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NFL @ QCP

kx 8. = \74

SSB Quantum symmetric
Critical Point

* At QCP, gapless order parameter fluctuations mediate long-range
interactions between electrons

* Single-particle excitations no longer have long lifetime if the
interaction is singular enough to generate strong non-forward

scatterings
1
_:aV(E)2E2>E >\:\~vu<
-

NFL’s are described by interacting field theories that are not
diagonalizable in single-particle basis
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Two important factors :

- space dimension
- wavevector of gapless collective mode




Space dimension

e 3d: quantum fluctuations are relatively weak

* 1d: strong quantum effect but no extended >
Fermi surface (described by relativistic QFT)

e 2d : challenging & interesting :
ging g \ £ p

— Extended Fermi surface

— Strong quantum fluctuations at low energies

3% We will focus on NFLs in d=2.
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Wavevector of critical mode (Q)

K+Q
Hot Fermi surface

Q Hot spot
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SDW, CDW,.. QCP
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Wavevector of critical mode (Q)
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Wavevector of critical mode (Q)
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Hot Fermi Surface :




Ising-Nematic QCP

We start with a metal with the 4-fold rotational symmetry that favors a deformation
of the Fermi surface in the |=2 channel

H= / dK,dK, e(K)cH(K)e;(K) =V f dqudg, AgA_g

(3

Ag= /dede (cos K, — cos Ky)fj(l? + (j’)(}(ff)

A describes describes the |=2 deformation of FS
small V

large V .
(Bg=0) # 0 (Agmo) =0
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Ising-Nematic QCP

We start with a metal with the 4-fold rotational symmetry that favors a deformation
of the Fermi surface in the |=2 channel

H = / dK,dK, e(f‘%)c (K ")cj(f?)c—)\% f dq,dq, A@

Az= [ dK,dK, (cos K, — cos Ky)cj(l? + q‘)cj(f_{')

3

’T [ 2
)

A describes describes the |=2 deformation of FS

small V

large V .
Aamo) 70 (B
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Ising-Nematic QCP

We start with a metal with the 4-fold rotational symmetry that favors a deformation
of the Fermi surface in the |=2 channel

H = / dK,dK, e(f‘%)c (K ")cj(f?)@\% f dqydg, A

dK.dK, (cos K, — cos Ky)c;r(f? + (j')cj(f_{')

q=
‘—T' — 32 ]

OA describes describes the |1=2 deformation of FS

small V

Pirsa: 20080013 Page 15/62



Ising-Nematic QCP

<AQ—0> >0

OR

A —p) <0
: ()
FL metal with Quantum _If_l:_metal with
broken rotational Critical Point unbroken rotational
symmetry (C,) symmetry (C,)
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At quantum critical point

Long wave fluctuations of the nematic order parameter emerges
as a gapless bosonic excitation
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Low-energy theory at QCP

* The form of the low-energy field theory is fixed by
* Locality & symmetry

S = /(U( (1(1\) {JA'U +vp(fx) {| K| — A}-(_(),.\-)}](_‘_}-(I\')
1 i 9 9 9 , 9 ' : T = ' G :
‘9% 5 / dq [q,‘] - (.'“q“} lo(q)|” + u /r_lq]dquq;; O(q1)O(q2)Pp(q3)o(—q1 — g2 — q3) K = (Ko, |K|,0k)
: ‘ ¢ = (o, lql,6,)"

3 /r/]\'u’f; e(fr) c;(K + q)c;(K)o(q)
/ (lr[\—] t’![\—g(f[\—;; /\JIJ:J:UI (91 " Hg. H;;. 91) ("jl (I\'] )(‘L([\—g)("m (]\';:,)("J A (—1\—'1 = 1\'2 = 1\—_'1,

4
=

Infinitely many low-energy data
(coupling functions)

I(F(Q)J 'Z‘F(Q)_._ E’.(Q)? /\jl....__h(gla--ag-fl)

E;gr'r"-‘-
Surae®

Pirsa: 20080013 Page 18/62



Low-energy theory at QCP

* The form of the low-energy field theory is fixed by
* Locality & symmetry

S = /ﬂA ot A)[u\n— welic) (K] — K 9,‘)}] ¢i(K) ¢—
| J J &

K I'L\[} |)"\| 9;\

l 9 9 &) ! 9 f
= / dq (g5 + ] |o()]? + u / dqidqadgs ¢(q1)P(q2)P(q3)P(—q1 — G2 — q3)
: ~ 5

2' e
_— q = (Q‘u~|‘-’1‘-ﬁq}

+ /rl[\'dq e(fk) ('j-(]\' + q)c; (K)o(q)

-+ / {/[\"l ({1\—-_)(;-1\—3 ’\Jl.,f:.j:u: (9| . (9‘3. 9;;. 91) (‘jl ([\'} _}("L([’\’g)('j_.! (1{:;)("“(—}\'—1 a f\'-_g = ]\’3_

« B

Infinitely many low-energy data
(coupling functions)

](F(g); Z.-‘F(Q), 9(9); )\jl,..,j,l(gla“a&i)

Qgr'ﬂ“l
5.‘}-{3““’
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Low-energy theory at QCP

* The form of the low-energy field theory is fixed by
* Locality & symmetry

S = /arU{ (.‘:i ){lhn*“ (0k) {|K| — Kp(0k)} | LK) <" g s \1’ ub J

K I'L\[} |)"\| 9;\
N

l 9 9 &) ! ) f
5 / dq [ffﬁ =+ f-'“ﬁ’“} |6(q)|” +u / dq1dgodqs ¢(q1)P(q2)0(q3)P(—q1 — g2 — q3)
. . '—-—————'_---—_ -
S 7 = (o, lql,6,)

- / dKdq e(fk) ('j-(]\' + q)c; (K)o(q) <"'—

3 / AR dKydKs Njyjyjaja (01,02, 05, 04) (K1), (Ky)ej (Ks)es, (— Ky — Ko — Ky je—"
4+ ...

Infinitely many low-energy data
(coupling functions)

Kr(0), ve(0), e(), M., (01,..,64)

Qgr'r“’l
5-}‘(5’““’
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Goal

* To characterize the manifold of low-energy fixed points in the space of the
coupling functions
« Critical exponents are functionals of the coupling functions that
parameterize the manifold, and functions of angle on the FS

e(9)
A possible RG flow : T N

.  J \
y ~ ] , E 4
~ i :

f 3,

gg i
Swfé"“"
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The first step

* Solving the full problem
requires a functional RG for
strongly coupled field theories
with infinitely many d.o.f.,
which is hard

e |tis easier to understand NFL

without SC instabilities

— There are some NFLs without SC
instabilities (focus of this lecture)

— Even if SC instabilities are
present, physics in an
intermediate energy scales can
be controlled by unstable NFL
fixed points

Ve (6)
Kg(e)
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Without pairing interaction, the theory has an
emergent locality in momentum space

[Polchinski,...]

momentum space of boson

* At low energies, fermions are primarily scattered along the
directions tangential to FS

* Fermions with non-parallel tangential vectors are
decoupled from each other in the low-energy limit
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Patch theory W

Z /d AL ;An—|— ski + k. }Lz"_q_‘.}-(k) _k K - K ky
i

+ /dq q(—l—c q} (—q)9(q) b

+ ¢ ZZ /dq]xdqoq £' (K +q)s (k) )

s=% j=t,]

+ u / dgrdqzdgs ¢(q1)P(q2)0(q3)o(—q1 — q2 — ¢3)

+ Z A.ql__q?..___j]‘jg__ /(M |(”.2(M 3 l'%l “(}w?- )l,.-""‘Ig.‘jz(l.Tg)(lc,; “Ur )L 54, J—,]( L'] — A.‘-g o A'-:;)

Sasla

Vi (k) = (Ko, Kp + k)
Q/_J(/ln) — (,(IXU? _I(F -+ ]i)

* Coupling functions are replaced with coupling constants within a patch
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Patch theory @ W,
k
S‘_ZZ/(HL A)zAwl m - K. K )®
s=% j=1,| : g
+ %/(ﬁ] 45 + 1q17] ¢(—q)o(q)
Z / & kd’ q o(q) (F.: + q)s (k) ?

-+ u/dq] dgzdqs &(q1)o(q2)d0(q3)o(—q1 — g2 — ¢3)

+ Z As1,521001,520 / dkydkzdks ! sl j1 (K1 )‘-""'"‘If_}‘,,a‘g(./4-'2)@"’3’.@:;,.;:;Uﬂ:s) Vsa,ja(—k1 — k2 — k)

Sa 1_,“'{

Ui i (k) = (Ko, Kr + k)

b1y
Y_ (k) = (Ko, —Kr + k)

* Coupling functions are replaced with coupling constants within a patch
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Gaussian scallng % i

= Z Z /(] Aa’ [uﬁuJw sky + k3 ]'_..,,(/4) 01— bk, ko — bY%ky, ko — bkl

U — b 1), ¢ — b ig

=+ j
/ 95 + (. }L ;)] o(—=q)o(q)
ZZ /dkdq(‘)q .-”(AJrq) s, (k)

s==* j=T,

i 2
|(-: > b ie| u— b %u, X — b2\

+
_"\‘»wa ;

+ |u / dqidgadqs G')(fll)(-7((12)0)(f1:5)(s’(_‘71 —q2 — f[:i)

5 E )\-5‘1:-“”2,---.}'1‘.}?

/(N\MN JdA; L-T‘HJI(I] )Us .52 (}1 )( ;_,;Ji(}l )L "IJI( l-'| —A‘.Q—A'jg)
Sasja

In the low-energy limit,

* [ +’¢i] term in the boson kinetic term and u decreases (irrelevant)
* the fermion-boson coupling grows (relevant)

* four-fermion coupling is | int by power-counting™

(*However, this itself does not exclude SC instabilities)
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b<1

éz [ e
by —> b’k]___ I._‘Q — ]égg k{} — bm

) ¥ — b"zlq"). ¢ — b"gcg)

i & 2
|(3 b ie| u— b u, X — b2\
3

T |u / dqidgadqs ¢(q1)0(q2)(q3)(—a1 — g2 — q3)

o Z As1 82,0152 / dkydkodks L.-""-’i..jl (117'1)'i.i'?’:_;.jz(A"z)’l_.-"-'s_-;.js(}*’:i)"@“s...;l(—]fl — ka — k3)

SasJa
* Inthe low-energy limit,
* [4 +’qi] term in the boson kinetic term and u decreases (irrelevant)
* the fermion-boson coupling grows (relevant)
* four-fermion coupling is irrelevant by power-counting*

(*However, this itself does not exclude SC instabilities)
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Gaussian scaling

%>

1/2,

u— b

i

U,

X — bl/2)
R

tz /dkquq H(AJrq) ”(
s==% j=T,|°

/ dq1dgadqs (_f)(f]])(-7((12)0')(f'13)(-5(—‘71 — g f[;;)

/
St El/\ﬁlgh‘ze---.fl‘.}zw / dkydkodks ¥F, 5 (k)WL 5, (ka)sy gy (Ks) s, o (k1 — ka — ks)

S0, 0 —
* Inthe low-energy limit,
* [ +’qi] term in the boson kinetic term and u decreases (irrelevant)
* the fermion-boson coupling grows (relevant)
* four-fermion coupling is irrelevant by power-counting*

(*However, this itself does not exclude SC instabilities)
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-‘M-.jrl""’“—-
* Inthe low-energy limit,
* [ +’qi] term in the boson kinetic term and u decreases (irrelevant)

* the fermion-boson coupling grows (relevant)
* four-fermion coupling is irrelevant by power-counting* ) I@

(*However, this itself does not exclude SC instabilities)
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Perturbative approaches :




l. 1/N - expansion

[Altshuler, loffe, Millis(94); Kim, Furusaki, Wen, Lee(94); Polchinski(94),...]

* Inthe presence of a large fermion flavors, the i=1,2,..,N
collective mode is heavily damped, and fluctuations

of the collective mode is suppressed @

* Inrelativistic QFT, quantum fluctuations become
weak, and the 1/N expansion is organized by a
perturbative series

* This is not the case in the presence of FS : the
theory with large N vector flavor behaves like a
large N matrix model which is not perturbatively

solvable due to the proliferation of planar graphs
[SL (09)]
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l. 1/N - expansion

[Altshuler, loffe, Millis(94); Kim, Furusaki, Wen, Lee(94); Polchinski(94),...]

* In the presence of a large fermion flavors, the i=1,2,...,N
collective mode is heavily damped, and fluctuations

of the collective mode is suppressed @

* In relativistic QFT, quantum fluctuations become
weak, and the 1/N expansion is organized by a
perturbative series

* Thisis not the case in the presence of FS : the 4\/)-:-1,“': v
theory with large N vector flavor behaves like a 4)
large N matrix model which is not perturbatively af

solvable due to the proliferation of planar graphs
[SL (09)]
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Origin of the emergent matrix structure :
angle on Fermi surface becomes another flavor

* Planar diagrams represent virtual processes in which the phase space for
low-energy particle-hole excitations is maX|m|zed

SO

+r(#))

| Vector fermion with?t7
f\f'k ~ Matrix fermion in 1+ (
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Origin of the emergent matrix structure :
angle on Fermi surface becomes another flavor

* Planar diagrams represent virtual processes in which the phase space for

low-energy particle-hole excitations is maX|m|zed

Vector fermion with FS in 2+1D

f\fk ~ Matrix fermion in 1+1D
\9/ ke %(k’a?a ky) — ng(k\)
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NFL in the (vector) large N limit

* For one-patch theory (chiral NFL), exact scaling exponents can be
computed non-perturbatively [to be discussed in part Il]

* In the two-patch theory (non-chiral NFL), even more diagrams

become important at low energies [Metlitski, Sachdev (10)]
* remains an open problem
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Il. Dynamical tuning
[Nayak, Wilczek(94); Mross, McGreevy, Liu, Senthil(10)]

e 4 o
(G lal = Lol 67 k

q

Tame quantum fluctuations by suppressing DOS of critical boson
* All symmetries kept

Breaks locality of the theory : the non-local kinetic term is not
renormalized perturbatively

L 4

‘q|l—{—£—'r} 1+€
o =4 (1—nlng/A+..)

. L+-E 1,
Quantum correction to non-local terms suchas ¢ telnA
from short wavelength fluctuations

does not arise
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Il. Dynamical tuning

[Nayak, Wilczek(94); Mross, McGreevy, Liu, Senthil(10)]

e 1 & <111
I;L_:t
(@ 0B — 1= e

q

Tame quantum fluctuations by suppressing DOS of critical boson
* All symmetries kept

Breaks locality of the theory : the non-local kinetic term is not
renormalized perturbatively

. 4

‘q|l—{—£—'r} 1+€
o =4 (1—nlng/A+..)

. L+-E 1,
Quantum correction to non-local terms suchas ¢ telnA
from short wavelength fluctuations

does not arise
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Il. Dynamical tuning

[Nayak, Wilczek(94); Mross, McGreevy, Liu, Senthil(10)]

e 1 & -1
7S
.~ o) =

Q{:«\— \9@2 — g0

q

Tame quantum fluctuations by suppressing DOS of critical boson
* All symmetries kept

Breaks locality of the theory : the non-local kinetic term is not
renormalized perturbatively

|l—{—e—'r; )
o =4 T€(1—-plng/A+..)

. L+-E 1.
Quantum correction to non-local terms suchas @ telnA
from short wavelength fluctuations

v

~L

i A‘q

does not arise
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Il. Dynamical tuning

[Nayak, Wilczek(94); Mross, McGreevy, Liu, Senthil(10)]

e 1 @ <111
tLQ_
.~ o) =

Q{:«r \Q@Q — g0

q

Tame quantum fluctuations by suppressing DOS of critical boson
* All symmetries kept

Breaks locality of the theory : the non-local kinetic term is not
renormalized rbatively

L 4

=q¢'t (1 —nlng/A+.)

i 1 .
Quantum correction to non-local terms suchas (¢ +E@ does not arise
from short wavelength fluctuations —
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Dimensional Regularization scheme :

no unique way to extend dimension

d
(space dim) &
3 1 N
(1N

? - e \J
/
/
(
[
(

1 1
1

0 1
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I1l. Tuning dim of space along with the dim of FS

d [Chakravarty, Norton, Syljuasen(95), Fitzpatrick, Kachru, Kaplan, Raghu (13),..]

(space dim)

* Most natural (symmetry, locality kept)

* Size of FS enters as a scale (UV/IR mixing) even without pairing[Mandal, SL (15)]

* Crossover function f(x) is singular in the small x limit, and m—=>1 limit and w->0
limit do not commute

* You want to probe the region with f(1), but end up probing the f(0) limit if the
low-energy limit is taken first
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Ill. Tuning dim of space along with the dim of FS

d [Chakravarty, Norton, Syljuasen(95), Fitzpatrick, Kachru, Kaplan, Raghu (13),..]

(space dim)

D W m—1
(FS dim) =w [g]

* Most natural (symmetry, locality kept)

* Size of FS enters as a scale (UV/IR mixing) even without pairing[Mandal, SL (15)]

* Crossover function f(x) is singular in the small x limit, and m—=>1 limit and w->0
limit do not commute

* You want to probe the region with f(1), but end up probing the f(0) limit if the
low-energy limit is taken first
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I1l. Tuning dim of space along with the dim of FS

d [Chakravarty, Norton, Syljuasen(95), Fitzpatrick, Kachru, Kaplan, Raghu (13),..]

(space dim)

L ‘) m—1
(FS dim) : o

* Most natural (symmetry, locality kept)

* Size of FS enters as a scale (UV/IR mixing) even without pairing[Mandal, SL (15)]

* Crossover function f(x) is singular in the small x limit, and m—=>1 limit and w->0
limit do not commute

* You want to probe the region with f(1), but end up probing the f(0) limit if the
low-energy limit is taken first
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I1l. Tuning dim of space along with the dim of FS

[Chakravarty, Norton, Syljuasen(95), Fitzpatrick, Kachru, Kaplan, Raghu (13),..]
N

d

(space dim)

* Most natural (symmetry, locality kept) 1

* Size of FS enters as a scale (UV/IR mixing) even without pairing[Mandal, SL (15)]

* Crossover function f(x) is singular in the small x limit, and m—=>1 limit and w—->0
limit do not commute

* You want to probe the region witl@ but end up probing thlimit if the

low-energy limit is taken first
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IV. Tuning co-dimension of FS

d >

(space dim)

no UV/IR mixing

0 1 2 (FS dim)

* A non-local scheme [Senthil, Shankar (09)]
* Local scheme [Dalidovich, SL (13)]
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The theory at d = 3 describes a spin
triplet p-wave SC

d*k |
= / (27)3 { Z Z (9"-51,_1(]"5) (tko + Ex) ¥s,5(k)

—kq (@_‘“LT(A-;).L.-r'_"sj(_?T(—A:) 4 ..qfaj_?i(k:)f@’ff:i(—k) — h,.(_?.) }

- breaks the global U(1) and spin rotation
o ——
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Perturbative NFL near d=5/2

By

' d Fermi liquid
) with decoupled boson
3 I,L/
% d=5/2

\/_...
Marginal [~
/ \/‘mf Fermi liquid l € ki

Non-Fermi liquid

Z ® k 2-.,_ .

-k K. Kp b
" Strongly interaction

Non-Fermi liquid
(likely to be unstable)
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There is no perfect perturbative method.

The main purpose of perturbative methods is to reveal emergent
dynamical principles, based on which one searches for non-
perturbative ways of understanding deep quantum regime.
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Chiral Metal

I} Ak

=V

/1 interlayer
~ hopping : t

e(kz, ky) = ky — teos(ky)

A stack of quantum Hall layers creates a two-dimensional
chiral Fermi surface [Balents and Fisher (96)]
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Chiral Metal

=V

1 interlayer
: hopping : t

el kg, Ky ) = ky — teos( k)

A stack of quantum Hall layers creates a two-dimensional
chiral Fermi surface [Balents and Fisher (96)]
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Critical chiral metal at quantum criticality

N
Symmetric Chiral FL with
Chiral FL broken symmetry
-0- > V
A
Chiral
NFL

S = / dk ( ko +er+qfk_j)@t:;‘(k)ﬁbj(k)

n / dk K} Ga(—k)da(k)

+g / dk dq ¢o(k) Vi (k +q) T ¥;(q)

+ gapless boson under Gaussian scaling, interaction is relevant
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Critical chiral metal at quantum criticality

N
Symmetric Chiral FL with
Chiral FL broken symmetry
-0- > V
A
Chiral
NFL

§ = / dk ( ko +k$+qfktj)'z;*j(k)-t-“ﬁfj(k)

n / Ak K2 G~ )00 (k)

[P +g/dk dc C)a(k Lj(}w T Q) TS "zj')j(q)

** J teeess—

+ gapless boson under Gaussian scaling, interaction is relevant
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Interaction driven scaling
(as opposed to the Gaussian scaling)

I irrelevant ky — bk,
S = / dk (Zm + kg —I—’}-’ki)wj (k)v,(k) k, — b2k, .
v Tl % ) . 21, A — -
4 / Ak K2 $o(—k)ba(k) o — bk >
| | U o b1
Hol[ dk dq ¢a(k) V7 (k +q) T ¥5(q) _si2:
marginal ¢ = b i ¢

* Loop corrections generate Y ~ k(l)/zt > 1]

 The interaction is kept as a marginal term while one of the
guadratic term is deemed irrelevant

* Irrelevant term enters as a scale
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Interaction driven scaling
(as opposed to the Gaussian scaling)

£

7. irrelevant kﬂ? — bk-r
. 0 y | % J
S = / dk (zm -l-fi-‘;r+’}"k;)%(k)’@/}(k) k, — b'/’k,
n / Bk 2 do(—k)a(k) ko = ke P75
| U b
AN dk dg palk) ik +q) TS ¥i(q) iz,
rgin P — o ?

* Loop corrections generate . ~ k'(l)/z, 231

* The interaction is kept as a marginal term while one of the
guadratic term is deemed irrelevant

* |Irrelevant term enters as a scale
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Interaction driven scaling
(as opposed to the Gaussian scaling)

ky, — bk,
)U;(A)PJ (k) k, — bl/zky

k'[) —> bzkg = 2

5422

U — b1 9

dk dq 9a(k) i (k +q) Ti; ¥;(q)

a iz

* Loop corrections generate z>1

 The interaction is kept as a marginal term while one of the
guadratic term is deemed irrelevant

* Irrelevant term enters as a scale
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Scaling form

By

W3 (ke ’“5))

Gl(k;)—(kx—l—kj)g((kark?), A

* In general, the UV cut-off can not be set to infinity.

— This introduces correction of the scaling exponents with
respect to the interaction driven scaling

* |n this case, thanks to chirality, the theory is finite in
the A — oo limit

— No correction to the interaction driven scaling
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Interaction driven scaling
(as opposed to the Gaussian scaling)

rrelevant

5 = O k. + 28205 (k)0 (k)

-:w
* Loop corrections generate - - |

 The interaction is kept as a marginal term while one of the
guadratic term is deemed irrelevant

* |rrelevant term enters as a scale
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Scaling form

* In general, the UV cut-off can not be set to infinity.

— This introduces correction of the scaling exponents with
respect to the interaction driven scaling

* |n this case, thanks to chirality, the theory is finite in
the A - oo limit

— No correction to the interaction driven scaling
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Stable fixed point

* The holomorphicity guarantees UV finiteness

* UV finiteness + absence of scale : the interaction driven scaling
IS exact

* Exact Scaling form of the Green’s function :

' G Hk)=(k;+ k) g i
' y k’:}: + A’%

* The scaling exponents are one-loop exact (similar to
supersymmetric QFT)

* However, this is not a perturbative fixed point

— The full scaling function g(x) can not be computed
perturbatively

[Sur, SL (2014)]

Pirsa: 20080013 Page 59/62



Hot spot theory




Parameters of the theory

By

14
4] (
v * v:Fermivelocity perpendicularto Q¢
2+ 40P 3_| * c:velocity of spin fluctuations
p y: “ | * g:coupling between electrons and
& < g spin fluctuations
| — "= p; 4+
3+ 2— * If v=0, hot spots
connected by Q¢
are nested

* Generally, v, c, g are
all non-zero
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Open problems

* Beyond patch theory
— Capturing momentum dependent universal data
— Superconductivity
— Disorder

* Local moments
* New non-perturbative methods
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