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Abstract: Renormalisation in curved spacetimes is an involved subject. In contrast to renormalisation in a flat spacetime, the standard momentum
representation is not directly available. Nevertheless, the momentum dependence of correlation functions is crucia to deciding whether a theory is
unitary and causal. | will discuss how to define a notion of momentum dependence in gravity on a fundamental level. With this at hand, one can
discuss an important quantum field theory observable: scattering cross sections. Taking the example of gravity-mediated scalar scattering, | will
discuss conditions that a quantum field theory of gravity has to fulfil to have a well-behaved scattering amplitude. These can be satisfied without the
introduction of massive higher spin modes as is done in string theory. Finaly, | will review the status of first principle calculations of the
non-perturbative momentum dependence of quantum gravity correlation functions.
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WHAT ARE THE CONSTRAINTS IMPOSED
BY UNITARITY AND CAUSALITY ON A
QFT OF QUANTUM GRAVITY?

(Can they be fulfilled?)

Benjamin Knorr (Perimeter Institute) 2 RG and momentum dependence in QG
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OVERVIEW

Benjamin Knorr

« Running couplings in a covariant theory
« Gravity-mediated scattering of scalar fields

« Computing amplitudes from first principles
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RUNNING COUPLINGS IN A
COVARIANT THEORY
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RUNNING COUPLING CONSTANTS

« established experimental fact: coupling constants “run with energy”

Coupling constant,cs (E)

Nobel prize in Physics 2004
02- " (Gross, Politzer, Wilczek)

0,3

? + " “for the discovery of asymptotic freedom
O—o ) . . /4
! ’ in the theory of strong interaction’
0,0 | - ——
12 5 10 20 50 100 200 nobelprize.org
liustration: Typaforrn Energy. GeV
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RUNNING COUPLING CONSTANTS

Benjamin Knorr

« established experimental fact: coupling constants “run with energy”

e measure scattering cross sections and compare them to theoretical

predictions - coupling “constants” depend on energy scale dictated
by their beta functions

5

2 a?
B, =— (]1 _ENI) 2—;r+ @(a_?)
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RUNNING COUPLING CONSTANTS

Benjamin Knorr

« What is the fundamental meaning of “running coupling constants”?

« "fundamental”: discuss in terms of QFT concepts using the
language of the effective action I’

« How do we generalise this notion to a curved spacetime?
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FORM FACTORS

Benjamin Knorr

« RG running = dependence of a coupling in the effective action on
covariant derivatives

1
3 - 4 T = i oy 3
EM/YM: T [d /=8 [ Tt (7 )]

1

ravity: B
FRY 167Gy

| . 1
Jd4x, = {—R +20 = <REBR+-CH°f(8) G,y + O (933)]
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FORM FACTORS

* interaction terms are more complicated, e.g. three-point function:

1 ; -
105 [ /T2 fp(A1, A AR By R
N

» four-point function and higher: operator ordering needs convention
(difference is of higher order)

5SS

d4xf_ IJ(D'D)?‘D.D’D'D‘D'D'JD’)'D,_-,D'.'D)RRRR
1611'GNJ 8Jr:\ Dy Dy, Dy - D3, Dy - Dy, Dy - D3, D, - Dy, Dy - Dy )Ry Ry Ry Ry

Benjamin Knorr (Perimeter Institute) 9 RG and momentum dependence in QG

Pirsa: 20100012

Benjamin Knorr

Page 10/36



FORM FACTORS

* RG running of couplings generically depends on several momentum
scales - there is no unique scale in many processes

« based on curvature/field strength expansion - can access momentum
dependence by considering n-point function around vanishing field
configuration

« Asymptotic Safety with FRG: “running” Gy, A, mimic physical
momentum dependence of form factors f, /-, actual Gy, A don’t run
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FORM FACTOR EXPANSION VS DERIVATIVE
EXPANSION

Benjamin Knorr

« alternative basis: derivative expansion

1
I =
1 67TG}.V

J du\/_—g [—R +2A + g.R* + g,C,,,,C*"° + G(R*, D’R%)

« downside: finite orders necessarily introduce spurious poles in the
propagator even if full theory is well-behaved

» not suitable to assess degrees of freedom and unitarity of a theory
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GRAVITY-MEDIATED SCATTERING OF
SCALAR FIELDS

Benjamin Knorr (Perimeter Institute) 12 RG and momentum dependence in QG
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GRAVITY-MEDIATED SCATTERING CROSS
SECTIONS

Benjamin Knorr

for this part: assume that effective action is given - what to do with it?
e back to QFT 1: calculate scattering cross sections

« strategy: ansatz for effective action that includes all form factors that
contribute to a given scattering in flat background

 only tree-level Feynman diagrams are necessary with effective action

Benjamin Knorr (Perimeter Institute) 13 RG and momentum dependence in QG

Pirsa: 20100012 Page 14/36



GRAVITY-MEDIATED SCALAR SCATTERING
DIAGRAMS

Benjamin Knorr

« tree-level diagrams for ¢p¢p — yy scattering mediated by gravity:

> 7
/ o
P2 Pa s ¢' P2 i ) %
¢ X ’
gs = —(p1 +P2)_/’ 7
\
2 \X ¢ N
p p
: e P e R
A\ s
N
s-channel (renormalised) vertex
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GRAVITY-MEDIATED SCALAR SCATTERING -
E F F E CT I V E ACT I o N Draper, BK, Ripken, Saueressig 2007.04396

Benjamin Knorr

« most general action that contributes to this scattering:

1

I~ d*x, /=
16:rGNI -

1
+ Jd4x\/—_g [__Z-(p F5 () @ + frapg( B By AD RGP + fricpy(A . Ay, Ay) RP (D}{ngb) qb]

1 et
—R — —Rf(8) R+ —C"7"[(8) CW]

1
(21)2

+(¢ = 1)+ [dilx\/—_gfm({ —D;Hodxx

« assumption: single pole defines mass of normalised scalar fields

fomy) =0, fim)=1
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GRAVITY-MEDIATED SCALAR SCATTERING - —
WORK FLOW Draper, BK, Ripken, Saueressig 2007.04396

« workflow:
« calculate vertices and propagators (= Feynman rules)
¢ glue them together, imposing momentum conservation
« impose on-shell conditions on external legs

 use tensor algebra package (xAct, FORM, ...)
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GRAVITY-MEDIATED SCALAR SCATTERING -
A M P L I T U D ES Draper, BK, Ripken, Saueressig 2007.04396

Benjamin Knorr

« gravity-mediated amplitude:
by 47 5 2 2 : ; 5Ly > 2 2 2 2 :
at="T| - (14 Sfricps(®. 12 m2) ) (14 8 (8,112, m2) ) G(8)q £ = dtu + w? 42 (m — m2)
+ ((g +2m3) (1 + Sgicy (8, mg, m3) — 128fp,,(8, me, m,ﬁ))

X (8 + 221 + i (8,2, mD) — 128y, (8, m2.m2)) GR(Q):|

8 = (p; + py)°
GN i = 2 = m2 )
Gl = PI=P =M t=(p+ps)
zZ(1 + fx(2)) s 7 2 2
P3=pi=m, u=(p +py
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GRAVITY-MEDIATED SCALAR SCATTERING -

Benjamin Knorr

A M P L I T U D ES Draper, BK, Ripken, Saueressig 2007.04396
gravity-mediated amplitude: graviton contraction
vertex factors propagator factor
T iie ammd) 1k . )| Ge@ 2 — 4t + w242 2y
e T fRic(f){/} ’ md;’ () fRic,‘XI » ‘ (&) s (f) = mj
((g +2m2)(1 + 8fpic,, (8. m>, m2) — 128f,. (8, m”. m?) |GR(§-)
: 8 = (p; + p,)°
Gy(2) o e pi=py=my 4 ((pp] +pz)2
i) = e o = (P
2(1 +£4(2)) : S
Pi=pi=m; u= (P +ps)
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GRAVITY-MEDIATED SCALAR SCATTERING -
A M P L I T U D ES Draper, BK, Ripken, Saueressig 2007.04396

Benjamin Knorr

o self-interaction amplitude:

§—2m£ t—mi—m;‘ u—m(ﬁ—mf u—mj;—mﬁ t—mj,—mj 5—2mj)

g , ’
‘Qy4 _fd)x 8)ee B 2 : 5 : 2 ’ ) Yoo

2 i 7 §=(P]+Pg)2
Pt 0 f:(P1+P3)2

g it -
P = =y u=(P|+P4)2
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PHYSICS OF S-CHANNEL SCATTERING s

Benjamin Knorr

Draper, BK, Ripken, Saueressig 2007.04396

- partial wave decomposition:

1 ¢ 2t P Legendre
J dtP,(—l——)szf(Q-,t) s
1678 | _, 3

T polynomial

ag(g) —

» applying to general result:
« spin 0 graviton contributes to g
» spin 2 graviton contributes to a,

« self-interaction = resummation of ladder diagrams (k-graviton exchange),

contributes to a,;
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PHYSICS OF S-CHANNEL SCATTERING

Draper, BK, Ripken, Saueressig 2007.00733, 2007.04396

Benjamin Knorr

« conditions on (partial wave) amplitude:

e unitarity (Froissart bound):
: la(8)] <1
Froissart 1961

e causality (forward scattering):

lim ¢(3,t)| = o(3%)
Camanho, Edelstein, Maldacena, Zhiboedov 2016 800 ;

» Cerulus-Martin bound: for large 8 at fixed t, amplitude cannot fall faster than
e—\./g Ing

Cerulus, Martin 1964
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PHYSICS OF S-CHANNEL SCATTERING o

Benjamin Knorr

Draper, BK, Ripken, Saueressig 2007.00733, 2007.04396

- conditions on (partial wave) amplitude: GR

« unitarity (Froissart bound):
<
Froissart 1961 |la(8)| <1 X

« causality (forward scattering):

lim #(3,t)| = o(8%) X
Camanho, Edelstein, Maldacena, Zhiboedov 2016 800
: (@x — dx)

» Cerulus-Martin bound: for large $ at fixed t, amplitude cannot fall faster than
e—v‘% Ing

Cerulus, Martin 1964
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PHYSICS OF S-CHANNEL SCATTERING

Draper, BK, Ripken, Saueressig 2007.00733

Benjamin Knorr

« Is there a choice of form factors satisfying all requirements and:
« without extra degrees of freedom (no massive poles),

 action is local (i.e. power law) in the UV?
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PHYSICS OF S-CHANNEL SCATTERING

Draper, BK, Ripken, Saueressig 2007.00733

Benjamin Knorr

« There is a choice of form factors satisfying all requirements and:
« without extra degrees of freedom (no massive poles),
« action is local (i.e. power law) in the UV!
e graviton propagator:
Jo.c®) = cg Gy tanh (cg (Gyx)
e scalar self-interaction:

¢,Gy8 tanh (¢,G33)
1 + ¢,G38 tanh (¢,G33)

fy, St 9y = 42GyGA(B)(H* + u?)
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PHYSICS OF S-CHANNEL SCATTERING

Draper, BK, Ripken, Saueressig 2007.00733

Benjamin Knorr

« There is a choice of form factors satisfying all requirements and:
« without extra degrees of freedom (no massive poles),
« action is local (i.e. power law) in the UV!

e graviton propagator:

: tames PWA,
To AX) = €50 tanh ten X
Jr.c ECeH ( A= ) no extra real poles
» scalar self-interaction:

¢,Gy8 tanh (c,Gi8) ensures causality
1 + ¢,G8tanh (¢,G38) in crossed channel

3, st 9y = 4nGyG(B)(H* + u?)
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PHYSICS OF S-CHANNEL SCATTERING

Draper, BK, Ripken, Saueressig 2007.00733

Benjamin Knorr

« causality needs non-trivial relation between scalar self-interaction and
graviton propagator/graviton-scalar vertex at high energies

 extra condition for Asymptotic Safety, beyond existence of fixed point

« “momentum locality” and “effective universality”: results point
towards that such relations might indeed be realised

Christiansen, Denz, Dona, Eichhorn,
BK, Labus, Lippoldt, Litim, Meibohm,
Pawlowski, Percacci, Reichert,
Schiffer, Skrinjar, ... 2015+
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COMPUTING AMPLITUDES FROM
FIRST PRINCIPLES

Benjamin Knorr (Perimeter Institute) 27 RG and momentum dependence in QG
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CALCULATING FORM FACTORS WITH FRG

Draper, BK, Ripken, Saueressig 2007.04396

Benjamin Knorr

« “running” Newton's constant: identifies RG running of several form
factors

Gy /3
< 3\ G e T N e
H,.!(é)G(?:)J t,u) = T.J (t,u)

« assumes similar behaviour of spin 2 and spin 0 sector

« can work qualitatively, but might not work quantitatively
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CALCULATING FORM FACTORS WITH FRG

Benjamin Knorr

e full momentum dependence of TT-graviton propagator (flat
fluctuation calculation), related to f-

0.7 =135
0.6 . s %“.,\ b"n -1.40
’;'/ N\, & - - ‘\ &
0.5\/ \\\ PR e 0 i \\\ .
N 049 _1.50
nrr \e':f;m 005 010 015 0N 035 030 Se = \ e
04
\.&- 1= opt \\ ‘-’”/"_1'55
03 N e - -1.60
% 5 e 3
7 e 1 b 1.65
0 1 2 3 4 5 0 1 2 3 4 5—1.70
P PR
n=-—20,InZ

Christiansen, BK, Pawlowski, Rodigast 2014
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CALCULATING FORM FACTORS WITH FRG

Benjamin Knorr

e full momentum dependence of TT-graviton propagator (flat
fluctuation calculation), related to f-

« resolution of full graviton propagator work in progress (BK, M.
Schiffer): access to both f- and

« mid-term goal: compute complete three-graviton vertex
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CALCULATING FORM FACTORS WITH FRG e

Benjamin Knorr

e direct calculation of f- (conformally reduced approximation)

()
0.010
0.001
=
=
s
107
i 1075 0.001 0.100 10 1000 108 ¢
Bosma, BK, Saueressig 2019
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CALCULATING FORM FACTORS BY ——
MATCHING CDT DATA

« use correlation function for which CDT data is available, e.g.
B, = (6V;3(1)oVi(t + Ap))

0.020 A
0.015 A

0.010 | |

Up(t,t+At)

0.005 peo

0.000
ok b A 02 04

At BK, Saueressig 2018
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CALCULATING FORM FACTORS BY =
MATCHING CDT DATA

« use correlation function for which CDT data is available, e.g.

B, = (6V5(1)6V4(1 + AD)) sy ;"gl

0.015 [

st t+At)

0.010

« match to numerical data (only sensitive to small x): = ows

0.000

s '..-0‘4 02 00 o‘-a 04
frlx) = %

e gauge-invariant mass term, interesting for cosmology
see e.g. Belgacem, Dirian, Foffa, Maggiore 2018

BK, Saueressig 2018
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SUMMARY

Benjamin Knorr

« on our way to calculate form factors from first principles
« FRG: direct access to momentum-dependent correlation functions
« CDT: reconstruct form factors from correlation functions

+ so far only propagators, need vertices for scattering amplitudes
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