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Abstract: We examine holographic complexity in the doubly holographic model to study quantum extremal islands. We focus on the holographic
complexity=volume (CV) proposal for boundary subregionsin the island phase. Exploiting the Fefferman-Graham expansion of the metric and other
geometric quantities near the brane, we derive the leading contributions to the complexity and interpret these in terms of the generalized volume of
the island derived from the higher curvature action for the brane gravity. Motivated by these results, we propose a generalization of the CV proposal
for higher curvature theories of gravity. Further, we provide two consistency checks of our proposal by studying Gauss-Bonnet gravity and f(R)
gravity in the bulk.
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01. Generalized Entropy and QES

Need a correct formula for entropy of BH/Radiations

See 1905.08762, Almheiri, Engelhardt, Marolf, Maxfield
1905.08255, Penington

Shan-Ming Ruan (PI) BH coupled to a Thermal Bath
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01. Island Formula

A correct formula for
the fine grained entropy of Hawking radiation

: A[X
Island Formula: S,.giation = Minx Eth( 4[G]

L3

+ SQF'T (z‘radiation U Z“Islzmd))
N

AdS,

Gravitational Region
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02. Doubly Holographic Model

arXiv:2006.04852, Higher-Dimensional Construction =
2010.00018 Randall-Sundrum scenario

No gravity 4 =41 e No gravity

d-Dim brane

L? z2 ? : =
ds*=— |dZ?+ | 1 +— gijdsddx’dxf

Z 412
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02. Doubly Holographic Model

(d+1)-Dim bulk gravity perspective: AdS,, gravity coupled to brane

1

dd-1)
fou = d**ly, /=g + | ])
bulk 167 Gbulk J.bulk B 8 ( 12 gyy
Ibrane = To[ddxv =2

Boundary perspective: Holographic CFT; coupled to
k

arXiv:2006.04852, 2010.00018
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02. Doubly Holographic Model

(d+1)-Dim bulk gravity perspective: AdS,, gravity coupled to brane

1

did-1)
foue = d**ly, /=g + | ])
bulk 167 Gbulk J.bulk B 8 ( 12 gyy
Ibrane = To[ddxv =2

d-Dim brane perspective: CFT,; living on asymptotic boundary and d-dim brane

Ling=2 (Ibulk + Ibdy + Jorane "/ )

Boundary perspective: Holographic CFT; coupled to

arXiv:2006.04852, 2010.00018
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02. Doubly Holographic Model

r—
L = i
=

Adding gravity on the brane  Dvali, Gabadadze and Porrati
hep-th/0005016

1 -
I =—(T. —AT)|d% —"‘+—J'ddx\/—”R
brane ( 0 )-[ 8 16x Gbrane 5

Effective d-dim holographic gravity ;=, <L

(d-1d-2)

jx\/——g’ 5 +fe<g>]

[ 72 ( d ..2) }
RUR,“— R + .
d-4)d-2) To4d-1)

1 1 2L
] + 5 ]
Gt @—28uk  Ghrane Grs (d—2)Gyyi

Shan-Ming Ruan (PI) Complexity on the brane

Page 11/26



03. Entanglement Entropy&Island Rule

e =T

S. Ryu and T. Takay "

Holographic Entanglement Entropy in AAdS,,, hep-th/0603001

boundary subregion: R =R; URy

_ A (Zg) RL
Sgp(R) = min {e;;t( 4G, ) }

Holography knows entanglement entropy
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03. Entanglement Entropy&Island Rule

disconnected RT phase connected RT phase

Competing Channels
non-island phase PeEiE island phase

Sdis(R) > S (R)

con
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03. Entanglement Entropy&Island Rule

A generalization of RT formula

. A(Zg)  Al(ow)
SEE(R) - {e"‘:ﬁt( 4Gbulk ¥ 4Gbrane

A result from (d+1)-dim bulk

Ry,

Island Formula

A(a(lslands))
4Gy

Sge(R) = min { ext (SQFT(R U islands) +

islands
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03. Entanglement Entropy&Island Rule

Island Rule for Higher-Curvature Gravity

| { ( | A(a(islands))) }
Sge(R) =min ¢ ext | Sopp(R U 1slands) +

islands 4GN

Einstein gravity (area law)

A(oy)
4GR > SwWald—Dong Higher-curvature gravity
N

A

4o+ 1

ﬂlPlVlc’laR

dL
D-2
SWald—Dong = ZﬂJd Y\/g _We,upgvg + Z (aR
Hpv a -
Al A A
x \(nﬂlﬂznf/wz . Eﬂlﬂzehvz) no + (nﬂlﬂzgvlb‘z 3 8#1#2””1”2) et 2] }
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03. Entanglement Entropy&Island Rule

(d+1)-dim . A(Zg) A(og)
RT formula Sge(R) = min %);t 4Gy +4Gbrane

A

Equivalence up to
quantum corrections

&
v

d-dim See(R) = min { ext (SQFT(R U islands) + AA155al0)) ) }

Island Formula islands AG 5

SWald—Dong
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04. Complexity on the Brane

AAdS .,y &ul(zx)

Holographic Complexity

C,(S) = max [V(B)]

oB=S GN{ Boundary.
»

I“‘..‘ (‘g}ij o)
\'\
' mysterious length scale

D. Stanford & L. Susskind : 1403.5698,1406.2678
Holographic Subregion-Complexity

V(B
C{"}‘b(R) = max (B)
oB=RuZ, | GNE

See: 1509.06614; 1612.00433
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04. Complexity on the Brane

Island Phase

V(B,) + V(Bg)
dC+\q f-rg'm bulk CVP(R) = max y -
( ) 1m bu dB=RUZ, Gbu]kf
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04. Complexity on the Brane

Holographic Subregion-Complexity

CV from Csub(R) R — V(BL) + V(BR) " V(B)
(d+1 )-dlm bulk v oB=RUZy Gbulkf Gbrancf’

A
d-dim subregion B =B, UB;

(d-1)-dim Islands B = B, n B,

v

Gegl'

- V(B
Expectation from CSP(R) ~ max [ (B) +]

d-dim brane theory 9B =0,

volume of the island

~—

" DGP term
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04. Complexity on the Brane

V(B 1
C°(R) &) = J d*lodz, [deth,,
Gbulkf Gbulkf B

iy - ~ ~.~ . ‘l o~
2LV(B 213 - K2 R:A'W + R
~ B) J doy/deth,, - J :

(d—DGpu?  Gour? J3 2d—1Xd-3) (d-1)(d-2)d-3)

. ) Extrinsic Intrinsic
With the volume of islands

V(B) =J d?'oy/deth,,

B

1
1 1 K2 Re——R

:L‘HJ d4 1oy /detOh , T .
; zd @3|2d-1) 2d-2)

B
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04. Complexity on the Brane

Holographic Subregion-Complexity

CV from Csub R) = V(BL) .l V(BR) V(F)
d+1)-dim bulk |V ) = max i ’
(d+1)-dim bu 0B=RUZy Gou? Gorane?

Island Formula for Complexity ?

Generalized CV from Woen(B) + Wi(B)

b -
d-dim brane theory C/P(R) = max

m e + Gy (RUB)
=0Op eff

= C{’siand("fi)
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05. Complexity for Higher-Curvature Gravity

A proposal:

Generalized CV for any (d+1)-dim higher-curvature gravity

Ween(B) + Wk (B)
N u—] ; (d>2)

aLbull(
Wiyen(B)

J d4c+/deth (1 +d-3)— n#hypnd)
B

HUpO

T d-Dd-2)

4d-3 d’L
We(B) = ( - ) J déc\/det h e
d-1)*d-2) B a'%»ulylpla] Kol 20,

* [Kylal (h‘u'p‘ = 2)nﬂlnp]) Ko, (hﬂzpz +(d- 2)n#2np2)] t
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05. Complexity for Higher-Curvature Gravity

A test from higher curvature gravity in the bulk

Gauss-Bonnet gravity in the bulk
L3

1 did-1)

GB _ d+l, /— GB
Ly = 167G Jd 8 [ 12 + R [gﬂy] + AgpZ GB] + I

L22
= R e B — AR, R + R

i AG = s Zgp=
with GB (d _ 2)(d =3) GB HUpo

Generalized CV from (d+1)-dim GB gravity in the bulk

l V(B)

C°(R) = max
v Gpui?

dB=RUZy

1 212 =
(J d*'odz, /deth,y Ry + 2[ d*'o\/deth (K. + Kg)
. V _

+
Gyu? (d—1)(d —-2) B
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05. Complexity for Higher-Curvature Gravity

A test from GB gravity in the bulk

C%}Jb(R) = max

Wen(B) + Wi(B) + W, (9B U 0Bg)
0B=RUZy

Gou?

~ C{,Sla“d( B) = max
0B =oy

Woen(B) + W(B) .
Gegl’

We can also check this equivalence for f(R) gravity in the bulk
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Remarks and Further Directions

* Generalized CV for higher-curvature gravity

* Generalized volume and K-term, Poundary term

* Holography makes things easier

e Similar Story for CA?

e [sland formula for complexity?

* Generalized complexity (what is quantum corrections Cy . 7)
* A derivation of holographic complexity?

e Relation between EE (Wald-Dong) and generalized CV?
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Thanks for your attention!
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