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Abstract: To analyze the performance of adaptive measurement protocols for the detection and quanti cation of state resources, we introduce the
framework of quantum preparation games. A preparation game is a task whereby a player sequentially sends a number of quantum states to a
referee, who probes each of them and announces the measurement result. The measurement setting at each round, as well as the final score of the
game, are decided by the referee based on the past history of settings and measurement outcomes. We show how to compute the maximum average
score that a player can achieve under very general constraints on their preparation devices and provide practical methods to carry out optimizations
over n-round preparation games. We apply our general results to devise new adaptive protocols for entanglement detection and quanti cation. Given
a set of experimentally available local measurement settings, we provide an algorithm to derive, via convex optimization, optimal n-shot protocols
for entanglement detection using these settings. We also present families of non-trivial adaptive protocols for multiple-target entanglement detection
with arbitrarily many rounds. Surprisingly, we find that there exist instances of entanglement detection problems with just one target entangled state
where the optimal adaptive protocol supersedes al non-adaptive alternatives.
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Framework: Quantum Preparation Games
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Basic setting: player prepares resources, referee scores player’s resources after n rounds

Player's strategy P Referee's strategies
@ Measuring devices M
@ Prepare quantum systems from C @ Classical memory with states S

@ Scoring rule g

Expected score for a player with strategy P

G(P) =Y p(sIP)(g(s)).

SES
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Framework: n-round Maxwell demon games
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@ Full information about previous states of the experiment in memory Sx (demon).

@ Assumption: The set C is closed under post-selection with M by the referee.

@ Recursive computation of the score of a player with strategy P:

(n) _ t Mn 417
s rpggz r(M(sp)(8(s)).

s/

(%) () ) k1)
ps = rpggztr(M P

s/

Gma'x = H(l) .
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Example: preparation games inspired by gradient descent

Task: quantify the entanglement of |ty) = cos(#) |00) + sin(@)|11) in n-rounds,
i.e., find a game with G(P) < 0 VP € Esgp and G(#) >> 4 for strategy with
|e) (for most 0).

@ Alice and Bob (= referees) can perform local measurements and communicate
inputs and outcomes.

Hiewol. [oa iy {14x+], 11}

| ‘ , V ".hl [g) = cos(@) |00) + sin(@) |11}

= s cos(f) [0) + sin(@) |1) i 5 cos(8) |0) — sin(8) |1}

S j - - ! \/E \/5
il _ .
W(®) =5 [10{(0l® Z + [1){1| ® (- 2)
+ |4){+| ® (sin(20) X + cos(20)Z) + |—){—| ® (—sin(20) X + cos(20)2Z)]
@ Gradient
o

%W(B) = |4+) (+] ® (cos(20)X —sin(20)Z) — |—)(—| ® (cos(20)X + sin(20)Z).
»,
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Example: preparation games from gradient descent

e Quantify entanglement of a player who prepares [¢) (16|®" and compare it to
other players.

o Referees’ strategy for round k (starting at k = 0)
o Measure M® = {M° (6;), M2(6;)} or MY = { M (6x), M}(64)}

(where MY (60,) — M°,(6) = W(0x) and ML(0) — MY (k) = 35 W (0k)).
0
o Update memory state ( ?{ ) € {—(k—=1),...,(k—=1)}°
k
e Update 6,1 = 6y + e‘si for the next round.

o If k = n, score the player with g(Q@ s ==l (cosz(_ﬁ'n)) C] (s,? — 5(9n)).
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Example: preparation games from gradient descent
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Entanglement certification with various types of measurements

Task: certify entanglement of a family of states p € E in n rounds. Distinguish
Eent = {p®"|p € E} from Esgp with various types of measurements.

e Binary final outcome s € {ent,sep} with g(ent) =1, g(sep) = 0.
@ Quality of the test given by the worst-case errors
e/ = max ent|P
= . pent)
ey = max p(sep|P)
PeEeNT

@ Goal: find best strategies for different types of measurements and compare them.

Global measurements Adaptive measurements “Fixed” local measurements
P.qsk
\ \ Adtes '\ Alies —
=k, N Skl » \_ Bob |, 2““1 :.,“ o > BN Stetd
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Can we optimise over preparation games?

@ General optimisation over protocols (1-round)

min ey
(Ms)s

st. 1- ) tr(Mp)(g(s)) <en  VpeE,

Ztr(l&’lscr)(g(s)) <eg VoeC,

(Ms)s € M,
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Can we optimise over preparation games?

@ General optimisation over protocols (1-round)

min ey
(Ms)s

st. 1= ) tr(Mip)(g(s)) <en  Vp€E,

el — M {g(s £
2 Elepec, o

(Ms)s € M,

@ For C = &sgp, the dual to the Doherty-Parillo-Spedalieri hierarchy approximates
Eigp (from the inside).

@ Similar hierarchies for other C, e.g. for entanglement dimension (see article).

Doherty, Parillo, Spedalieri, PRL 88, 2002 and PRA 69, 2004.
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Entanglement certification with various types of measurements

Example: single-shot entanglement certification of |¢) = %UOO) + [14)).

min ey

ent

s.t. 1 — tr(Ment [9)(&]) < en,
elﬂ — Menr = VO g VJ_TB:

Vo, Vi >0,
{Ment-,ﬂ - Ment} = M; a b
Alice Bob ‘
@ M, global measurements: any POVM {Mgpt, [ — Mepe }
x y

e M, adaptive Pauli measurements M.,; = Zx‘y P(x,y,ent|a, b)o.®® gy b s.t.

> P(x,y,sla,b) = P(x) and ) P(x,y,s|a,b) = P(x,yla).

¥S

° “fixed” Pauli measurements Mene = > , P(x,y,ent|a, b)ox . ® oy s.t.

Y " P(x,y,sla, b) = P(x,y).
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Entanglement detection with various types of measurements

09t
0.8
07}

06 | ,

o 05 .
04}
03} C
0.2}

0.1

0 0.1 02 03 04 05 06 07 08 0.9 1

Pirsa: 20100027 Page 12/19



Entanglement certification with various types of measurements

Example: 3-round entanglement detection of |¢) = %UOO) + |14)) with adaptive Pauli
measurements.

2 p— - 3 r 5 E {ent, se
= N Bl . _;_4'2_‘ £ A_'B_T' - ib £ dobr - A—FE p}

'
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After 3 rounds: 061
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Entanglement certification with various types of measurements

@ For single-shot entanglement detection the minimal total error ¢, + e often close
together for My, M, Ms.

@ Adaptiveness between rounds helps for n round entanglement detection even for

EENT = {|Cf>><¢’|®”}

"e.,

.

ey,
ss

@ Recover previousgpesults on certifying entanglement of p®” in few rounds by
requiring ey = 0 and minimizing e/ (with player without access to sy ).

Dimi¢ and Daki¢, npj Quantum Information 4, 2018.
Saggio et al., Nature Physics 15, 2019.
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Preparation games during interaction with an environment

@ During each preparation the honest player's device interacts with an environment

tra Z KipaK}!

where p, is the current state of the environment and Ki : Ha — Ha @ H.

A, preparing

@ Score of the player G = tr[Qp}].

@ Optimisation

min ey
k

st. e > tr[M({MP} 5 )0] YoecC
en > 1 — tr[Q{ M}, ) pal 9,7rA

with recursive decomposition of Q into {ng:)}k,s;( and of M({Mif)}k,sk) as before.
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Example: entanglement detection when interacting with an environment

e Task: certify the entanglement of % (|00) 4 [11)) in n = 30 rounds interacting

(for t = 0.1) with an environment according to
Hi = o @ (T [0X1] + [0X1] @ ) + 2.8 (T [1X0] + |1X0] @ T .

@ Style of the memory architecture

SEP SEP
f j’
o M 5 &
/_x sq ﬁ B ‘4‘ - 5{1 ‘\‘:N .
//" \\_\\\\ /// ‘\\‘\'\\
SEP,/ T N, N
§Ep <, SEP _Fsep
v XA Y ¥
74 [~ A\, ™~ P N/
o KXok - <X
i 4 ¢ /" NENT 9,
\ /N 7
\\ T \‘E‘ S’EP S
b @; = {: I s
SEP
Round Round Round Round Final State
1 2 3 n

@ Measurements: See-saw optimisation over POVMs.
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Example: entanglement detection when interacting with an environment
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Further research and open questions

@ Implications resources other than entanglement ? (Multidimensional entanglement,
multi-party entanglement, magic states)

9,
@ Remove assumption of closure under post-selection with M.

e Application for modelling NISQ devices (allow referee with quantum memory of
fixed dimension) ?
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Thank you for your attention!
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