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Complexity of a quantum many-body problem

Many-body Hilbert space
W)= > Vgl lin) dn=1...d

N spin-1/2 particles: dim=2L

|0 spins dim=1'024

20 spins dim=1'048'576

30 spins dim=1'073"741'824

40 spins dm=1099'511'627"776

» Full diagonalization up to ~20 sites

» Sparse methods up to ~40 sites
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Matrix-Product States

Many-body Hilbert space

W)= D Cjgargnlitd)iz) i), Ga=1...d
A TR,

Matrix-Product States: Reduction of #variables d’ — Ldy?

e . 1 A JL L
%]9}29" JL Z AalAal,(Lz' * .AaL—l q; 1 . -X

Q1,0,...,C1

Once we have an MPS representation, we can
calculate (almost) everything exactly!
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Matrix-Product States

Many-body Hilbert space
W)= > Vgl lin)  dn=1...d

jlsj2a"'st

Matrix-Product States: Reduction of #variables d’ — Ldy?

e . 1 A JL L
%]9}29" JL Z AalAal,(Lz' * .AaL—l q; 1 . -X

A0, Q|

Once we have an MPS representation, we can
calculate (almost) everiything exactly!

Why is it a good representation!?
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Matrix product states and |d quantum systems

) Entanglement and Matrix-Product States
II) Time Evolving Block Decimation

[ll) Density-Matrix Renormalization Group
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Entanglement

A generic quantum state has a d% dimensional Hilbert space

)= > Phegalidliz) . i), da=1...d

jl:j27"':jL

Decompose a state into a superposition

of product states (Schmidt decomposition) 'A“'E' ose=
[9) = Zci,jﬁ)A ®|j)B = ZAa|a)A ® ) g, (ala) = daar
i) o

Entanglement entropy as a measure for the
amount of entanglement § = — 3" A2 log A2,

(Equivalentto S = —Trpalog pa with pa = Tre|v) (] )
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Entanglement

Area law for ground states of local (gapped) Hamiltonians
in one dimensional systems

o (L) — CONSt. [Srednicki 93, Hastings '07]
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Entanglement

Area law for ground states of local (gapped) Hamiltonians
in one dimensional systems

———

S (L) — CONSL. [Srednici 93, Hastings '07] . v
N
1()D I I I
M hodyEilhen EEEEEEEEEEEENEEEEEEND
any body Hilpert space
10_5 — "l!)) == ZAfx|a>A ® |(l’)H |
(2 10'10 a
Area law states =
o i
L | wra udom>
-20 l l l
10 0 5 10 15 20

(84

All ground states live in a tiny corner of the Hilbert space!
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Entanglement

Area law for ground states of local (gapped) Hamiltonians
in one dimensional systems

S (L) — CONSL. [Srednick 93, Hastings '07] . : '
1()D I I I
M oy Hilbert [.Illllllllllllllllll
any body Hilpert space
10_5 I .. "l!)) == ZAIK|Q>A ® |(l’)H o
. [a]
o
(2 = 10'10 n
Area law states = s
y4 o
‘ o
5L ® * ‘”(1> o,
‘ o
L |?1[”raudom> %oy 9
-20 l l | ..
10 0 5 10 15 20

(84

All ground states live in a tiny corner of the Hilbert space!
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SVD Compression

Ny Np

Example:  [#) = Y Y Cyliali)e =) Mldq)aléqy)s

=1 j=1
Matrix can represent an image (array of pixel)

0.23 --- 0.56
022 --- 0.34

Reconstruction of the matrix (image) from a small
number of Schmidt states (SVD):
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Compression of quantum states
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Compression of quantum states
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Compression of quantum states
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Compression of quantum states
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Compression of quantum states

‘b
v Fa

St 8

Important features visible already for < 16 states!

Pirsa: 20080015 Page 16/55



Compression of quantum states
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Compression of quantum states

g

¥ = 500
[Monakian]
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Matrix-Product States

Coefficients in the many-body wave function:

Rank-L tensor: diagrammatic representation
Voo i i i = ]
J1:72:73+74515 | l I l |
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Entanglement

Area law for ground states of local (gapped) Hamiltonians
in one dimensional systems

————

S (L) — CONSL. [Srednick 93, Hastings '07] . :
10D 1 1 I
M bodv Hilbert EEEEEEEEEEEEEEEEEEN)
any 0 y 11D€ Space
107 | ) = ZAJO’)A ®|a)p |
(2 10'10 n
Area law states =
% .
L | wra udom>
-20 l l l
1 0 5 10 15 20

[}

All ground states live in a tiny corner of the Hilbert space!

Pirsa: 20080015 Page 20/55



SVD Compression

Ny Np

Example:  [#) = Y Y Cyliali)s =) Mldy)aléy)s

=1 j=1
Matrix can represent an image (array of pixel)

0.23 --- 0.56

0.22 --- 0.34
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Compression of quantum states

Pirsa: 20080015 Page 22/55



Compression of quantum states

x =500 y=1
[Mondrian]
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Matrix-Product States

Coefficients in the many-body wave function:

Rank-L tensor: diagrammatic representation
Voo i i i = ]
J1:72:73+74515 | l I l |

Successive Schmidt decompositions

i o
EDY ZAB]J1AB]|j1>|ﬁ)[z,...N]

i1=1p=1

C 2 y > Al N ge-o ) il o e e
| | I | | I I | | | WL,

D w10 %
Al 42 AB qH ALl pR2IAR 3B---51 B e I" A

AW / \ -
R LS D D G v e S L5 5

e g B i A2 JL
u{‘w'zs- sl Z AUflAa];az' ' 'Aa.',—l

A3, .., 01 _1
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Matrix-Product States

Coefficients in the many-body wave function:

Rank-L tensor: diagrammatic representation
Voo i i i = ]
J1:72:73+74515 | l I l |

Successive Schmidt decompositions

i o
EDY ZAB]hA,[fal]Ul)lﬁ)[z,...N]

j1=1 =1 _ o
['\'Il AE]]‘\“ ] ﬁl‘z._.;)] 10° I
( ) — r_O_| ) ) lssssssssnsEssEsens
| I | l | | I | | 105} *
s 1070 A
Alll Al'zl AB Al A1 A[l] A[;!JJ. [2] Igaléi---ﬁl A o -L-..'-,
0 S G G D e e s e N YA
10% o 5 10 15 .-.ZG
e g B i A2 JL
u{‘w'zs- sl Z AalAahaz' ' 'Aa.c—l
A1y, - 50 &

MPS are tailored to describe |D systems with an area law!
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MPS and the canonical form

From now on: Leave out site indices!

AU 420 418 41 4151 416 417

VY Y Y Y Y Y YL
T
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MPS and the canonical form

From now on: Leave out site indices!

T
N ap
MPS is not unique
Ain = XAmXT

= yo-

= A» describes the same state!
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MPS and the canonical form

Choose a convenient representation in Canonical Form:
Bond index corresponds to Schmidt decomposition! rvidi o3

[$) =) Asla)r ®le)r  with (ale!) = da
a=1

Write tensor Ai’;‘ﬁ as product of

Aop = @®—— [ :Diagonal matrix with Schmidt values

., =9 B :Tensor relating to Schmidt basis
af |
A

'1

Al

1/) J1:J2:]3 ° Y
J

J1 2
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MPS and the canonical form

Schmidt states in terms of the MPS:

. AT A Ty

4 L
), = =S8 l)e="y

Orthogonality:

(o'l o) p = o

1l
¢
¢
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MPS and the canonical form

Efficient evaluation of expectation values:

AT
(6|0l = I
AT
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MPS and the canonical form

Efficient evaluation of correlation functions:

TR
FATATATAT

<¢|Om0nlw>—A2C€ Z ‘ ‘ ‘ ggﬂ\z
A A

"AT*AT*ATHAT
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Matrix Product States and ID Quantum Systems

[) Entanglethent and Matrix-Product States
II) Time Evolving Block Decimation

[Il) Density-Matrix Renormalization Group
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Time evolving block decimation

Consider a Hamiltonian H = Z pid+ [Vidal 03]
J

Decompose the Hamiltonian as H=F4G

F = Z Fll = Z Bl +1]

even j} even j
G = Z Gl = Z plid+1]
odd odd j
Foa F F

G G

I

We observe [FI'l, FIPl] = 0 (|G, GI")] = 0)
but [G, F] # 0
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Time evolving block decimation

Apply Suzuki-Trotter decomposition of order p
exp (—i(F + G)dt) = f, [exp(—Fét), exp(—Gdt)]
with f1(z,y) =2y, fo(z,y) = 931/2?1531/2, efc.

Two chains of two-site gates

Up = r exp(—iF"16t)

Usg = 1_ exp(—iGIT6t)
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Time evolving block decimation

Time Evolving Block Decimation algorithm (TEBD)

(11,00 [ 31,31 L[4 (51 151 _[6]

[T 40 Had I~ <A

o (4
A A

How do we get the original form back?
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Time evolving block decimation

Time Evolving Block Decimation (TEBD) algorithm  pvisaro3)

(1) AArB/}B I—CAC o _C—Q—
Y =

~

(ii) ® ®

I > ‘§: 7i%}

(iii)

6 X
~ % Y

)>>Z

Y
If
WA'X ABY A°  ANTEAPTON

—0 O—

&Y Ya9 T Y Y

X d3X3
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Time evolving block decimation

Time Evolving Block Decimation (TEBD) algorithm  pvisaro3)

(1) AArB/}Bl—CAC _g
_CY O Y o— —)»—CT(__?—

@ ® &
— > —
T T

—~

)>>Z

(iii)

C X
~ % Y

Y
If
WA X ABY A°  ANTEAPTON

&Y Y9 T Y Y

uoijesunJa)y

R
SZL
[
<
w
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Translationally invariant, infinite systems!

Assume that [%) is translational invariant and L = oo:
infinite TEBD (iTEBD)

Partially break translational symmetry to simulate
the action of the gates

1-1[27'] _ FA, A[2T] — )\A, F[Z'r‘—l—l] _ FBj )\[2?‘—1—1] _ AB

A T°K T°A T°A" T'A
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Quantum Ising Model

Quantum phases at T' = 0 : Transverse field Ising model
with Zio SYMmetry  [eiot etal.70]

H=-) (Joioi, +gof) XEYAATY!
J
% S
M EYYTYYYY)
S IRy L e e
Ordered e "Quantum Disordemr:.end g / J
k
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Matrix Product States and ID Quantum Systems

[) Entanglement and Matrix-Product States
II) Time Evolving Block Decimation

[Il) Density-Matrix Renormalization Group

A
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Density matrix renormalization group (DMRG)

Matrix-Product operators: Generalization of MPS
to the space of linear operators

., .= M M MM
@IIIZ-.-l[; l1,ly...11, # T T T T

FT'ATATATAT

MMCIMCIMCI
T 17 7T
FTATATATAT
M M M M ]
obhokokol

T'A T'ATATA T
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Density matrix renormalization group (DMRG)
Find the ground state iteratively

AP, 4 5 416 4 o)

GHH%H%

AT AR 4 BEAEF 4 57 4 B 4

by locally minimizing energy of Hgyigarirpr (e.g., Lanczos)
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Density matrix renormalization group (DMRG)
Find the ground state iteratively

2] [5 6
4P A8, 4840 40

cmﬁ i’ B! < , Z
o"

AT 424137 A 67 4

by locally minimizing energy of Hguigarirpr (e.g., Lanczos)

Much faster convergence than TEBD + allows for long
range interactions!
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Density matrix renormalization group (DMRG)

(i Y (v) AA’I:B
AN TEABTOAC R N
) 5 ~ N(TB)*
e ® TCAC
M M = Ey PO
i S N .
(i) - _ e
® X MY T yA-
—
1) i SVD

(iv) N pn——
AMX APy AN MTBANBTCOAC

& Y Y Y
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Tensor Network Python (TeNPy)

What is TeNPy

» Python 3 library for simulations with tensor network
https://github.com/tenpy/tenpy

» Object orientad, modular structure, and easy to install
»HTML documentation

https://tenpy.github.io Q
»(in)finite DMRG, TEBD, TDVR ... L
A

Johannes Hauschild, Berkeley
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Tensor Network Python (TeNPy)

Example: DMRG

Example

from tenpy.netWorks.mps import MPS
from tenpy.models.tf_ising import TFIChain
from tenpy.algorithms import dmrg

M = TFIChain({?'L?: 16, *J*: 1., *g?’: 1.5})

psi = MPS.from_product_state(M.lat.mps_sites(),
[’up’]l*16, ’finite’)

dmrg_params = {’trunc_params’: {’chi_max’: 30,

’svd_min’: 1.e-10}}

dmrg.run(psi, M, dmrg_params) # find ground state

print("E =", sum(M.bond_energies(psi)))

print("final bond dimensions: ", psi.chi)
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Symmetry protected topological phases

Spin-1 Heisenberg chain H =} _. 5‘} : §j+1 - 00000000..
- Haldane phase: Gapped and
no symmetry breaking Hadane 3

— Spin-1/2 excitations at the edges:
Protected by symmetry (afecce: 87

=g 3=

x4
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Symmetry protected topological phases

Spin-1 Heisenberg chain H =}_. 5‘} : §j+1 - 00000000..

- Haldane phase: Gapped and
no symmetry breaking Hadane 3

— Spin-1/2 excitations at the edges:
Protected by symmetry (afecce: ai'87)

E E

D=t =g

x4

Edge spins have been observed in the NMR profile close
to the chain ends of Mg-doped Y>2BaNIiOs sH. Glarum, et al, Tedoldi et a.99]
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Symmetry protected topological phases

Local Hamiltonian and gapped ground state |¢g):
Symmetric under g,h € G

L R
UQ UQ

o) : fhmg T 2T T 3T =g

Bulk: Linear on-site representation UgUp = Ugh

(e.g.,spin-1) .
Boundary: Projective representations U, Uy, = e“-‘i’(g’h)Ugh
(e.g., spin-1/2)

Classified by the second cohomology H?[G,U(1)] tsenr 1911

FPAM.Turner, E. Berg, and M. Oshikawa, Phys. Rev. B 81, 064439 (2010).
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Symmetry protected topological phases

Zsy x Zs symmetry protects the Haldane phase

H=3,8; Sjn+ DY ;(57)?
eg-3=3=3=g |0)|0)|0)|0)|0)

z
10)]

— 1.0 ) ' YYVYVYVYVYY
:D-N
= 0.5
bﬂ 0.0 , ; ; E ;
2 p=m $=0 U.U, =e?U,U,, ¢=0,7
;—0.5 9 - '
c (spin-1 vs. spin
—10lYYYYVYVYVYVYYVYVYYVYY
Haldane , LargeD
0.0 0.5 D 1.0 1.5

FR AM.Turner, E. Berg, and M. Oshikawa, Phys. Rev. B 81, 064439 (2010).
FP and AM.Turner; Phys. Rev. B 86, 125441 (2012).
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Symmetry protected topological phases

Zy x Zy symmetry protects the Haldane phase

H=3,8; Sjp+ DY ;(57)?
wg=2=3=3=g |0)|0)|0)|0}|0)

—~ 1.0 ' ' VYVYVVYYY
:D-N
= 0.5
by % &
S 0.0 ) d io
- Q=T qﬁ:o U,U,=c¢€ Uzijﬁb:U;ﬂ'
% —0.5 1 . .
c (spin-1 vs. spin
—10lvyYyYyVYVYYYYYYYY
‘Haldane J ) Large‘D
0.0 0.5 D 1.0 1.5

» Non-local order parameters
» Degeneracies |n the entanglement spectrum

FR AM.Turner, E. Berg, and M. Oshikawa, Phys. Rev. B 81, 064439 (2010).
FP and AM.Turner, Phys. Rev. B 86, 125441 (2012).
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Matrix Product States and ID Quantum Systems

[) Entanglement and Matrix-Product States
II) Time Evolving Block Decimation

[Il) Density-Matrix Renormalization Group

Tutorials:

SVD Compression https://colab.research.google.com/drive/| _4V66KqRXHMR-CQIl8eqkQBuEZgqw2KM

TEBD Algorithm https://colab.research.google.com/drive/ | G_8ralfi CYKHLmhrFKH4NT4Q2ZWdTNRT

DMRG Algorithm (TeNPy): Ising model https://colab.research.google.com/drive/ I V9VAop9_37p2FugVANHIGGCThtZDD_GM
DMRG Algorithm (TeNPy): §-1 SPT model https://colab.research.google.com/drive/ | AIV7_y75BtnLmUUoDPOw26y41eCGbl3b

(Documentation of TeNPy: https://tenpy.readthedocs.io/enflatest/)
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Tensor Network Python (TeNPy)

What is TeNPy

» Python 3 library for simulations with tensor network
https://github.com/tenpy/tenpy

» Object oriented, modular structure, and easy to install
»HTML documentation

https://tenpy.github.io Q
»(in)finite DMRG, TEBD, TDVR ... -

Al

Johannes Hauschild, Berkeley
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Density matrix renormalization group (DMRG)

Matrix-Product operators: Generalization of MPS
to the space of linear operators

M M M M |
i gy Bsie. i), — Y 7 ¥ 7
IFT'ANANTATATAT

¥MO IMC IMC IMC I
17 17T

FATATATAT
M oMM v ]
DD

T'A T'A TATA T
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Matrix Product States and ID Quantum Systems
k

[) Entanglement and Matrix-Product States
II) Time Evolving Block Decimation

lIl) Density-Matrix Renormalization Group
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