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Entanglement in Hybrid Quantum Circuits

Ultra Quantum Matter Summerschool
8/14/20

MPA Fisher

Open, non-equilibrium, dynamical, quantum phases/transitions

Measurement driven entanglement transition
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UQM: Mostly equilibrium...

Focus of UQM Summerschool:

* Quantum Systems in Equilibrium CMT, HET

*  Ground states ‘ (Thermodynamic limit)
= Exotic order (topological/fracton)

+  Quanturk criticality

Some other topics:
» Non-equilibrium quantum systems

+ Open quantum systems
* Role of measurements (observer)

Quantum Info
(Often few body)

This talk:
Quantum phases/transitions driven by measurements
(in open, non-equilibrium systems, in thermodynamic limit)

Common thread: Entanglement Entropy
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Entanglement entropy

Single eigenstate |¢>
3 5
Pure-state density matrix: 0 = W) <%b|

Spatial Bi-partition: Regions A and B

Reduced density matrix in A

pa =Trp(p) L

Entanglement entropy:

SA(L) = -Tra(palnpa)
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Spatial Scaling of Entanglement entropy

Ground states:

B
Gapped - area law: A
Sa(L) ~ L1 2
Gapless - area law, or log
enhancement; 1d CFT/Fermi liquids Sa(L) ~ L% 1In(L)

Ground states manifest spatial locality

Excited eigenstates with finite energy-density

Volume-law entanglement entropy
Sa(L) = sL®

Finite energy-density eigenstates are non-local
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Entanglement dynamics out of equilibrium (closed system)

LS
[a}m‘l..... i
1) Quantum Quench | i
Evolve unentangled initial state w/ Hamiltonian ' '
v
H=3_ (gof +hof + Joio},) 3 e
=1 o L=12
10° | —L=10
Entanglement spreads ballistically, [ +1L'mlé
even though energy diffuses Anear
s l"ib' )

Half-cut entanglement entropy  Kim + Huse (2013)

2) Unitary Dynamics with no energy conservation

Quantum circuit: evolve Qubits w/ (random) unitary gates 250
Initial state: unentangled product state N
. : " 200

Entanglement spreads ballistically, into maximal entropy state /’_M;\

150 ARG _.\‘

i 100 )

é 50
UD 100 200 300 400

X

B B e Nahum, Ruhman, Vijay, Haah (2017)
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How to control (entanglement) entropy growth?

Via Measurements

Measurement driven entanglement transition
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Entanglement and measurements

Alice and Bob share a singlet state % X

Alice Bob

) = 5[l 1) ae — [ 1) a5l

Maximum entanglement entropy:

Sy =Sp =1In(2)
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Alice measures her spin:

1 MN=INa®||)B
¥) =l as—[{has] = }ijf; = I l;j ®} %8

After measurment, direct product state

S4=8p=m(2) mmmp S, =85;=0

(Local) Measurement induces disentanglement
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Open Quantum Systems

Two classes:

System coupled to a bath (environment) System is monitored by an “observer”

Initial pure density matrix becomes mixed « |nitial pure state is measured and stays pure
Environment “measures” system, but results lost + "Observer” keeps track of measurements
Decoherence = Wavefunction evolves as a pure state
Dynamics of density matrix evolves w/ + Dynamics described in terms of

(e.g.) Lindblad equation (wavefunction) quantum trajectories

Measurement-driven
entanglement transition
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Extended systems w/ measurements (“monitored”)

“Hybrid Quantum Circuit”

w/ both unitary and measurement gates

» Unitary evolution induces entanglement growth
» Measurements induce disentanglement b

Explore competition between
unitary evolution and measurements

(by following wavefcn quantum trajectories)

Li, Chen, MPAF (2018/2019)

Skinner, Ruhman, Nahum (2018)

Chan, Nandkishore, Pretko, Smith (2018)
Choi, Bao, Qi, Altman (2019)

Gullans, Huse (2019)

Many more...

Yaodong Li Xiao Chen
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“Hybrid” Quantum Circuit

Initial density matrix ﬁg

2-Qubit Unitaries:

p— UpUT

1-Qubit Measurements

X pj: [313;{: Projection operators pi — (1 + Z)/Q
P 7 B2 L Measurement outcome D, HF
Tr|PypPq] probabilities TriPapPy

Canonical Model:

* Randomly chosen 2-Qubit unitaries
» Single qubit measurements made with probability, p

Single parameter: P € [0, 1]
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Phase diagram for hybrid circuit?

Initial state (say unentangled)  po = |v0) (o]

Run circuit dynamics to long times ﬁt - ‘wt> <¢t ‘
Density matrix stays pure & =
Compute bipartite entanglement entropy SA (t) = *TT‘A (pA log pA)

Phase Diagram?

p=0; No measurement, Volume law entanglement
p=1; Measure every Qubit, no entanglement (area law)
Transition at p=p.?

>
0 Entangled phase Disentangled phase 1 p
Cc

Entanglement transition
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Numerics on Hybrid Circuits

Direct simulation very challenging for large L [ —
(since the Hilbert space grows as 21 P

Employ Quantum information “technology”:
+ “Stabilizers” to encode special “codeword” quantum states
* Evolve stabilizers with Clifford unitaries

* Measurements of Z-component of spin

Gottesman-Knill Theorem: Such quantum circuits can be efficiently simulated
on a classical computer (accessing >500 Qubits, say)
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Pauli Strings, Stabilizers and Codewords

(Nielsen + Chuang)

Pauli operators for a single Qubit {1,05,04,0,} — {lh,'X, Y. 2}

Pauli String Operators for L Qubits: g=11Yo X34 X5...Z;,

- B ['HE

Stabilizers and “codewords”:

’¢> is a “codeword” state if “stabilized” by L independent,
commuting Pauli string operators gj T >

Example 1: |¢) = |00, ...0) is stabilized by g5 = Zj

00) + |11)) is stabilized by g = Z; Z5
g2 = X1 X2

I

Example 2: |?,D> % (
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Clifford Unitaries/Dynamics

Clifford unitaries take Pauli string operators A o}
into other Pauli string operators UgU T — g

H H - HTH

Unitary evolution of a “codeword” state: follow the dynamics of the L stabilizers:

If |7,b> stabilized by §; then |1)') = Ul1)) staviizedby g = Ug,;Ut
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Measurements and Stabilizers

Consider a projective measurement of a codeword (; |¢ > — |’¢>

) = Pily)  Pr=(1%2))2

Measuring Z-component of " qubit

If Z; anticommutes with g, and commutes with g,,...,g, (say)
the stabilizers are modified under the measurement as:

{gl,gg, iy QL} — {iZj’ go, ---;gL} when the “result” of the

measurement is 41
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Entanglement and Stabilizers

Stabilizer length | | length=6

g = 1112X3142Z5Y617 281910
Entanglement entropy S,

B, A &

&)

Denote number of stabilizers starting in Aand endinginA,B,.Cas 1, , Ty, Tl

Entanglement: SA - (nb—gnc) 10g(2)
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All 2-Qubit unitariei taken from the Clifford group: I
[Ve) = [Yer1) = Ultdy) :

All single Qubit measurements taken from Pauli group

) — —P\%) Pr=1(1+2)

Make measurements with probability p

Simulate Clifford quantum circuits on classical computer
(accessing >500 Qubits)
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Entanglement Entropy

w/ pure initial state,
long-time steady-state of Clifford circuit

T
—— p=0.0 p=0.17 o,

100 P=0.03 —=- p-g.19 2
peOL e peo et > Volume law
)50 gaiiec o e entanglement
o= p=011 4 p=0.3 i
p=0.13 '__/'
—— p=0.15 /_/"' : 5
101 -~ e T Increasing
i T el measurement rate
& .
1 Area law

entanglement
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Entanglement Transition

Li, Chen, MPAF (2018)

Entangled phase Disentangled phase Skinner, Ruhman, Nahum (2018)
P
0 ® 1~ P
P<Pc Pc P>Pc
SA apLA
GJPLA; P < Pc
Sa(La) ~ {log(La); p=pc
log(La)
A const; p > pc
const
LA
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Mutual Information: Locates transition
Ianp=54+S5B—54B

0.04+ A A ]
fit L=128
Il \ L =256
083 J 1 — L=512 ]
o I." AR
< Him
= 0.02
[ \ A
A
? ] \ N
0.01F ;‘f \ La=Lle=L/8
N/ R\
0.0 0.1 0.2 0.3 0.4 0.5

IAB(L—> OO) =

D
{0; P F P

const; p = p.
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Critical Properties of Transition:

Data Collapse for Mutual Information

0.04 > L=
. L=128 | ]
L=256 1
0.03 o |l ® L=512 |
)
< $
= 0.02}
0.01+ i
0.00k voqenwel® ,
-4 -2 0 2 4
(p-p)L™
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Log Scaling at Criticality (p=p,)
Sa(La) = aclog(La) a. ~ 1.6

~ ,

<

s

% / . L =256

2 s L=B12
// a(pe) InjA|

P .

0 1 2 InlA:[; 4 5 IH(LA)

Resembles 1+1 CFT ground state
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Conformal Symmetry at criticality (p=p.)

*If* have underlying conformal 7 - A = [z1, 7]
field theory, then mutual information AB f (77) o g
depends only on the cross ratio x L1234 D
n= "
Z13T24 " 2
zij = Zsin (Flzi — =) 2 C

X3

IAB B = |z3, 74

Ia=txy 00), =D, 3]

10° 77 ‘ . ; A
0.005 0.010 0.050 0.100 0500 1
: n
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Nature of the volume law phase?

"Background” logarithm in SA by log(La) + apLa
volume law phase?
N belog(L )
const
* Clifford numerics usin
g L m

stabilizer distribution function

« Mapping to a stat mech model
- Entanglement domain walls I
- Capillary wave theory '
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Stabilizer length distribution function

Increasing measurement rate

In D(x) —
\/\ | | o \
In \
P<Pc P=Pc P>Pc
Blgl s g + d(x — L/2) D(z) ~ o D(;{;) ~ x%e*@"/ﬁ
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log from Stabilizer length distribution

N
Entanglement entropy follows:  Sa(La) ~ [i* dx; ffA dxoD(xy — 3, L)

B A G

b a c

f | | X, | | 5

Sa = M log(2)

Background log

Y

log(La)+ La; p<pec
SA(LA) ~ § Q¢ log(LA)§ P = De
log(£); P> Pe
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Mapping to Stat Mech (spin) model

Jian, You, Vasseur, Ludwig (2019)
Bao, Choi, Altman (2019)

Random Clifford circuit Random Haar circuit w/
w/ projective measurements generalized measurements

M rarciom untary

random Haar unitary

+ generalized measurement

O free spin
Haar circuit mapped to
“Generalized Potts” model

(spins live on space-time B -
i i

manifold, 2d) E\E(D = Jo(si, sj; Sk)

Sk

@ fixed spin in direction a

O fixed spin in direction b
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Phases in Stat mech model

Volume law phase = “ordered” phase of stat mech model
Area law phase = “disordered” (paramagnetic) phase of stat mech model
Critical point = phase transition in stat mech model

P<Pc PP
0 ® 1P

Entangled pC Disentangled
R
“Ordered” phase of “Paramagnetic” phase
spin-model of spin model

Ferromagnetic order

n> =
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Entanglement entropy from Stat Mech model

S 4 = F'4 = free energy cost for changing
boundary conditions in region A

O free spin X1 X2
® fixed spin in direction a * a Q
© fixed spin in direction b
5i Si . -
EH:HII = Jolsi 55 54) Zcucwt[A]
Sk
Volume law (ordered) phase: Sis=F4q~ Ly

Free energy of domain wall

Area law (paramagnetic) phase:

Free energy from end-points Sa=F4=0(Q)
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Entanglement domain walls in volume law phase

X1 X2

—Q
SA = Domain wall free energy z. Al
Capillary wave theory (MFT): Fow = — In(Zcow)
Zow(A) = ePolAl ny(m)e—,ﬁa [72(02y) y(z)  parameterizes domain wall

Background log

i

~ - 3 -
S w2 Fromr (A) = BoL g+ 5 InL» Em;;;y,(z\ggg;vanath. You (2020)

Volume law term Transverse fluctuations of
(surface energy) entanglement domain wall
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Purification in Clifford circuit w/ mixed initial state

o .-~ Gullans, Huse (2019)
Start dynamics in maximally PO = 5L 1
mixed state, maximum entropy |
S(t=0)=LIn2

Run Clifford circuit;

d
Mixed state has fewer stabilizers than qubits
{gli"'?gm} il = L @
- e
S — (L M m) ln 2 LJ,J/ Measurement
Initially m=0, but measurements can increase B I_

Space

number of stabilizers (and decrease entropy)

If Z, commutes w/ but is independent of {g;} then m -> m+1

{glu "'7gm+l} = {gla qu} U Z;l
If Z; anticommutes with g; and commutes with g,,....9n, (say)

{911 ga, 7gm} =% {Zj7921 aieisiy g'm}
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Purification Transition in hybrid Clifford circuit

Run Clifford circuit from mixed state at t=0, to t=cL Glans,.raise(2013)

k
Compute thermal entropy at time t
= 0.15 '
St = _Tr(pt In Pt) ®) Mixed phase ! Pure phase
2 FL=256
8 =4 S=1 g FL=512
. > 8 —_—x (p’ g p)“
| 1P %
Mixed phase pC Pure phase R
5
0
0.18 02

Purification transition = entanglement transition

mixed 0O pure o = |to) (Vo
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Quantum Error Correcting Code in mixed phase

Ippoliti, Gullans, Gopalakrishnan,
Huse Khemani (2020)

Shor’s 9-Qubit (stabilizer) QECC Li, MPAF (2020)

o) = (1000} + [111)) @ (]000) + [111}) @ (J000) + [111))
Lkdl=19.1.3 L = 9 physical qubits 2/2 :
[ ] ] [ o ] k = 1 logical qubit T) = (]000% — |111)) ® (J000) — [111)) @ (|000) — |111}))

| s ettt bl | > I oo MRl LY i 2\/2 M

g1 =121 23 I3 I4 I5 Ig I7 Ig Iy,

Logical operators 7, X Z|z) = (-1)%|z) 92=112223 14 Is Is Ir Is Iy,

— _ g3=11 Iz I3 24 Z5 Is I7 Ig Io,

X‘.’L’) = |£L' ©® 1> g1 =11 Ip I3 Iy Z5 Zg I7 Ig Iy,

g5 =11 Io I3 I4 I5 I Z7 Zg Ig,

ge =11 Ip I3 I4 Is5 Is I7 Zg Zo,

g7 =Xy X2 X3 Xy X5 Xg I7 Ig Iy,

gs =11 I2 I3 X4 X5 X5 X7 Xs Xo,

= . . . » Z =X Xo X3 Xy X5 X5 X7 Xg Xg,

d = code distance: “Shortest logical operator Rty b 7050, Bl 22 el

A code w/ distance d can correct
any error acting on With d=3, Shor code can correct

(d-1)/2 arbitrary qubits any arbitrary single qubit error
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Dynamically generated QECC in mixed phase

System qubits (Q)
At t=0, purify mixed state w/ ancilla qubits (R), |‘I’QR> ‘

ﬁ(}:TT‘R“IlQRM‘I’RQI:QLLi SU:LlDQ

Evolve system Qubits (Q) with Hybrid circuit

After time t have an (L ,k,d) QEC stabilizer code 3 R

L = physical qubits
k = logical qubits = entropy of code space  k = S; = —T'r(p; log p)
m = L-k = stabilizers

Code rate=k/L = const.

Code distance??
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Code distance for Clifford circuit

Mutual information numerically

for Clifford circuit IA R
b

60

[ L=5l2,p=0.12J

Extract code distance from condition;

IA,RF:‘JO; |A|<d )

0 100 200 300 400 500 LA
. . A
Code distance scaling w/ L Al

i g L0.38 Clifford numerics
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Code distance from entanglement domain walls

(a) Q (b) &
2 competing domain wall configs R A %
(a) dominates for |A| > d r
(b) dominates for |A| < d
Equating two gives d el —

Capillary wave theory 80
dow ~ 2;;0_ (1{1 L+1In T) 60/

Disagrees w/ Clifford numerics

d va %8

0 100 200 300 400 500 LA

1Al

Capillary wave theory
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Experimental Access??

Quantum trajectories required to access the transition

Challenge: b

* To extract S, (or other observables) requires
multiple copies of same wavefunctionjq/;}

» To reproduce |7,0> requires post selection on O(Lt) measurement outcomes,
choosing among 2t possible (random) outcomes, to get copy of ‘;b)

Overcoming challenge??

(1) Two proposals by Choi, Bao, Altman (2019); Gullans, Huse (2019)

(2) Employ Clifford circuits

+ Measurement outcomes *can* be forced, using error correction to “undo”

a wrong measurement outcome, then try again
+ Clifford gates can be implemented on a quantum computer
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Summary: Entanglement Transitions

Quantum Entanglement Transition:

Competition between unitary induced entanglement
and measurement induced disentanglement o e

(Entanglement transition = purification transition)

Open/future:

» Universality class of transition (CFT)?

* Role of randomness?

» Higher dimensions?

» Systems w/ feedback?

» Phases of QECC’s? Phases of Quantum computers?
« Other dynamical phases in monitored open systems?
» Experimental observation of entanglement transition?
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Code distance from entanglement domain walls

(a) Q (b) 5
2 competing domain wall configs Lol %
(a) dominates for |A| > d r
(b) dominates for |A| < d
Equating two gives d —r —i

Capillary wave theory 80
dow ~ 2;;0_ (1{1 L+1In T} 60/

Disagrees w/ Clifford numerics

d wa FP38

0 100 200 300 400 500 LA

1Al

Capillary wave theory
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Experimental Access??

Quantum trajectories required to access the transition

Challenge: b

* To extract S, (or other observables) requires
multiple copies of same wavefunctionjq/;}

» To reproduce |7,0> requires post selection on O(Lt) measurement outcomes,
choosing among 2t possible (random) outcomes, to get copy of |17b>

Overcoming challenge??

(1) Two proposals by Choi, Bao, Altman (2019); Gullans, Huse (2019)

(2) Employ Clifford circuits

+ Measurement outcomes *can* be forced, using error correction to “undo”

a wrong measurement outcome, then try again
+ Clifford gates can be implemented on a quantum computer
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