spaces.

Fix xp, let xp := Rxq with xp, X, € Xand R € G

Linear representation theorem for spatiotemporal black boxes:

There is a representation of G in terms of real orthogonal matrices R — Tj, such that the outcome
probabilities P(alxy) are a fixed (over R) linear combination of matrix entries of Tp.

208
2
3
4
5
6
7
8

Acin et al. (2006), Phys. Rev. Lett. 97(12), 120405.
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Quantum-(2,2,2) correlations as

black box responses to rotations
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Vector-like Boxes
Consider black boxes that contain a vector-like physical object: Fundamental
representation

A Transforms like a vector (and maybe a bias): T,=1®R, ReSOW)
R

' Get Bloch vector-like representation:  P(a|x) = cg + F‘E - X

2. Unbiased (after input averagin

1.Transforming fundamentall

| arralre) -
G

#outcomes

QM: measurement of spin +% in + X direction

5 PH+1]|X)=P(-1|-7%).
v = measurement of spin =% in — x_ direction CHLL%) (=1]=%)

—_ 1 — a
2 outcomes, fundamentally transforming box: Pa|x) = 5 +c%.-x
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I chose input y Then | will use

Conditional boxes: By ]
and got output b ! P (a | x) to predict!

/b
m2
\y

Updated box after Alice learns Bob’s input and outcome: Pi’; Y(a|x)="P(a [ b,x,y) =P(a.b | x,y)/Py(b|y).

Theorem: Quantum (2,2,2)-correlations = (2,2,2)-correlations from SO(d) X SO(d) boxes with conditional

/ boxes that: ¢ transform fundamentally, and

(2 agents, 2 inputs, 2 outcomes) ® are unbiased after input averaging

Exact classification of quantum (2,2,2)-correlations only in terms of black box response to spacetime transformation!
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Angles as inputs

; SO(2)xSO(2)-boxes
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Angles as inputs

G, =G = SO

A J‘M \\\\\e | /B r'§ G = SO@) x 30('2)

* Bipartite black box where Alice and Bob each locally choose an angle (@ and /# respectively)

» From the representation theorem, the most general statistics are:

2 2
P(a, b l 4B = Z E Ccos(ma — np) + S2sin(ma — np) for half-integer J = 0, 12, 1, etc.

m=0 n=-2J \

» Most generic correlations compatible with the representation theorem are:
27 27

(a ﬂ Z Z C,,.cos ma—nﬂ) +Smsin(ma—nﬂ). Cla, f) = 2 ab-P(a,b|a,p)

m=0n=-2J a,b=%1

essentially a (truncated) Fourier series in two angles
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Local hidden variable models

An archetypical question: can a set of statistics be explained by a local hidden variable (LHV) model?

@ @ @
\@/ \ /

® B

.

A bipartite black box has a LHV model if there exists a probability density dP,(4) such that
Pla,b|a,p) = IdPA(l)PA(a |a, VP f,4)

Such probabilities are often called classical.
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LHV model for SO(2)xS0O(2)-boxes
In usual setting: Weak correlations = existence of local hidden variable model

But now: Local hidden variable models have to work for ALL ANGLES «,

Is it possible that the shape of the correlations (as opposed to the strength) prevents the existence of a LHV?

, NO!

Theorem: Cla,p) = Z ab-P(a,b|a,p)
Weakly fluctuating correlations admit a LH odel ab=%l

If the fluctuations of the correlations C(a, f) of an SO(2) X SO(2) are sufficiently weak such that

n;zx [C(a,ﬂ) = Cﬂﬂl S7-(A=[Cpl)  where Ti= \/E 8_1[4J(2"r+ l)]—%’

then a LHV model can be explicitly constructed.

Pirsa: 20120029 Page 16/45



— _ Plfinal
D— . Page f 52

Nonlocal correlations & Bell inequalities

Bell inequalities are inequalities that must be satisfied for states with a LHV model.
Violation of Bell inequalities implies no LHV model can ever be found.

I
Such behaviours are called nonlocal.

CHSH inequality: -2 S C(al, ﬁz) + C(a’3, ﬂz) + C(a3., ﬁ4) = C(al, 54) 5 2
for Alice’s choices a; and a;, and Eob’s choices f, and f,.

Bell (1964), Physics Physique Fizika 1, 195.
Clauser et al. (1969) Phys. Rev. Lett. 23, 880.
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Relational SO(2)x82)—box correlations

» Most generic correlations compatible with the representation theorem are:

20 AT
C(a, ,8) = E Z Cmcos(ma =2 nﬁ) + Smsin(ma - nﬂ) .

m= n==2.1

2J
+ Relational portion:  Coy(f.a) = Cra@— ) = Y Cmcos[m(a - ﬂ)] + 8, sin[m(a - f)],
m=0

« Relation portion of correlations can found by averaging over a random angle offset 6:
1 2
i jdf?C(ci+9,ﬁ+ 6) = Cou(a - )

27
0

» If relational part is nonlocal, then 38 such that C(a + @,  + 0) is nonlocal (by convexity arguments).

« If no external reference: only relative angles have physical consequence

Pirsa: 20120029 Page 18/45



Pirsa: 20120029

] Pifinal
D— = Page 18 of 52

When are SO(2)xSO(2)-boxes Bell non-local?

“Strong but diverse” relational correlations are nonlocal.

Theorem: If: 3@, suchthat Cm1(®+) >1—¢€; and

2 2
3@ suchthat C 4 (®_)<1-4 £7 ==A_+@(Kj"2). K;= AL

JQ2J + 1)(4T + 1),
3K, 3 e+

Then the total correlations C will violate a Braunstein—Caves inequality, and are hence nonlocal.

+1 B]]

n@/\/\/\/\v
TAWATIR

C,(©,) “close” to 1

C.(®_) “far away” from 1

Crel(a — §)

2-A
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Bell Witness protocol

1. Alice and Bob share their black box, and additionally a random angle & € [0,27).

2. Alice freely and locally chooses her angle a = ©__ or ©_.

3. Alice inputs a + & into her local box. Bob inputs & (no choicel).
4. By repeating steps 1-3, Alice and Bob collect the statistics that determine C_,(©_) and C_,(®_).

(In particular, by averaging over &, the relational portion of their correlations is isolated.)

5. Check our theorem for Bell non-locality. \
=

1 (2"
2—[ dé Cla+é,¢8) = Cyla
T Jo

* Repeat

3 b
: /57 A > —
» Calculate statistics
\ o© « Check theorem
; B ¢
£+ 0, —

Pirsa: 20120029 Page 20/45



Pirsa: 20120029

Bell test vs. Bell Withess

Bell test directly produces statistics that Witness implies the existence of violated Bell test

cannot be explained by a LHV model.

<+“—>

Needs extra semi-device independt—Tt assumption
Alice and Eob both must freely choose their — Alice only needs to choose between two
settings. angles, and Bob does not choose at all.

Many input choices required in Braunstein- 4P 2 settings required.
Caves inequality used for proof of theorem.

Conclusion: Bell witnesses can be simpler and more efficient than direct Bell tests
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Quantum reference frames

Joint work with Philipp A. liioehn, Markus P. Miiller
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Reference frame as physical objects

Usually in physics: Reference frames abstract tools

But reference frames introduce coordinates that must be measured!

Rods, clocks, ...

Identify reference frames with physical devices that measure coordinates.

Reference frames are physical objects!

Foundation of modern theories of light and matter:  Quantum theory

Quantum Reference Frames

Giacomini et al, Nat. Comm,. 10, 494 (2019)
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Quantum communication: Communication of quantum information

Please send me What do you
spin-up electrons! mean by “up”?

Orthonormal basis Choice of physical d.o.f and
(e.g the computational basis) a particular initialisation

How can separated agents establish a shared orthonormal basis?

G. Gour and R. W. Spekkens, New J. Phys. 10, 033023 (2008).
S. Bartlett, T. Rudolph, R. Spekkens, Rev. Mod. Phys. 79, 555 (2007).

Pirsa: 20120029 Page 24/45



Pirsa: 20120029

'

Quantum cosmology: Fully relational formulation of quantum theory

Universe does not have outside observer Quantum theory is fundamental

= Need relational quantum theory with states that include observers

'%ﬂuniverse — %;observers ® %devices ® %radiation ® leanets ® ...
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Operational foundations of relational QRFs?
Is this pure formalism? Is it feasible? Measurable predictions? Relevance for finite systems?

Near future quantum experiments can be expected to always involve outside observer.

Predictions of relational approach and outside observer must agree!

Also: Fictional external reference in analogy to coordinate systems in GR:

Can use them as tool to formulate theory, but physical laws must be independent of their choice!
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External observer, but no external reference

21

Our scenario: External observer without access to external relatum defining some global, absolute property

Example: No reference defining absolute global origin

What can this observer still measure?
How can the observer describe the system?
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Simple example
« Standard example: N distinguishable particles in one dimension % = LE([R)@N

= Finite dimensional analogue with periodic boundary conditions:

N distinguishable particles on a ring with n possible positions

. . . N=4 particles
. - n=8 positions

Page 28/45
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G-systems

For N particles on a ring of n positions: ; U3

De la Hamette, Galley, Quantum 4, 367 (2020)

Position < Translation from origin to that position Position 3= Transiating by 3 steps

Generalization: Replace positions on ring with elements from an abstract group G

z%p = Spa]fl{ I.?Cl)i ® e ® |xN)N [ x]: 0,1,...,?1— 1}

{

F :=spanf|g); ® ... ® |gy)y | & € G} = C(G)®Y

For simplicity, focus on finite, Abelian groups G={e=qu.9, - §1}

Short notation: |g,gh) :=|g,8hy, ..., 8hy_1) " positions relative to particle 1
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States with same internal relations
External observer with access to external relatum has access to full space #.

X
* Observer without external relatum cannot distinguish between all states

« Get equivalence classes of states with same internal relations:

[¢] = {o | Indistinguishable from p without external relatum }

* For observer without external relatum:

« Full Hilbert space # analogous to kinematical Hilbert space of Page-Wootters, constrained quantisation

* Allows to adapt some mathematical methods/tools of these fields

« However, important difference: Al states in full space # are physical if external relatum available!
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Symmetry transformations

+ Let %sym be the group of transformations that do not change the internal/relational properties.

* Transformations that can only be observed with external reference, e.g. translation of absolute origin.

* For observer without external relatum: Pl={c|WVEUym: p= UsU')

In this work, we do NOT average over members of an equivalence class.

Will work with representative instead that is physical for observer with external relatum!

. %sym analogous to gauge transformations, but:

All states in full Hilbert space % and all symmetry transformation ?szm are physical with external relatum.
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Axioms for symmetry transformations

Axioms for %sym for G-systems:
1. U maps classical configurations to classical configurations: U| gy, ...gx) = 81> ---» &y}

2. On classical configurations, U preserves relative positions: U | g, gﬁ) =|g, g’?zy)

3. If two classical configurations are related via a global g translation, then U preserves this fact:

It |y) = UEY| @) then Uly) = U"U | ¢)

\ U, translationby g : U, |g") = | gg")

Axiom 3 not strictly necessary, results continue to hold qualitatively without it

De la Hamette, Galley, Quantum 4, 367 (2020)

Pirsa: 20120029 Page 32/45



Explicit for ofsetry group

?szm = Group of global translations conditioned on particle relations

Uym=1U=PU I%’:@%’z‘ - =span{|g.gh) | g € G}
W "

Ulg,q h)= g7 9. 879 h)

Translate by g;,

— 09— @ —
-1
En gg M gnah h guahy
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Recovering previous formalisms

Two pure states p, o are symmetry equivalent p ~ ¢ iff AU € ?szm such that p = UoU'"
Astate |y), 5 yis called alignable if it is symmetry-equivalent to a state that puts a particle into the origin:

alignable < ~ |e). ) L
W)z, vl Who..n= 1€l @ ¥ N, jorje,. Giacomini et al, Nat. Comm. 10, 494 (2019)

| Y’} POV of the j-th particle De la Hamette, Galley, Quantum 4, 367 (2020)

Recover (discrete version of) quantum reference frame transformations:
Vi 1wy = [y Viy=F; ) 17 ¥gl,@ UBN?  Fyjexchangesiand]
g

“parity-swap X global translation putting j in origin”

QRF transformations can be interpreted as symmetry transformations that do not change internal relations!
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“momentum” eigenstates

Symmetry transformations are conditional translations: U sym = {U = @ UgN} G Abelian, finke

Invariant subspaces in style of 7 1 h QN7 .\ — =
momentum eigenstates: | h.20 ZZ(g )Ig,g ) U™ h.y) = 2(@)| h.x)

\ Characters of inequivalent 1-dimensional representations

N particles on a ring on n positions: - 1 N g
- ® [ b 3=72 _‘_kg|ga3h> U;? | hak’k)_e " g|hs2’k)
Discrete Fourier transform! VIG5

xdg) = einke

Completely invariant state: |7;;1) 1 trivial rep. 2 S span{ | 4;2)} H =K ;. D @ H—
phys hoy

Invariant up to phase: |Tz); X 7 #1 H pnys = #1 = @ w1 Bl
R

Pirsa: 20120029 Page 35/45



. Pifinal
Pa T 62

Twolgrs bes

« Invariant observables A are those whose expectation values
g = (w|UTAU ly) = (w|Aly)
o not change under symmetry transformations @

* Algebra of invariant observables ., = {A | [A, U] =0VYUE€ ?[sym}

- Algebra of relational observables &/, :  All operators on Z ohys = span{ | k; 1)}
UIT:1)y= ;1) YUE Uy,
Will often call this: “completely invariant”

* Explicit characterisation: A, ., = {Aphys 57 @ aﬁ’w|_hr;l’)(7;}l’| }

r T, # "\

Only completely invariant states carry coherence! Diagonal on states that acquire phases under %Sym
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Changing particle number, relationally

We want to embed N into N+M particles. —»  Embedding should not change first N particles.

\ Embedding should “do nothing” on extra M particles
Added particles should not reveal branch of superposition. Just like ® 1,,; would not in usual quantum theory

Notions like entanglement, §'same relations over different branches of a superposition” can depend on perspective!
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Embeddings
We want to embed N into N+M particles. Proper way to do this relationally?

Systematic approach: Axiomatic characterisation of embeddings of operator algebras of observables
Embeddings should preserve essential structure of operator algebra of observables.

Definition: Embedding (unital *-homomorphism)
0. Embeddings should be injective.

1. Embeddings ® should be compatible with superpositions: ®(aA + a’A’) = a®(A) + a'®A")
2. Embeddings should be compatible with products: D(AA) = DA)D(A)

3. Embeddings should preserve adjoints: D(AT) = ((la(A))f

4. Embeddings should preserve the unit of the algebra: D(1) =1 (Will relax this later)

Standard example: PA)=AR 1]

Hilbert-Schmidt adjoint ® is analogous to partial trpce (“invariant traces”): Try,,,[®(4)p] = Try[A®(p)]

Insight: Correct embedding depends on perspective AND chosen algebra of observables
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Embedding from particle 1’s POV
Consider perspective of particle 1.  Consider all invariant observables: &;,, = {Apbys + 2 azlﬁ; )()(Z; x| }

Hy#1

—_— —

/ h , H relative to particle 1!

(Dm(' hi1(H:1]) == Z | h @ 1) (H 91 Looks like particle 1 uses @ on labels in #

phys and Z'5 !

h o p#l T

J
O Tin(Fix) =Y [F@fx)(Fofix| b= InEI®1= T INE @G = 3 100
for y#1 J \ Fuse vectors ' :

Corresponding “partial” trage:

Trivp = Y |7 1) 1D (h @5 Upli@ 7 s D+ Y DI H:n(Hixl Y. (K@ F; 2o 7 © %5 1)

H . g Tyl € g

Compare to: TrplMypl = E IR Z (h,g|Myplj. 8)
h.j 8
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Like standard embeddin for PV of particle 1

Alignable observables: A = |e)(e|,® AV QRF trafos again: V,_,;A mVLj =AY

Theorem: & unique embedding of alignable observables onto alignable observables that acts as:

&0 (2 le)el, ®A)) =N (1e)(el, ®@A® Ly, o)

» Acts like ® 1N+1,___N+M from the “point of view of particle 1" (Up to projector on the right algebra)

* Have wide class of technical generalisations! e.g. to go to frame of “center of mass”

or other “in between”-frames

* Problem: Depends on choice of particle/frame
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Avoiding dependence on POV
Try to adapt standard embedding: ®(A; ) =A; v ® lyi( . avam
Adaptation: @y, /onys(A1, &) = Winyphysl A1 v @ Iygr, s

Projector on &, or & ;..

Does the standard embedding work?  Not on &, , or alignable observables!
Multiplicativity fails: @, (AB) # ®,,,(A)P,..(B)

On .prhys : = Only problem:  Does not preserve unit element.

+ Consequence: Corresponding “partial” trace Trel := tI);hys is not trace-preserving.

* However: We can give this physit‘,al meaning. It does work on &fphys !

Pirsa: 20120029 Page 41/45



@~ :’i\f‘nal 162

Avoiding dependence on POV
Try to adapt standard embedding: ®(A; ) =A; v ® lyi( . avam
Adaptation: @y, /onys(A1, &) = Winyphysl A1 v @ Iygr, s

Projector on &, or & ;..

Does the standard embedding work?  Not on &, , or alignable observables!
Multiplicativity fails: @, (AB) # ®,,,(A)P,..(B)

On .prhys : = Only problem:  Does not preserve unit element.

+ Consequence: Corresponding “partial” trace Trel := tI);hys is not trace-preserving.

* However: We can give this physit‘,al meaning. It does work on &fphys !
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Fixing unitality

Standard embedding @, (A; ) =T [ Ay v ® Lyyr  neud

Easy to check embedding axioms!
AW @ 10 &

Ny N7 =
(DihYS(Aphys) - thys[AphyS] B Phys phys

“Partial” trace Trel := d)ghys is not trace-preserving. What does it mean?

™ . Trely,,.. yvamlp™ ] . vy and a completely 0<EM <
Tr[I M p i) invariant event phys =

Consider p

“= if gt e of

Then:  TrES) p®] = Prob(E( | TIE+40)

phys

(\)
thys
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Scenario for Trel

Trely,,.. nead 0™ and a completel ™) ™)
) .= : o Trely, N+M[pw+”)] ) : P Y 0<E <Il
Tl ILG ) p®V+0)] invariant event phys phys

s Consider p

N) (N — (N) (N+M)
Then:  Tr{EGD p™] = Prob(EJ0 | TITED)

[IN+M)
phys

) ——— 0
phys phys
1 —mieo
phys

» Trel in paradox of the third particle: Removiflg third particle does not collapse superposition!
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