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ol the Rankine—Hugoniot conditions (see Section 11.8) that govern the form and speed of
shick waves. It thus makes sense (hat a conservative meil vased on the imtegral form
might be more successful than other methods based on the differential equation. In fact, w
will see that the use of conservalive inite urmie methods is essential in computing weak
sofutions 1o conservation laws, Noncomservalive imethe an Fail, asillustried below, With
comservative methods, one has the satisfaction of knowing that if the method converges o
some limiting function as the grid is refined, then this function is a weak solution. This is
further explained and proved in Section 12,10 in the form of the Lav Wendrofl thearem

In Section 1211 we will see that similar ideas can be used 1o show that the limiting
function alse satisfies the entropy condition, previded the pumerical method satisfies a
matural discrete version of the entropy condition

Consider Burgers” eguation v, + St ), =0, for example. If u > 0 everywhere, ther

conservative upwind method (Godunoy’s method ) takes the form
(12,24}

On the other hand, vsing the guasilinear form i, -+

servative upwind method

Ad

[ g (12.15)
Ax t

On smonth solutions, both of these methods are [rst-onder securate, and they give compara

esults. When the sulution contams a shock wave, the methnd § 51 faals ta conve

o weak solution of the conservation low. Thas is illustrated in Figare 12,5, The conservative

method (1224 gives a shightly speaned approximation o the shock, but it is s et about

the correct location. We can casily see that it must be, since the meth 15 the discrete

conservation property (4.8). The nonconservative methad (12.25), onthe other hand. gives

the results shosen in Figure 125000, These clearly do not satisfy (4.8), i as the grd is

fior Burgers' equabion with data w

12240, (b usine the nonconseryvaiy
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some limiting Tunction as the grid is relined, then this function is a weak solution, This is

further explained and proved in Section 1210 in the form of the Lax—Wendroff theorent.
In Section 12,11 we will see that similar ideas can be used o show that the limiting
function also satisfics the entropy condition, provided the numerical method sansfics a
natural discrete version of the entropy condition
Consider Burgers’ equation u, + S(u?), =0, for example, If iy > 0 everywhere, then the

conservative upwind method (Godunoy's method) takes the form

= U :1(',:61 'tf }:] (12.24)

On the other hand, using the quasilinear form u, 4 wu, =0, we could derive the noncon-
servative upwind method

Al

LElus — g
Ay i

On smooth solutions, both of these methods are first-order accurate, and they give compara-
ble results. When the solution contains a shock wave. the method (12.25) Fails 1o converge 1o
a weak selution of the conservation law. This is illustrated in Figure 12.5. The conservative
method (12.24) gives a slightly smeared approximation to the shock, but it is smeared abowmt
the correct location. We can easily see that it must be, since the method has the discrete
conservation property (4.8), The nonconservitive method (12.25), on the other hand, gives

the results shown in Figure 12.5(b). These clearly do not satisfy (4.8}, and as the grid is

R 0 R 1R I PR PR 0 i AR e | R R

v A

|} [h)
Fig. 12,5 Troe and computed solutions to a Riecmann problem for Burgers” equation with data « Z
i, = 1. shown atumer = 2: (@) usimg the conservative method (12.24 ), (b using the nonconservative
maethod (12.25). [claw/book/chapl2/nenconservative]
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soime himiting function as the grid is refined, then this function is a weak solution, This is

further explained and proved in Section 12,10 in the form of the Lax—Wendroff thearent,
In Section 12,11 we will see that similar ideas can be used o show that the limiting
function also satisfies the entropy condition, provided the numerical method satsfics a

natural discrete version of the entropy condition

Consider Burgers’ equation u, + S(u®), =0, for example, If i > 0 everywhere, then the

conservative upwind method (Godunov's method) takes the form

At i Uy l Uty 13.24
ax \3WW — 3l AR
On the other hand, using the quasilinear form o, + wu, =0, we could derive the noncon-

servative upwind methaod

Al

Lrlus — g
Ay !

On smooth solutions, both of these methods are first-order accurate, and they give compara-
ble results. When the solution contains a shock wave. the method (12.25) Fails 1o converge 1o
a weak solution of the conservation law. This is illustrated in Figure 12.5. The conservative
method (12.24) gives a slightly smeared approximation to the shock, but it is smeared about
the carrect location. We can easily see that it must be, since the method has the discrete
conservation property {(4.8]. The nonconservitive method (12.25), on the other hand, gives

the results shown in Figure 12.5(b). These clearly do not satisfy (4.8}, and as the grid is

T 1 ol s

Fig. 12,5 True and computed solutions to a Riecmann problem for Burgers” equation with dati « 2

i, = 1. shown atumer = 2:(a) usimg the conservative method (12.24), (b using the nonconservative
maethod (12.25). [claw/book/chapl2/nenconservative]
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