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Abstract: Dua gravitationa charges (DGCs) have been originally computed in the first-order formalism by means of covariant phase space methods
using tetrad variables. | show i) why DGCs do not arise using the metric variables and ii) how they can be set to zero by exploiting the freedom to
add exact 3-forms to the symplectic potential.

Without exploiting that freedom, DGCs can be understood as Hamiltonian charges associated to the Kosmann variation. | then discuss the
implications of this observation for asymptotic symmetries and comment about subleading contributions thereof.

Finally, | aso show that DGCs can be equally derived by means of cohomological methods. In this case, DGCs depends on the order of the
Lagrangian: they exist only in the first-order formalism.
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Introduction

e Dual supertranslation charges introduced “dualising” supertranslation
charges at future null infinity
[Godazgar et al. - 1812.01641], [Kol&Porrati - 1907.00990]

1 :
$Q: e [500 *ke, (electric)

_ 1 _
$Qc = BC /Soo ke, (magnetic)

where k¢ is the Barnich-Brandt charge density.

e Hamiltonian derivation of the dual supertranslation charge § Q¢ provided in
[Godazgar at al. - 2007.01257 & 2007.07144]

»

More precisely, they computed §Q:
- in the first-order formalism (Palatini-Holst action)
- using tetrad variables
- by means of covariant phase-space methods (a la lyer-Wald)
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Motivation

In this talk, | will show

+ why dual charges do not arise using metric variables

+ how they can be set to zero by exploiting the freedom to add exact
3-forms to the pre-symplectic potential

+ how they can be understood from Hamiltonian charges associated to the
Kosmann variation

+ how they can be computed by means of cohomological methods (a la

Barnich-Brandt)
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. Covariant phase-space methods - basics

“Dressing” the pre-symplectic potential

Dual charges from Hamiltonian charges associated to the Kosmann variation

Dual charges from cohomological methods

. Conclusions
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Lagrangian and pre-symplectic potential

We adopt the first-order formalism: independent variables (e, w) and (g,I")

1 1

v 1 rVpo
[(&7) — (g” R () — = VP R/,Lupo(r)>

Taking arbitary variations of the Lagrangian dL[¢] = E[¢]d¢ + dO[¢p, d¢], where

v 1 vVpo
e (§) = 2e eJ](SwU — "7, 18, 50w
Y

Q(ga’*/)ﬂ((s) _ ( p[ugV]a o 1 /ww> gpAéT,,U
g

They differ by an exact 3-form, i.e., 8¢ )(5) = 8¢ (5) 4+ da(9)
[De Paoli&Speziale - 1804.09685]

a(8) = x(e Ade') + le/ A de'.
g4
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Lagrangian and pre-symplectic potential

We adopt the first-order formalism: independent variables (e, w) and (g,I")

1 1
[lem) — §€IJKL vH A I_—KL(W) 4 ; S A ',_—U(w)7 vH — ol A’

r 1 vV po
L& (g“ Run(1) = e Rpupa(r)) ‘

Taking arbitary variations of the Lagrangian dL[¢] = E[¢]dp + dO[¢p, d¢], where

v 1 vpo
W)M(é) = 26, ]5(./JU - ;6” & eulepJéwé'jv

Q(gn/)u((g) - ( p[ugv]o o 1 /wm) gp)\5rw
Y

They differ by an exact 3-form, i.e., 8@ (5) = 8¢V (5) + d(d)
[De Paoli&Speziale - 1804.09685], [RO&Speziale - 1912.01016]

a(8) = «(e A de') + le/ Ade'.
Y

Notice that ¥y A F” = T' A T) — d(e; A T') vanishes for T/ =0,
but the corresponding #-contribution ¥ A dw"” = —d(e/ A de') does not.
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Hamiltonian charges: tetrad & metric variables

Symplectic 2—form: Q(él, 52) = 51@(52) — 52@(51), @(5) = fZ 9(5)

Metric Hamiltonian charges 6H(g”7) — (g’”’)(é, O¢)

(without torsion, recall 1/~ e“”pagpA(SFA —

vo

&:7) /5&5 = 159 5Hg, (lyer&Wald charge)

— 2 €pa VPET dX" A dx” is the Komar 2-form.

where kg = —3

Tetrad Hamiltonian charges ;5H(A i = Q(e’”’)(é, Ox + d¢) W

sHie ) — f 567 + 8¢ — g0 (6) = FHE + SHS + (JHE + 65 )
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Hamiltonian charges: tetrad & metric variables

Symplectic 2—form: Q(él, 52) = 51@(52) — 52@(51), @(5) = fZ 9(5)

Metric Hamiltonian charges 6H(g”7) — (g’”’)(é, O¢)

(without torsion, recall 1/~ e“”pagpA(SFA —

vo

g 7) /5%5 — Ig@ 5Hg, (lyer&Wald charge)

where k¢ = —2€u1p0 VPE7 dx" A dx” is the Komar 2-form.

Tetrad Hamiltonian charges ;5H(/\ b= QE(8, 85 + 6¢)

SHS = [ 8a) 4+ 54 — 0 (8) = FHE + 6H5 + = (SFE + 675
5

with qée,’Y) — Pl g qg\eﬁ) = Puki A", Pk = 2eukL + %W/[K??L]J
In particular,
. BHE = [50qf — ic6°(0) = [ seume (lew" X"t — iV A dw"Y) # fHE
JH{S = fS 2%561 A de! see also [Corichi et al., - 1312.7828]
.. OH5 + ﬁ/éHA — fS P AY o3 KL

This difference in the charges from different Lagrangians is also studied in
[Freidel& Geiller&Pranzetti - 2006.12527 & 2007.03563]
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We have three question to address
1. We can use the ambiguity of the pre-symplectic potential
(recall, 5L[p] = E[¢]6¢ + dO[¢, 5¢])
0(6) — 6(6) + da(d)
Q(d1,02) = Q(d1,02) + Q(61,02)

Can « set to zero dual and internal Lorentz charges simultaneously?
Alternative: add a boundary Lagrangian — boundary dof — edge modes
[Freidel et al - 2006.12527 & 2007.03563], [Wieland - 1905.06357]

. If we stay with 6(§), can we at least recover matching charges in the case
of isometries? Recall that JHg # 5H§.
We introduce a notion of isometry for tetrads, Kce! = 0 if £ is Killing.
Recall that Lce! = )\gJeJ # 0 if ¢ is Killing, in contrast with L¢g.., = 0.
What is Q(d, K¢)?

. We can compute the surface charges by means of cohomological methods.

Ambiguity-free methods.

Do Barnich-Brandt charges “see” the dual charges?
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“Dressing”’ the pre-symplectic potential

The variation of the Lagrangian defines 6(6) up to an exact form!

One is allowed to choose a new representative for 8(*7)(§), say,
9’(6,7)(5) _ 9(67“/)(5) + da(d) = 9(&7)(5)
to set to zero dual and internal Lorentz charges and recover the metric charges.

Schetch of the proof. From
Y0 =i o) %e/ e = () %aﬁ,(cs)
compute

o e . e 1 e 7€
Q%(6, 55 + d¢) = / (e — g) — iedan(9) = M3 — — (JHg n 5H,\)
S

and add it to ;SH((;’&T; = HE + 6HS + L (5/175 +5ﬁ§) to get

FH:" = FHE + fs (ke — q¢) — icda.(0) = fs&f& — ic0%(8) = §H¢
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Dual charges from Hamiltonian charges
associated to the Kosmann variation o
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= 5
o The Kosmann derivative and dual charges

The notion of isometry for tetrads is given by the Kosmann derivative K¢
[Jacobson&Mohd - 1507.01054], [Prabhu - 1511.00388]

e TGS A= Dl 4w
It obeys Kce! =0 if £ is Killing.

Thanks to this definition, the Noether charges are recovered exactly for any &.
For Hamiltonian charges, they are recovered for Killing but not in general.

e Noether charges: same result with tetrad and metric variables for any &
In fact, 857 (55) = da(Le) and 87 (8) + da(d) = 8 (5) imply
j(;;ﬁ)(]c&) _ 9(657)(££)+9(e=7)(55\)_1'51_(6,7) _ 9(g=7)(££)_i£L(g,’7) :j(g,v)(ﬁg)

e Hamiltonian charges:

52((9,")’)(57 ]Cg) — g)(e‘,'}’)(é7 ﬁ&) _|_ Q(E’W)(é’ 55\) — 5H§ —I— \/;A&(é)

1 o o 1 o v
Ae(0) := Eeuypg(efxﬁgg P+ Va€e) — ;,ngwe/,] del dx" N dx
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Isometries and asymptotic symmetries at spatial infinity

Hamiltonian charges associated to the Kosmann variation
[Recall Q) (5, L) = FHEY) = §HE + LA

Q(e,w)((g7 Ke) = Q(e””(é7 Le) + Q(e’W)((S, Sl — fSHgg + [ A¢(0)
s

1 1

e Isometries. Trivial, A¢(5) = 0. We recover the metric charges: JH = §HE
Or, mutual cancellation between dual and internal Lorentz charges:

Jﬁg = / 2£56I Nde = _f25\UeJ Nde = —Q(e’ﬂ(é, 55\)
5 S

e Asymptotic symmetries at spatial infinity. Less trivial, A¢(5) — 0 at i°.

Poincaré charges recovered! [Ashtekar et al. - 0802.2527]
Or, no contribution from «(d) [De Paoli&Speziale - 1804.09685] in the limit.
L
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Asymptotic symmetries at future null infinity
Hamiltonian charges associated to the Kosmann variation
[Recall Q& (5, L) = FHEY) = §HE + LH¢]

Q(eﬂ)(& Ke) = Q(eﬂ)(é’ Le) + Q(e”)(é, 05x) = nggg + [ A¢(9)
s

1 . 1

Using Bondi gauge and fall-off conditions™ for the tetrads to future null infinity:
1 ¥
Ac) = o= [ dgen (Va€” + V06x) o 1 o
S2_ 27y Seo
The RHS is exactly the result of [Godazgar et al. - 2007.07144]

In summary, the Kosmann variation recovers the standard BMS charges, but
gives rise to the dual BMS charges!

Q(8,Ke) = (standard BMS charges) + (dual BMS charges)

Question*: extended BMS fall-off conditions: dual BMS still present?
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Dual charges from cohomological
methods
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Dual charges from the Barnich-Brandt charges

Cohomological methods are ambiguity-free: focus on EoM!
Recall that 6(8) = Z L [Anderson] [Barnich&Brandt - hep-th/0111246]

For tetrad gravity [Barnich et al. - 1611.01777], [Frodden&Hidalgo - 1703.10120]
Sinere AES + 8 ew” AES) = N(A,€) +dS(A, €)
where N(A, &) and S(), ) are, resp., the Noether identities and current
N, €) = 2Pk [N = icw™)e" A (do TH = FY™M A em) + ice’' e’ A d FHY

5(A, &) = 2P [ige’ej AP (iew® — AM)e A TL)}

We need an operator to map 3- to 2-forms. It is the homotopy operator
(see e.g. the review [Compere - 1801.07064])

3)
g [M(S@m 3

Then, the BB charges read as
M — e UKL | (lew™ — — I A\ 0w
é«Q(BEfg) I§3)S A& p A U _ \Mys5KL '52” Skt
S s

) 4}

3999 556,63 a w0 BB } P g

BB charges reproduce dual gravitational charges in the first-order formalism!
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Dual gravitational charges are only present in the tetrad first-order formalism:

arise from an exact 3-form originated from the Holst sector.

are fully exposed to the ambiguity of the pre-symplectic potential.

can be understood from Hamiltonian charges with the Kosmann variation
e can be computed by means of cohomological methods. No ambiguity!

Suprisingly, they survive® at future null infinity!

— standard BMS charges: Bondi mass (/ = 0) & supermomenta (/ > 1)

— dual BMS charges: conserved Taub-NUT (/ = 0) & (/ > 1) harmonics
Caveat*: use of standard BMS fall-off conditions for the tetrad to null infinity
Open questions:

1. Do they survive with different fall-off conditions, e.g., extended BMS group?
2. Fluxes (and memory) from dual BMS charges?
(for BMS [Compere, RO, Seraj - 1912.03164])

%(dual BMS) = (radiative flux) + (memory)?
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