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Abstract: There is a deep relation between classical error-correcting& nbsp;codes, Euclidean lattices, and chiral 2d CFTs. We show thisrelation
extends to include quantum codes, Lorentzian lattices, and non-chiral & nbsp; CFTs. The relation to quantum codes provides a simple way to solve
modular bootstrap constraints and identify interesting examples of&nbsp;conformal theories. In particular we construct many examples
of&nbsp;physically distinct isospectral theories, examples of "would-be" CFT partition function -- non-holomorphic functions satisfying all
constraints of the modular bootstrap, yet not associated with any

known CFT, and find theory with the maximal spectral gap among all& nbsp;Narain CFTs with the central charge c=4. At the level of code theories
the problem of finding maximal spectral gap reduces to the problem of finding optimal code, leading to "baby bootstrap™ program. We also discuss
averaging over the ensemble of all CFTs associated with quantum codes, and its possible holographic interpretation. The talk is based on
arXiv:2009.01236 and arXiv:2009.01244.
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Plan of the talk
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o 'Classical codes, Euclidean lattices, chiral CFTs

-

e Quantum codes, Lorentzian lattices, non-chiral CFTs

o Applications: specific examples, “baby bootstrap,”
averaging over codes and AdS/CFT
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e examples: ﬁ/\orse code] NATO phonetic alphabet
g ~B2A Vo

@ binary cod K codewords, each is a binary
i T o dee )

string of length—== 5("' "

Ci c-.,E.C & 5) -
e binary code |n, K, d| -|K verteéxes of n-dimensional cube

0...3..-4
Nt

>
" a((Ca.,c,_) = F
o binary linear code C 3 c(x)=Gux, c € (Zo)", x € (Zy)" %
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e binary linear code C 3 c(z) =[Gz, ¢ € (Z2)", x € (Zo)"
X F—-*(W-ﬂ-r" CFa = ﬂ
e[) (. £ C - = l,(

']
cvecre € (Code technicalities ) & q
(@ (eceroos KRCED

e enumerator polynomial
v zlad)
[/VC(J:: U) _ Z wn—w(c‘,)yw(r:) A
ceC 3

i
“
£

counts number of codewords of given weight w(c) v
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@ enumerator polynomial

WC($} y) _ Z mn—w(c)yw(cj

ceC

counts number of codewords of given weight w(c)

o even code: w(c) are even; double-even code: w(c) : 4

e self-dual code C* =C
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e enumerator polynomial s y'?

We(z,y) =) ff»'”_w(c)i ’

ceC

counts number of codewords of given weight w(c) = E
w (x 1= W(x,~4)

@ even code: w(f;) are even; double-even code: w(c) : 4

o self-dual code—@ @ ux 'j] = wix li)?
(O( Co va47-> ( We(z,y) = Wc(mj_y 3:\;_ ) f;
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Codes and lattices

e binary codes — lattices

placing unit cubes at each even coordinate points
A(C) = {v/A2|v mod 2 € C}
e,
Construction A v =(... w’hy ma 1'2 ﬂx
Fl )

g
L
'

o double-even code — even lattice g 2

(o..l...-)
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e lattice theta-function
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e for Construction A lattices
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@ double-even s.-d. codes — even s.-d. lattices — €hiral CFTs
enumerator —  theta-function —  partition function

modular invariance:
irsa: 20110066 T — T _|_ 1 : 1’.1'/{3“(',:H'I y) — WG(

T T=]F = 9

T ; ﬂ ,y ) Page 10/29

-



6:42 FM Wed Nov 25 (O = 270 )

< M T & 2 o "i 5 | 0 + 0
5 - X € L - (E}A(C) WC(93(QJ):92(QJ))
X EAN

@ double-even s.-d. codes — even s.-d. lattices — chiral CFTs

enumerator —  theta-function —  partition function

[ iniu*a rP SL& (Z)

MacWilliams identity

mod

A few examples

e n=8: unique Hamming (8,4, 4| code eg,
unique root lattice FEjy, 2
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A few examples

n=8: unique Hamming [8, 4, 4| code ex,
unique root lattice FEjy,

unique We,(z,y) = 2® + 14zy* + 1%,

unique modular form E, = W, (03(¢*), 02(¢?))

n=16: two codes eg @ eg, di,
two lattices Fg & Fg, D7y,

e : 2
unique invariant polynomial W = W,
unique modular form E7

n=24: 9 codes, 24 lattices, two linearly independent
modular forms Ej, E;, and many dozens of invariant
polynomials (mostly “fake")

Page 12/29



G:45 PM  Wed Mo

< M

7= N Codes and lattices, and C

v 25

T 28% 08 )

’@@ubﬂﬁé},; O =

VL =

e lattice theta-function

Kay "2

e for Construction A lattices
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e consider a quantum computer and auxiliary qublts

his can be trivially fixed by syndrome measurement -
| ﬁ.r+:i) £
g —
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What 1s quanttim code?

e syndrome measurement operators ot — g, = UgktiUT
.

e code subspace wn-Q
Heode 2 U(|1/J.!> ® [U - >)

stabilizer codes
e ¢, generate abelian stabilizer group

2
9i 95 = 95 9i- g; =1,

giHeode = Heode a
e generators g; belong to Pauli group

. =y ! ! 1 [n w
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stabilizer codes
e ¢; generate abelian stabilizer group

Ty,
s .

e stabilizer groupis a vector space of binary "codewords”

d;, B (olt, B0) 4 (oo ) = # ¢ (dird
@ ) gC, g0 g (o 3(}@)

Quantum stabilizer codes ,,...vw Gf

o quantum [|n, k, d|| stabilizer code: (n — k)-dimensional -
binary vector space inside (Z)"
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o quantum |(|n, k., d]| stabilizer code: (n — k)-dimensional
binary vector space inside (Z)*", self-orthogonal under

scalar roduct
p SJIV{. 5v’a p-f

- rm.' “;n. c"’Q

Qo 2 A

@ new construch stabilizer cg¢de — lattice In

R™" space %... ordl,

code is self-duafwhen k& = 0: self-dual code — self-dual
lattice

c"!

vr

hen all g; are real; real code — even lattice
le:‘n, doyfa_ sViwr GF(";L
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o real self-dual ||n, 0, d|| code — even self-dual lattice in

Narain CFT @/\'— C.0leva fu-.

o refined enumerator polynomial We(x,y, z) counts
codewords: i) affecting p qubits ii) with ¢ matrices o,

Welz,y,2) = ) a2 Pyl Ry

c=(a.B)eC | ‘7\
7

2 - 1

self-dual codes@x} el s it o e R £
real code To T+ 1
e CFT partition function
&(’T, 7)=We (bb+ce,bb—cé,aa) /In(r)|™" "
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o (code equivalences) T-duality at the level of graphs is
edge local complementation (ELC)

I' 5 Txdixgjx*4

where I' — I'" ¢ is local complementation

Local complementation and edge local
complementation

O]
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Application: interesting lattices, special theories

e n = 4 code specified by the following graph {%/
(

0
1
1
1

o -

e I e B I

p—t D e ed
O = =
—
N\
—

\

e corresponding lattice Is root Iattic@understood even
self-dual Lorentzian lattice in R** @5

e corresponding “non-chiral Eg" Narain CFT has maximal
spectral gap A; = 1 among afNarain theories with
E=fg=4

the diagonal GSO projection, or
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Application: interesting lattices, special theories

e n = 4 code specified by the following graph {%/
(

01 11
e Ol \}
11101 W’?
\1 1 10

self-dual Lorentzian lattice in R*4

e corresponding lattice Is root Iattic@understood @‘Zv \n

e corresponding “non-chiral Eg" Narain CFT has maximal
spectral gap A; = 1 among afNarain theories with
E=fg=4

the diagonal GSO projection, or
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Application: solving modular bootstrap

constraints 2 - @
e any polynomial W invariant under MacWilliams identity
and y — —y defines modular-invariant Z (7, 7)
o all such W =P (W, Wy, W)
e starting from n = 3 there are many “fake” polynomials

not associated with any code, hence many “would-be”
partition functions likely not associated with any CFT

W = o°+22%2+3x2° + %2+ 25, (1)

W = 2342243222 +2°24+ 25, (2)

W = z°+22%2+zy° + 222% + 22°, (3)
rsa: 20110086 W = 234 zy?+ 2z22 + 2y%2 + 22°, fod2yes
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e any polynomial W invariant under MacWilliams identity
and y — —y defines modular-invariant Z (7, T)

o all such W = P(Wy, Wy, Ws) Nz

e starting from n = 3 there are many “fake” polynomials
not associated with any code, hence many “would-be”
partition functions likely not associated with any CFT

= 23+ 22%2 4 3z2° + Pz + 27, 1
= 94 2224 3222 + 222 + 27,

(
(
23 + 22%7 + 2y? + 2222 + 225, (
(
(
(

()

.

= 2%+ :f:;.yr‘2 +222°% + 2y°z + 2;33’,,
= z3+z%2+ 2:1:3;2 + 2t + 32:3:.
= 234 2zy® + z2? + y22 + 327, 6)
n-—=.._ . Page 23129
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hence isospectral code CFTs

e analog of Milnor's example, n

<I><1<I><]

e many dozens of pairs and tnples for n = 8, and beyond
6o Wrg 5 rf-r:P&.f'S
n=tl gvebs {1

Application: “baby bootstrap”

o for code CFTs spectral gap is controlled by binary o
Hamming distance

Pirsa: 20110066
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Apphc&tlon “baby bootqtrap

e for code CFTs spectral gap is controlled by binary
Hamming distance

Oy = min o’ + B°
—(&,8)€C,c#0

@ d;, can be constrained using Linear Programming
dp

* Linear programming bound -, .

150 4 Gilbert-Varshamov bound ,f"f 5. )

10 - ..

Pirsa: 20110066

Page 25/29

= 3% )

8

20



< M

Pirsa: 20110066

I3 PM Wed Nov 26

[#0O+E
Apphc&tlon “baby boot%trap

e for code CFTs spectral gap is controlled by binary
Hamming distance

dy,

—

min o’ + B°

a,3)eC,c#£0

@ d;, can be constrained using Linear Programming

dp

15

10

* Linear programming bound u'
+ Gilbert-Varshamov bound

L L L L a
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@ averaging over all Narain theories [ranUOm Narain tneory)

= CS in AdS;

e averaging over all codes (choosing random code) is known
to produce a good code; the same applies to lattices

o averaging over all code CFTs yields the partition function
W with linear spectral gap
. E
A; c%, p* = 0.11, H(p*) = In(2)/2
o Z admits representation as a sum over handlebodies,
suggesting holographic interpretation

19

20
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Conclusions

e quantum codes — Lorentzian lattices — non-chiral CFTs

o “baby bootstrap”: “an ansatz” to reduce modular
bootstrap constrains to algebraic relations on W(z,y, 2)

open questions:

e insights about spectral gap of Narain theories when ¢ > 1
o random/averaged (code) CFT and holography A

@ quantum error correction at the level of CFT Hilbert space
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o quantum codes — Lorentziar

o “baby bootstrap”: “an ansatz” to reduce modular
bootstrap constrains to algebraic relations on Wz, y, 2)

open questions:

@ insights about spectral gap of Narain theories when ¢ > 1
o random/averaged (code) CFT and holography

@ quantum error correction at the level of CFT Hilbert space
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