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Abstract: "Analogue" Hamiltonian simulation involves engineering a Hamiltonian of
interest in the laboratory and studying its properties experimentally.

Large-scale Hamiltonian simulation experiments have been carried out in

optical lattices, ion traps and other systems for two decades. Despite

this, the theoretical basisfor Hamiltonian simulation is surprisingly

sparse. Even a precise definition of what it means to simulate a

Hamiltonian was lacking.

AdS/CFT duality postulates that quantum gravity in a d-dimensional
anti-de-Sitter bulk space is equivalent to a strongly interacting field

theory on its d-1 dimensional boundary. Recently, connections between
AdS/CFT duality and quantum error-correcting codes have led (amongst
other things) to tensor network toy models that capture important aspects

of this holographic duality. However, these toy models struggle to
encompass dualities between bulk and boundary energy scales and dynamics.

On the face of it, these two topics seem to have nothing whatsoever to do
with one another.

In my talk, | will explain how we put analogue Hamiltonian simulation on
arigorous theoretical footing, by drawing on techniques from Hamiltonian
complexity theory and Jordan algebras. | will show how this proved far
more fruitful than a mere mathematical tidying-up exercise, leading to

the discovery of universal quantum Hamiltonians [ Science, 351:6 278,
p.1180, 2016], [Proc. Natl. Acad. Sci. 115:38 p.9497, 2018]. And | will
explain how this new Hamiltonian simulation formalism, together with
hyperbolic Coxeter groups, alowed us to extend the toy models of ADS/CFT
to encompass energy scales, dynamics, and even (toy models of) black hole
formation [arXiv:1810.08992].
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Talk Out line

. quf[toniqn Simulation
— What s H. simulation’?
- Jordan "\ovnomorph.';ms

— Universal Hamiltonians

o Holod I‘O\PL\N o‘wal{t’j

- Hologwarl\i‘c 9. er-ar-corr’eol';;nj Caale,s
- Hyperbolic Coxeter g roups
--Toy models of AdS/cFET
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Virctua L.S?r:j P‘nj Sic
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Viectua L'S?r:j Ph.’ EEEZ

s D;PPerﬁnt Crom Fimulaf?fg Fom: [ton: on
A.Jnamic's on a Aia'.tal, (Quantum) Umpwteh

PI‘JS}G&L
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V:r-‘t wa US?r‘\j Ph i{,‘z

» D;F“POJ‘&"'& Fpow\ Simula‘f:?fg l—kmilton:an
ﬂgﬂﬁmiGS on a oha'ltal- (Qnantv‘m) uumi'er_ "

Physical Digital

Sl\mulqtl\an S:Mula'bI\On
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What is Hamiltonian Simulation *
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What is Hamiltonian Simulation
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W hat Fr-oper‘b;as should H’: 2(H> I
f"cPf'oAuce, i}; s?w\ulai‘e e,nt?r-e P‘«ys;c.s

aFH?

e AL e,ne,,-gd levels : spec (H’) = spec CH)

E
—3\.-\ —’Xn
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W"\O\,t Fl‘oper'b;gs S'I'\OULLA H"‘.: ECH>
r-cpr-oaluc.e, b S?w\ulq't‘e_ e,nt:,-e Pl\bs;¢;

of H ¢

- ALL e"‘?f"ﬁd 'e,ve,ls i spec (H’) = S‘f’e.c CH’)

o All measurement oul comes

t-(0'p’) = & (Op)
£(0), p'= €(p)

COLSW\mUes O £ densf‘f:y malrices p are

Mermition, Se €(0) &£ € (P) make sense.)




W hatl Froper-'b?e.s Sko%(,o( H’: ZCH>
r-cpr-oaluce, i’o s?mulq'f.‘e e,nt?r-e Pkys;c.s

of HY

e AL e,ne,,-gd levels : spec (H’) = spec CH)

° Au. me,a.s‘wr&mant Ou.t(;owx&s

e Tinme evolult jon
o Pl ient funclion
Z,(p) = - (P
= et P =c 2, ()

(up o some t’fonsta\vﬂ'} 6)




W hatl Froper-'b?e.s Sko%(,o( H’: ZCH>
r-cpr-oaluce, i’o s?mulq'f.‘e e,nt?r-e Pkys;c.s

of HY

e AL e,ne,,-gd levels : spec (H’) = spec CH)

° Au. me,a.s‘wr&mant Ou.t(;owx&s
- T;Me evolu# ;on

. Pauvt;t:on 'Fumci‘.'an
e Local jnteractions :
H=3x;h: 2 H =Z«£(h)




What Fro'oer-‘b?e.s should H’ = &CH)
r-c.pr-oa[uce, i’o s?mulqi‘e e,nt?r-e Pkys;c.s

of HY

e AL e,ne,,-gd levels : spec (H’) = spec CH)

All measurement outcomes

T;Me &Volu* ;0n
Part;t:oﬂ 'F"U\Gt'.on
Local interactions: H’ =2 ;£ (h,)

« Errors £ noise
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Whot Froper-'b?e.s should H' = €CH)

r-cpr'oaluce, to simulate e,nt?r-e Pkysic.s
of H ¢

e Must be o Hamiltonian! H°T = 4’

o AlL 9"‘94'33 levels . spec (H’):‘ Sf’e‘CH)

° Au. me,a.s‘wr&mant Ou.t(;owx&s
- T;Me evolu# ;on

o Partition function
e Local i‘nt'ea-qd’:fons : H) =.Z°‘;£ <"‘;)

« Errors £ noise




_E"‘J sical Simulation

* Must be oo Hamiltonian! H"r = Y
e ALL QV\QA‘SJ ,QVG’IIS: SPGG (H’) = $fec CH)

o Locad, i‘nt’er-qotfans . H) =‘-Z°¢;£ (1‘;)

g

H'=scW = U(N® o " ®)u'




_E"U sical Simulation

Must be oo Homiltonian! BT _ b’
AlL @V\QA‘SJ levels | spec (H’) = spec CH)
Local interactions: H' =Ze;s (k)
Partition function ’

All measnrement oulcomes

Time evolut ion
)

SCH = U(HN® o H"®) T

Ervrors L no:,se




f‘ny sical Simulation

S Must be o Homiltonian! H’T = h
o« AlL energy levels ! spec (#') = spec (K)
« Local interactions;: H’ =2 ;€ (h,)

g

SCH) = U (NP o HT®Y) Uy

. Pa.rtn' tion 'Flﬂnc't;an

e All measurement outcomes

o T.‘me &volu# fon = Eﬁﬁor-s' Ge noise g




_E"U sical Simulation

H=sch = U (N0 B ®)u'
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_E"‘J sical Simulation

e Must be o Hamiltonian! H’T = H’
« AlL energy levels | spec (#’) = spec (H)

¢« Local interactions: H’ =Z“;£ Ch;)

g

SCH) = U(N® e HT®) Yy

PAhiE Lo 'anctf on

All rmeasnrement out comes

Time &Volu* 1on  * Ervro rs cf/ noise .,
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Thm
E: Herm, — Herm.,, . Fouow{nj B equiy:
G) € (M) = E£(H)

spec (£(H)) = spec (H)

§(pH,+ (1=p) Hy) = P ECH) + (1-p) £(H,)

(ii) J unfc,ue, ext’ens.‘on g’: M, — M. s.t.
£(y) = 1
ST 5/ )"
£(A+B) = £'(A) v £(B)
s(AB) = £(A)g(B)

£xA) = 2£'(4), x€R

aiy SCA) = U (AP o AT®) T

——
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Def. (special) JTordan a’gebra, dn

M, with mulbiph‘mbion v-e,flat/ed b_-,
Jordon Pr-oduot: A-B = AB + BA

EEEy Herw\n’ AeB = AB+ BA

l_?_gi. J ordon kow\omor’p"ﬁsm
¢: J',. e In:

F(A +B) = @(a) + F(8)
$(AeB) = @G(A) o B(B)
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Thm 1 [JTacobson L Rikart’S2; Martindale 67]

Vw22, Jordon l«omomo-f-)olm’sm @:T. - J.
3 uv\:‘qne e,:c;t'erns'l'on to homomarpkfsm

¢':Mﬂ—5Jﬂ,m.

Thm 2
¢ : Herm, — Herm,,
c(l) =1
spec (£CH)) = spec (H)
S(xH)=x(H),6 xeclR

= & e J ordan IfIOMOMor‘oL\?Sm
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_E_J_‘-_og_f: G)= G
@ sped:rum-f)re,sea-v:ng — ZCﬂ):ﬂ’ ¢(0)=0
+ canvexii) > £lxH)=>xEC(H), xR,
e Thm2 = £ Uorden lf\amamorplﬂa’sm )
« Thm1 > €' aljgebra "\omgmorflm'sm
=2 £(AB) = £(A)z(8B),

o Show re Mﬁ?"j Pwpcr't‘l‘as all LWEE From
Herm, Th M, .

(onb Slidhtlj 'b'f‘l'(/kj one IS
sGu)t=-cciw)
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Proof: ¢i) Ciis)

o Camrle.:c struebure J:= £(il)
J: = sGu*= £(6Gn)?)= €¢-1)=-1
= T has eiJvaJS et

e LT, €(A)] = €(Cil,A)) = £¢to) =0

S H = H,OH_, ¢«UT)= 1@ i),

. £(AB), = £, 2(B)],

£(ah)), = £¢CAa,

£c:a), =(T - ea)| = =i AL
= SC')’i l'vS on qu\t3.)“k-l\om0morflr\ism,

4 Z.(A) = U (A@PQA"G‘") uT’ ‘oy stondard
C*-algebra representation theory,
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_E"‘J sical Simulation

Rewl/ Hﬂﬂ;[to’l;d\n Si'mulak;ons :

¢ will never be P%Fec,d'

~— account For ufpro:a;m'tl"‘vn e rro-$S

* neced 1o be efficient
— accounlt For smulalion overflqeaa/

% SLOMIO‘ Pf-e,s‘%ve, [oCQL:i'y

- m:gkt simulate onlﬂ within a su\osface
(e.g. 10\4 -e,nevy subquc.e)
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APP roxtimate Simnlotion

H' simulates H o precision €&, M
w o cut-off 4 if 3 subsf.qce

E’/V\coﬂ{;njs i’ ’i S-t.

| M 's[ S(H) < €

E—€l £m

$(H) = V®'(HeP + H'oa) \°" T
P:Q (ooa(lg Or"tl'\osona,,




g:mU\Lov'bl.Ol’\
E
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APP rotimate Simnlotion

H* simulates H B precision €. m
wp o cut-off 4 i 3 Sulosf.ace

Ao

encodings €, & <.t

lIH1<A- S(H) < €

€—¢€]| €~

S (H) = VE'(HeP + H'9Q) v‘*"‘f
P:Q (060“13 Ortl'\ogohal,




APP rotimate Simnlotion
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What PL‘J"'""‘ are we re pL?ca‘t.‘.«U?
Everj#l«'mj!

T hm

If H' (4,¢,7m)-simalates H’,

’ EA&PJJ spectrum @ |2, = Q| £ €

. Paf't?t‘i‘ar\ ‘Funot?or\: ZH,-‘-‘-CZH + O(@-A"'e)

o i on8 -evalution:
-H't , 'K -E(Wt | sapt
lle™ pe e o Pe EW| < 2et +bn

# OL;e"vaLIesi (no‘lt'- 2(0’) local if 0?;)




What PL‘J"'""‘ are we re pL?ca‘t.‘.«U?
Everj#l«'mj!

T hm

If H' (4,¢,7m)-simalates H’,

’ EA&PJJ spectrum @ |2, = Q| £ €

. Paf't?t‘i‘ar\ ‘Funot?or\: ZH,-‘-‘-CZH + O(@-A"'e)

o i on8 -evalution:
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Simulation e« QEcc

» Perfect (A,0,0)- simulation .
S (A) = V(A®P@ A9 VT
« QEcc: S (A= VAVT




Simulation & QEcc

» Perfect (A,0,0)- simulation .
S (A) = V(A®P@ A%\ VT
e QEcc: S (A= VvaAav!

— QECCs are SPQC;OLI cases of

Perfect simulalions with p=1, ¢9=0.

. Appr'o:c,?w\a'ter (A, i.,"']) ‘-S;Mklo\t:‘On
for p= 1,94=0
. qppf*o:c.imo-t’e QEcc




S;mu Lat';alﬁ & QECG

» Perfect (A,0,0)- simulation .
$(A) = V(A®P@ A®F) VT
« QEcc: S (A= VAVT

— QECCs are Sfec;ql cases of

Perfect simulalions with p=1, 9:=0.

. Appr‘oxjmat& (A, i.,’V]) “'S;Mkl,o\tfolﬂ
for P= 1,9 =0
—3 approximale QECC




Do there exist “um'versal“
‘]Uw\v\thm Namiltonians ?

Able to simulate:
L sl physical properties
b OF O\nj ot’«er Mav\\j-boc.lj maaleL

~1 any olo.siwe.o' c&ccurqc'j

( # wniversality classes in cond - mat )
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pr-Oo'F ;o\eq.:"PEr'turba\'b ve 6'0d3e)£$“

Any non-25LD set of 2-qubit interactions |

({XX +a¥YY + BZZ + A1 +14}) ({XZ-ZX + A1 — 14}

((XX +aYY +8Z2}) T
: § E . othenwise i
1/ ({XX +aYY})

((XX+YY +22) (XX +7YY])

Theorem 41 “Theorem 41

| 2-local Pauli interactions with no Y's|
l Theorem 40, [0T04]

Arbitrary (2k + 1)-local terms with no Y's
Lemma 39 )
{ Arbitrary real 2k-local qubit Hamiltonian |
[ Lomma 2
:.Arbn:rary k-local qubit Hamiltonian-_
| Lemma

Arbitrary k'-local qudit Hamiltonian
with local dimension d

: « - N
_Bosons Fermions |

Cor: Half of H. complexity theory
+ many new pregults
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Talk Out line

. HGMf['t‘oniqn Simulation
— What s H. simulabtion’
- Jordan "\onqomorph.';ms

— Universal Hamiltonians

. CH"I"J ro\f;s-:‘c dwal-‘i’y)

- Hologwarl\i‘c ’-; ar:ar-»corr-'eoz';inj caafe,s

- Hyperbolic Coxeter g roups

- Toy models of AdS/CFET
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[HaPPY, 2016]:

e Tencor neltwork
(,cmf\stu-u&t;o'n of
l\a,agraplﬁc- 9-&rvor
cvrr-ecfi-v code.,

¢ Toy model exhibiting
ANy non-Crivial
‘]““Litat{ve fFeal wreg
of AdS /CcET alvw.l«.‘#j. J
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. Tensor '\t’_.'t'work
— G-V\COAfnj Fsome,i‘g V
tr QREcCcC:

+ 1
bowd, ~ K ABulk vV

.«. e CL. Def. enf—ao[-'nj A

a sub space :

A' = V(A% A*®) Y
— QEccs are encodn'nd;
with p=1,9=0.

i Hbound = VHBuU&VT +A§ "‘5
ERERUAND,0) = 5, mul ot on .
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) HOIOSrQPL\;c errof L
correcting codes
give toy model of
Aual{f;y beltween bylk
£ baunalm) states
& observables. 'H

» But AdS/CFT
0\‘50 a AuaLfy
between mpdels J

(: IOCO\L Hoam; lEonians

for Doy model).

irsa: 20110052 Page 45/64




e Whal if we rap [ocal l
bulk Hamlt on'‘ans to
bounolarw?

—> non-local
Hamﬁlton;ﬂﬂ

e M a[oar—afl'\;& COOI&S

give good toy
AdS/CFET for states £
obser-vables, but not for
madels (Homiltonians,
ev\cr'gj S'C,atlbs, A_yv'\am ic$).
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e Universal Hamijltonian pr-aof sho ws how I
anything cen be simnlated by e-.9.
yA)), He?fénL&PJ mocel.

N Camb?ne f&nsow net WOvr-kg + '+ g,‘mmla";.‘on
—_ toj Moale,’; :“dud;nj H d'ﬂﬂ-lﬂtj?

)

irsa: 20110052 Page 47/64




e Universal Hamijltonian pr-aof sho ws how I
anything cen be simnlated by e-.9.
yA)), He?fénL&PJ mocel.

N Camb?ne f&nsow net WOvr-kg + '+ g,‘mmla";.‘on
—_ toj Moale,’; :“dud;nj H d'ﬂﬂ-lﬂtj?

)

1|> bouw\dalj w::irkg in 220
— Need 2 2p kaloJthw codes \Cu‘r-sé...

i .
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Tessellation of le
bj h;gh'l'*GV\Jled

Pedfagons




by r*FJh‘i -amjlcd
aloofecal't&di‘-a

M
I
G-

¢ )
S
s
D
8
D)
w
9
[
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@ V'-: encoal;nj ;SOH&th

For HQECC defined
b:, tTensor net work

' - t
e H'= Z Vhe +4; 2 Vhg V'
<‘f.j > stabilizers
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@ V: encoal;nj ;SOHit"j

For HQRECC defined
l”y tTensor netl work

HBM“(: 2h

G N

d
QH’:Z Vksuska(*AsZVksVT

<‘:f.j > Stﬂb:utu-g

H) 15 cds,o,o)"s;ﬂmlat;an of H
but both VI"IjvfoQ V"\SV+ non-local .

Bulk
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|
% Contruat (AL, £ ’ﬂ)“s;mula‘t’fon of H, l
"‘s""j Pe"'t“"l""t lon 3ad3¢ts:

HBulk:ZL-' |

<igs N

H'=2 Vi Vi, Sy

<i'.j > Stﬂbiutu-;
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L Coy\trb\&t (AL) L'ﬂl)"" S;mula'é,-,n O'F H, I.
MSu‘nj PEr'turBa't lon 3adaets:

_Z'-“Jmna = .Z.q‘o' l"ue:;"'ALz l"'*e"s
- <ig> i

=2 H

Levnd ;S (AL' i, ‘V') 'S;Mlﬁtﬂt:ﬂlﬂ 0": HBR“(
~i Same Pb\"";cs
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. Contru&t (4;_, i‘.,q)‘s;mulai’l'on of H’
MSu‘nj Perturba't lon 3qd|acts:

Z"“lmna :<Z ) l"ue;s+AL§ .>l"l-}¢:s

lu) ;,J.

Oln loghn) gebits

e W=Z Vhe Vi A, Sy

<E,J > stab:l;u.«-;

Loumd. ;S (ALp i: 'V]) 'S;mutaf?on O'F HBu“c
~—\ Same ph_ys}cs (E,ﬂl NNO  as AL/OO)
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for tensor nel work

nel = encodiu\j ;sometrj I
C.ol"l“@.’ﬂ&ﬂd.'nj 'h, H |
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Toy model of black hole
CHaPPYy 2015]:

o New free tenser indvces|

on Louv\d-ﬂ-fj of hole
= internal black hole dof

% o # dof scale with sufoce

aréa o‘F l‘lole

% Bekenstein- H«wkfnj

o Mew: black hole states

have L\:‘ak energy =z A
w.~t. Hbound
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o Have. Hb“d no w
—) Can g'quj Eime
jnnniCS’

o Assume bulk JJnawﬁcs s
that of 3"'avit3.

¢ Start in state € uo

GOPI"&SPandfnj ‘fa IDW-

alens;'l-'y shell o0f matiter
near ‘oounplerj) E >AS

-~ Cc.“ﬂfSe.S‘ inwards 1o
Centre_
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o TLnitial state € H,
¢£ efnefjj 745
U“j qssmw.‘;'i:ion)

o Doesw't vielale
any stob;lizers (H,)

T E>As -Frovn Mouﬂj
cont mibutions << AS

From locol H terms
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® Mnitawy dJnaM;&S

—3 enerj congerved

é ﬁ?naL state hoas
N enervj > AS
X . o Can en’j P;Ck up 6"9"7)
A Lrom Few locol H terms

it violate 21

stab tLoger~ Lerm AS l"S
— Llack hole state

&ravitat;onal AJAGMIGS
—3 formation of toy model black holes.
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Conclugions

e Lonstrucled rigorovd lnaloara/olaic
J,ua\L.'tJ Fo v o\nj Loc.n.t Lulk model.
—> Where is gravity ? T |,

. Just & consequence of |H 7

aloj ra\PJ'\J

e Our constructions work in Euclidean
R spl-\e.r?cal Space ( worse s‘cml-'nas)

— What qualitative features should

wWe oavmn 'FW'?
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Conclugions

o HG\.VG- Bv\“( ?nte.r-pre,ta.t ion O‘F omj
bounolm-v state (not duwst code sulb spoce)
—> Esctract wove? E.q. non-flat S,

e Construction gives full local SU(2)
Sdmmdtrj on Louno{av-y

— Move S\vae,trIe-s? Pa.'nc.o\ré 7
Conformal T

[ Sti&jemamn, Osborne ’1?]
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R e.'_F erén ces

Hamiltonion simnlation :

FES Ashle\’ Mov\'fmar‘o, Stephen Pddocik
Proc. Natl. Acad. Sei. 116:39, p-149%¢ (2018)
ar-Xiv 1201.06182 fquant'ﬂh] (?7— pq,ges)

Ho ’v r‘qr"\:'c o{hatn'ij_.'_

Toamara Kohlem & TC
J. High Enelyg PLJS. 201913

arXiv: 1910.‘09‘]?2[1«(3,0-'“.] (62 f’“ﬂes)
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