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Abstract: To any vertex algebra one can attach in a canonical way a certain Poisson variety, called the associated variety. Nilpotent Slodowy slices
appear as associated varieties of admissible (smple) W-algebras. They aso appear as Higgs branches of the Argyres-Douglas theories in 4d N=2
SCFT&€E™s. These two facts are linked by the so-called Higgs branch conjecture. In this talk 1 will explain how to exploit the geometry of nilpotent
Slodowy dlices to study some properties of W-algebras whose motivation stems from physics. This is a joint work with Tomoyuki Arakawa and
Jethro van Ekeren (still in preparation).
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Vertex operator algebras

Is a vector space V equipped with a linear

M = (End(V))[[z.zfl]]. a— Y{a z)=alz)= Zam)zf”fl

that satisfies certains properties such as the state-field correspondence

a = lim a(z)|0)

z—0

and the locality :
(z— w)"[a(2), b(w)] =0 (N> 0),

or, equivalently, OPEs :

2(2)b(w) ~ 3 (agb) (w).

(re (z— w)tt
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Associated variety of VOAs

There is a contravariant functor

{VOAs} —— {affine Poisson varieties}
V +— Xv.

where Xy is the of V :

Xy := Specm Ry.
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Zhu's G, algebra

By the state-field correspondence we can write
V =spanc{$(8"ai(z)...0"a.(2))3}.

Let Go(V) be the the subspace of V generated by the elements of the above
formwithm +---+n, > 1.

Then Ry := V/(G(V). It is a Poisson algebra by

f(z).g(z) = s f(2)g(2) ¢,

{f(2),8(2)} = Res.—w f(w)g(2).
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Examples of associated varieties

Let g := g[t, t '] @ CK be the affine Kac-Moody algebra associated with a
simple Lie algebra g, and

Vk(ﬂ) i U(ﬁ) Ruageck) Ck
the universal affine vertex algebra associated with g at level k € C.
V¥(g) is generated by x(z), x € g, with OPEs
x(2)y(w) ~ [x,yl(w)/(z — w) + k(x|y)/(z — w)’

(a V¥(g)-module = a smooth g-module of level k).

We have

*

Xvk(g) =8

Let Ly(g) be the simple quotient of V*(g),

X, (s) C9°, G-invariant and conic.

The associated variety X, (g is difficult to compute in general !
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Examples

o Li(g) is integrable (k € Z>0) = Xi,(g) = {0}. (The converse is true.)

More generally, a VOA V is called if dim Xy = 0. A lisse VOA has very
nice properties such as the finiteness of simple modules and the modularity of
characters ([Abe-Buhl-Dong, Zhu, Miyamoto)).

o Li(g) is admissible = X, (q) = Ok, for some nilpotent orbit Ok of g
[Arakawa '15].

{integrable g-repr.} & {admissible g-repr.} C  {modular inv. repr.}.

Remark : for g simply-laced, L«(g) = L(kAo) is admissible if and only if
k=—h"+p/q, with (p,q) =1and p> h".
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Compatibility with Drinfeld-Sokolov reduction

Let f be a nilpotent element of g, and W*(g, f) the associated with
g, f at the level k obtained the quantized Drinfeld-Sokolov reduction :

W(g. ) = Hps,«(V*(s))
[Feigin-Frenkel, Kac-Roan-Wakimoto]. Then

Xwi(g,n = 7 :=f +¢°

the at f [De Sole-Kac]. (E)Q-) g\ % - KW(QL

More generally, if V is a VOA equipped with a vertex algebra homomorphism
VE(g) — V, the VOA Hps (V) is well-defined.

Theorem (Arakawa '15)
pic e XHGDS.f(V) = KixgnAfin particular, XH%S,,-(LL-(Q)) = Xik(o) N,

and is isomorphic to Oy N . if k is admissible.
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Compatibility with Drinfeld-Sokolov reduction

Let f be a nilpotent element of g, and W*(g, f) the associated with
g, f at the level k obtained the quantized Drinfeld-Sokolov reduction :

W(g, ) = Hps,-(V*(s))
[Feigin-Frenkel, Kac-Roan-Wakimoto]. Then

Xwi(g,n = 7 :=f +¢°

the at f [De Sole-Kac]. (E)Q-) g\ % - KW(QL

More generally, if V is a VOA equipped with a vertex algebra homomorphism
V(g) — V, the VOA Hps (V) is well-defined.

Theorem (Arakawa '15)
We have XHGDSJ(V) = Xy X g+ Sf. In particular, XHEJS,,-(L;\-(Q)) = Xt (o1 L1557

and is isomorphic to Q¥ . if k is admissible.

~» Very useful in the study of representations of W-algebras.
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Nilpotent Slodowy slices

If O = G.x is a nilpotent orbit of g, the intersection
Fori=0N%

is a transverse slice to O at the point f, called a

~ the local geometry of O at f € O is encoded in 5 ¢.

The geometry of %5 ¢ has been mainly studied in the case where G.f is a
of O, that is, G.f is a maximal orbit in the boundary

0\ O = Sing O.

» When O = Or (Org = N, the nilpotent cone of g) and f = fupbreg, it is
well-known that .%o = N N.¥%
of the same type as g, provided g is has type A, D, E [Brieskorn-Slodowy].

g N@s @ simple surface singularity at f
When Q = O, and f = 0, then #o.r = O, has a minimal symplectic

singularity at O.

More generally, the generic singularities has been determined ([Kraft and
Procesi '81-82] in the classical types, [Fu-Juteau-Levy-Sommers ' 17] in

the exceptional types).
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Nilpotent Slodowy slices appear in various areas

‘ Nilpotent Slodowy slices

/ v Higgs branches of
O

Theory of symplec- Associated varieties "
some 4d N'=2 SCFT's
tic singularities of simple W-algebras
3 ¥ 3 (Argyres-Douglas theory)
~ ~

-
~ - ~ /‘

- =, el
- v - =

Higgs branch conjecture
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Beem-Rastelli conjecture

Conjecture (Beem-Rastelli '18)
For any 4D N/ =2 SCFT T, we have

Higgs(T) = Xv(r),

where Xy is the associated variety of a VOA V.

Remarks :

. the Higgs branch Higgs(7) is a hyperkahler cone, while the associated
variety Xy of a VOA V is only a Poisson variety in general.

. The VOA V(T) is not lisse unless Higgs(7 ) = {point}.
. The conjecture has been proved in the special case of class S theory by

Arakawa '18 (in this case, Higgs(7) is mathematically defined by
Brevermann-Finkelberg-Nakajima "17).
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Quasi-lisse vertex algebras

The VOA V(7)) is expected to be quasi-lisse.

Definition

V is called if Xy has finitely many symplectic leaves.

Examples :
e Li(g) is quasi-lisse <= Xy, (q) C N, the nilpotent cone of g.
In particular, a simple admissible affine vertex algebra Lx(g) is quasi-lisse.
If g belongs to the Deligne exceptional series,
Al CAC G CDyCFyCE CE C Eg,
and k = —h" /6 — 1, then X, (g) = Omin so that L«(g) is quasi-lisse
[Arakawa-M. "18|.

These are the VOAs (in red) that appeared in [BL?PRvR] as the main
examples of V(7!
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Quasi-lisse /-algebras

Let Wk(g, f) be the simple quotient of Wk(g, f).

Conjecturally [Kac-Wakimoto], Wk(g, f) = Hps (Lk(g)), provided that
Hps (Lk(g)) # O (proven in many cases).

Note that Hps s(Lk(g)) # O if and only if f € X;,(g).

Assume that L(g) is admissible, so that X;, (5 = Ok.

Then
Xl,vk{gf} = @k M /r — -y';;j.k_f.

In particular, Wi (g, f) is quasi-lisse if f € Q.

~ We get many examples of lisse and quasi-lisse W-algebras...
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W-algebras and Argyres-Douglas theory

Fact (Xie-Yan-Yau '16, Song-Xie-Yan '17, Wang-Xie '19)

Wi (g, f) appears as V(7)) for some Argyres-Douglas theory T if k is
boundary admissible, that is, k = —h” + h" /q.

There are cases when Wi (g, f) = Wi/ (g, f'). In particular, if
Wi(a, f) = L (g"),
the level k is called [Adamovié-Kac-Moseneder-Papi-Perse '18].

e If T = T as physical theories then V(7) = V(7"), and so one can
predict many isomorphisms.

e If 7= T as physical theories then Higgs(7) = Higgs(7").
Conversely, from the coincidence of the singularities of different nilpotent

Slodowy slices, we can guess many isomorphisms.
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Collapsing levels for W-algebras

Let g be the centralizer of the sl>-triple (e, h, f). It is a reductive algebra :
' =gl @ (@f 1 gf) where go := 3(g") and g; are the simple factors of [g”, g"].

[Kac-Wakimoto '04] : there is a vertex algebra morphism

R V¥ (a) =V (@) — WH(a. ).
=0

where the k,n's are some complex numbers determined by f and k.

Definition (Adamovi¢-Kac-Maoseneder-Papi-Perse '18)

We say that k is if the image of the composition map
V¥ (g") — WH(g, F) — Wi(s, )
is surjective, that is,

For example, if Wi(g, f) = C, then k is collapsing.
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Motivations

» If k is collapsing, the vertex algebra homomorphism
W¥(g, f) — Wi(g, f) = L,:(g") induces an algebra homomorphism,

Zhu(W*(g,f)) = U(g,f) — Zhu(L,: (")) = U(g")/I.

which gives to the representation theory of L,:(g") a richer structure.

» [AKMPP] Semisimplicity of some categories of Li(g)-modules for f = fpin.

» As already mentioned, collapsing levels are important in the Argyres-Douglas

theory.

Pirsa: 20100064

Page 17/26



What is known about collapsing levels ?

» [AKMPP "18] There is a full classification of collapsing levels for Wi (g, fmin),

including simple affine Lie superalgebras.

Furthermore, there is a full classification of pairs (g, k) such that
Wi(g, fmin) = C [Arakawa-M. '18, AKMPP for the super case].

» However, little or almost nothing was known for collapsing levels for non

minimal nilpotent elements.

The main reason is that for an arbitrary nilpotent element f, the commutation
relations in W(g, ) are unknown.

Idea to find appropriate candidates for f and k7 If k is collapsing, then
obviously

Xw, g7 = th:(g;)_
and this is a very restrictive condition on (k, f).

When k and k* are admissible, such coincidences can be understood by

considering singularities of nilpotent Slodowy slices...
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lllustrating example

Assume that g

{nilpotent orbits in sl,} +— {partitions of n}

@)\ R A
Let k be admissible, i.e., k = —n+ p/q, (p,q) =1, p > n.
Then Xi (an) — O = Ox with XA = (g™, s0), where n = gmo + s0, 0 < s < q.

Pick f € O, C Ox. Kraft-Procesi's rule (improved by
Yigiang Li, 2019) allows to describe ., r in some cases.

Example: n=7, g=3sothat A=(3%,1), f ¢ O(3,14)-

o L]

= ]

| | m

Pirsa: 20100064 Page 19/26



lllustrating example

Assume that g

{nilpotent orbits in sl,} +— {partitions of n}
O — A

Let k be admissible, i.e., k = —n+ p/q, (p,q) =1, p > n.
Then X, (a1, = O = Ox with XA = (g™, s0), where n = gmo + s0, 0 < s < q.

Pick f € O, C Ox. Kraft-Procesi's rule (improved by
Yigiang Li, 2019) allows to describe .4, r in some cases.

Example: n=7, g=3sothat A= (3%,1), f ¢ O(3,14)-

| | Ol

| | m

Remark : g =C x sly, kf =3k +4, ki =k +2.

Question : W_z,7/3(sl7, f) = L_s14/3(sls) ?
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Theorem (Arakawa-van Ekeren-M., 2020)

Assume that g = sl,, k = —n + p/q admissible.

1. Pick f € O so that Wi(sln, f) is lisse (and even rational).
e if n=41 mod g, then Wi (sl,,f) = C.
o if n=0 mod g, then W_, | (511)/4(8ln, ) = L1(slm,).
2. Pick f € Qgm 15y € Ok with s # 0. Then W ninataln, Pl E ko sl )

3. Assume that n = gmo + (q — 2) and pick f € Qm-1 (;_1y2) € Ok. Then
]”V_”_;_n_fq(ﬁ[n. f) = L_Q_QFIQ(J g).

]

© m-g-m

» We have similar results for sp,, s0, and the exceptional types.
» In term of associated varieties, it yields isomorphisms of Poisson varieties.

» We conjecture that our results furnish the exhaustive liste of admissible

collapsing levels k.
18
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Proof : asymptotic behaviour of characters

Key point : if V is either Ly(g) or Hps +(Lk(g)), with k admissible, the
normalized character xv(7) has a nice asymptotic behaviour.

More precisely [Arakawa-van Ekeren-M., 2020] : if V is a quasi-lisse vertex

algebras, then .
xv(T) ~ Ave 8 as 10,

where Ay, g, are some constants.

Theorem (Arakawa-van Ekeren-M., 2020)

Let k be an admissible level, and f € Oy. If

XWi(a,)(T) ~ Xo,, 02)(T) as 71O,

then k is collapsing, that is, Wi (g, f) = L,=(g").

Example E FOI’ f - f\[:;(qm‘ls) & !:iln,

21}/
A =L o E

2
i) — (1= 1;”@(5 - 1) i gL_;;_SIq(mS)-

n+n/ q(

gw

—n+ n,-'q(f'
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Some examples in the exceptional cases

In the exceptional types, nilpotent orbits are classified by the Bala-Carter
theory.

1. For example, in g = Es, the isomorphism Og,(.,) N #p, = Na, admits the

following liftings :
W_12412/7(E6, Da) = L_3.3/7(A2), W-_12413/6(E6, Da) = L_314/3(A2).
Similarly, the isomorphism O4, 4, N .74, = 31 has the following lifting :

w 12|12_.-¥5(E6-A4) =1 2I2.-«"'5(A1)'

2. In g = Eg, we have (among others) the isomorphisms
w 30130._.-'?(58- BRI 9|9|_;’?(F4)- w 30-31;‘6(58- ) = 9|13;‘6(F4)~
W_30431/3(Es,2A2) =2 L_4.7/3(G2).

As a consequence we obtain (new 7) isomorphisms of Poisson varieties :

. & T T
Zas+a1.00 = Ory(ay),  FEg(ar) Dy = YFy(a3)>

B o 20
T34, 424,24, = 82 X 82-
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A conjecture

Sometimes, Wk (g, ) is merely a finite extension of L,;(g").

In most of such cases, the associated varieties of Wi (g, f) and L,:(g") are
isomorphic.

However, it is not always true : when it is not, we observe that they are at least

birationally equivalent.

Example : W_1s. 13’;2(E6,A1) =il 6!?,-"'2(’4'5) @ L 6‘?;-’2('45; ’.,273), But
XW'_|3.¢.13_-'2(EG~A1]' = XL_{)--?,“Z(A5} since :9/-3,/11_/1' ;é @(2.3). However, fyy\l_,ql and

(

23y are birationally equivalent.
We formulate a more general conjecture :

Conjecture (Arakawa-van Ekeren-M., 2020)

If a vertex algebra V is finite extension of a vertex subalgebra W C V/, then
the associated varieties of V and W are birationally equivalent.

Note that it is known that if W is lisse then V is lisse. Our conjecture suggests
that the converse holds as well.
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Some non-admissible collapsing levels

Using different methods one can obtain a few non-admissible collapsing levels.

For examples, from explicit OPEs in type B> and G> (Justine Fasquel's
computations), one obtains (Adamovi¢-Fasquel) the following isomorphisms :
o W 1(82- fsubreg) = M(l)x
® VV—E(BQ- JL-51.-!;|reg) g V".r—Qs
L W—E(GZ- Jf:sul;nre‘.‘.g-‘;) =
In particular, the last one gives X;_,(c,) = Qsubreg-
We also formulate a number of conjectures :
4% g(E@_,QAz) >~ | 3(62),
W 5(E6._2A1) St 2(83).
W_12(E7, Az + 3A1) 2 L_5(G),
}V_G(FA./E\Q) = L_Q(Gz), etc.

It would be interesting to know whether these isomorphisms have a physical

interpretation.
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Thank you!
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