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Plan for today

1. Basic notions and the particle-vortex duality in (2+1)d
2. A fermion-boson duality (a.k.a. 3d bosonization)

3. A fermion-fermion duality and the half-filled Landau level
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Historical motivation

¢ Q: nature of finite 7 transition for 3d superconductor?

(V — ia) [ — mlgP + At + —s f2, + ...

4-e expansion: always 1st order

e However, on a lattice, we can map this theory to

IV®|2 +m|®]* + \|®|* + ...
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Lattice mapping

¢ Compact boson + U(1) gauge field:
T 0 o N
z,@,e) =/ @0, /2m) [ ala,] T expl- 52

3 : -~ -
E(A“@' -2mn;,—eA ;) - ';?Z” &XAilz]
(o] bripad = - ¢

! .
1Hu=1 i

e Compact boson:

Zo@',e)= 2 J@o; /2m) expl- 38" 201 A x N2 - (2/872) (A ,0; ~ 2mn;,)2]
ip

[njpl i
e Lattice duality(Peskin; Dasgupta, Halperin):

Zs(B 76) b= (znﬁ)daN/gzs'(l/B ’e)
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Lattice mapping
Co 5(&(9"A )

¢ Compact boson + U(1) gauge field:

" 0 N 3 : -~ -
z,B,e)=J@o,/2m) [ dlA;,,] 5 expl- 482 (8,0, -2mn,~eA; ) =320 AXA, %]
[njyl=-= i=1p=1 i

W

e Compact boson:

Z,@"e)= Z)}f(if%- /2m) expl— 3B’ 251 A <112 - (€2/81%) 25 (8,0, - 21n;,)?]
i ip

[nip
e Lattice duality(Peskin; Dasgupta, Halperin):

Zs(B 76) b= (znﬁ)daN/gzs'(l/B ’e)
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Particle-vortex duality

: 1
(V= ia)pf? — mlgl* + Nl* + - 12, + .

IV®|2 +m|®]* + A\|®|* + ...

e (Conclusion: transition can be continuous and

. . . . PR, e o’ . o
belongs to O(2) Wilson-Fisher universality ALAY Y
1 D AL W
class MAANN
) state ""‘ A a i
"5 »4’6 A 8
1 s L ) _}“ ‘h\
e Also describes (2+1)d quantum superfluid- s AR %
insulator transition at 7=0 L YAC VAT VA VA
.‘ . v p AN e
)‘ A P " _}i
\ar Ultracold 8"Rb

atoms - bosons

(Greiner, et. al, 2002; image from Sachdev, 12)
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Why does 1t work?

¢ Both theories have a global U(1) symmetry, conserved current:

1
-4 LU
& —0,a
J& 9 A

Conserved boson charge <> Conserved gauge flux

® And ¢ see each other as vortices: particle-vortex duality

e Local operators charged under global U(1)

Son I
¢ < M, N s
\\ ~ <IN <
' ﬁ.
£ g F A N
Flux-insertion operator, é
a.k.a. mon()p()[e Image from Zyga, phys.org
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Mean field phase diagram

(8, —iA,)®|* + m|®|* + \|®|* + ...

!

. 1 0 VA
(0 — Zoau)¢|2 —m|g[* + Alg|* + 202 P gfp’ a0y Ay + ...
o m<<0:

® theory: superfluid <®>+0, sound (Goldstone) boson
¢ theory: ¢ gapped, free photon
o m>>(0:
® theory: ® gapped, trivial at long distance (IR)
¢ theory: < ¢ >#0, Higgs phase

[A vortex insulator (superfluid) is a particle superfluid (insulator)]
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Continuum limat:
a conjectured duality

1 i
DAs®2+ \®|* < |Do?P+Mo|*+ —1F> + —aAndA
|DA®|” + AP |Da|” + |9 +262 ,,w+2,ﬁa

e Send momentum cut-off A — o0, allowed since both theories super-renormalizable
([e2]=[A]=[momentum])

¢ On lattice, this means weak-coupling

e Lattice duality does nof imply the continuum duality (two lattice theories cannot
simultaneously be at weak coupling), but motivates it

e We call the lattice duality weak and the continuum duality strong
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Continuum limut:
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1 i
DAs®2+ MN®|* < Do+ Mo|*+ —F> + —aAndA
|DA®|" + AP |Da|” + | @) +262 ,._w+27ra
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([e2]=[A]=[momentum])

¢ On lattice, this means weak-coupling

e Lattice duality does nof imply the continuum duality (two lattice theories cannot
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IR duality

. .
DO+ M@ < |D,o|%2+ No|* + — F2 AdA
|DA®|" + AP |Da|” + | @) +262 ,._W+2Wa

: scals | Momentum
Free scalar ® # +Ffr Seiscalan
_ ree photon « Uv
\ _— o 'l | Assume A=ze? (Higgs
\ ,j[ condensate type-II),
\ J A otherwise Ist order
\ S _ transition
\ Wilson-Fisher scalar ¢
\ + free photon a '

/

f!
L 4

O(2) Wilson-Fisher R
fixed point

Numerically verified:
Nguyen and A. Sudbg, 99; Kajantie, et.al, 04
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Weak vs. Strong duality

/Weak duality:

e Valid for some lattice theories

e Same phase diagram, same set of
local operators

e Easier to establish analytically

e Useful for exploring new phases
of matter (e.g. topological orders,
half-filled Landau level)

\

.,

(Strong duality:

Valid for continuum field theories
(often only in IR)

Same critical properties
(e.g. exponents)

Often conjectural and needs
numerical verification

Useful for studying critical
properties (e.g. deconfined
quantum criticality)

\
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(1+1)d analogue:
Kramers-Wannier duality

e Quantum transverse field Ising model in 1d:

HZ*JE :Uf‘fiﬂ*hg o7 = _hE :T;—%T;-% _JE :T:j’_%
i i i

7

xT _ z __Z

Z — xr

Tivl = Hgi
J<i

o T;_; creates a domain wall (or kink) in the original ferromagnet
: .

¢ On aring, 7= periodic/anti-periodic b.c. depending on total charge — should

view 7% as coupled to a dynamical Z; gauge field
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Kramers-Wannier 1n continuum
limat

(Dpd)? +rd? + Ap* < (Dpd)? —r¢?+ N +inbU B

e B (b): background (dynamical) Z, gauge field, decides whether ¢ (¢) has
periodic/anti-periodic b.c.

e ;wbU B: assigns a Z, charge under B to a nontrivial flux of b (anti-periodic b.c.
for ¢), very similar to @ A dA in particle-vortex

e Original Ising scalar ¢: flux-insertion operator in b (twist field), again similar to
particle-vortex
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Kramers-Wannier 1in continuum
limat

(Dpd)? +rd? + Ap* < (Dpd)? —r¢*>+ N +inbUB

e Not really a “self-duality” — appears to be one only because Z, gauge field
does not affect IR dynamics

e Logically, this does not simply follow from the lattice duality (but of course we
know it’s true in this case)
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Plan for today

1. Basic notions and the particle-vortex duality in (2+1)d
2. A fermion-boson duality (a.k.a. 3d bosonization)

3. A fermion-fermion duality and the half-filled Landau level
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A Fermion-Boson Duality

N A 2 4, L 0
P4V — —AdA & |Dygf + Nol* + 55 fh, + b+ o—bdA

Interlude: LHS really means
7 = |detIp 4|e A

n-invariance: gives Hall conductance o, = — 1/4nx,

1
similar to —S—AdA, but gauge invariant
T

Sometimes the above is simply denoted as [iW 1D ,¥]py.. : gauge-invariant but
breaks 7-reversal (a.k.a. parity-anomaly)

In our notation, the Dirac term alone has
Z = |detlp 4|le” 257 S AA — |det P 4|(—1)F

which preserves 7T-reversal but not gauge-invariant on its own: surface of
topological insulator

(Witten, RMP 1 6)/
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A Fermion-Boson Duality

N A 2 1 1 0
iWID 4V SWAdA & | Dyd|® + N9 + 5o W+47deb+27rbdA

Interlude: LHS really means )
7 = |detIp 4|e A

n-invariance: gives Hall conductance o, = — 1/4nx,

1
similar to —S—AdA, but gauge invariant
/1

Sometimes the above is simply denoted as [i¥ 1D ,¥]py.. : gauge-invariant but
breaks 7-reversal (a.k.a. parity-anomaly)

In our notation, the Dirac term alone has
Z = |detlp o|le” T MAIFsr S AA — |det P 4|(—1)F

which preserves 7T-reversal but not gauge-invariant on its own: surface of
topological insulator

(Witten, RMP 1 6)/
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A Fermion-Boson Duality

e 1 1 1
WP,V — —AdA — |Dy|? — |6|* + ——bdb + —bdA
87 47 21
) 1 A
U(l)A A — %ewp\c’?"b
Operator : ¥ o o
spin 1
¢ A relativistic version of flux-attachment fermion

boson

vortex

(Figure from
Mross, et. al, 17)
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Phase diagram

_ 1 i
iUPAY — —AdA |Dpop|® — |¢|* + ——bdb +
8 AT
mU — m|p|?
a0 ——14Ad,A m > 0: trivial
4
m
 LHS: integrating out massive ¥ - ———AdA
|m| 87

e RHS: {¢) # 0 — trivial Higgs phase
1 1 1
massive ¢p - —bdb + —bdA — — —AdA
4r 2r

A

1

2m
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Phase diagram

_ 1
i\IJ;DA\IJ—S—AdA —> |Dyo|® — |¢]* + —bdb+—bdA
s

mU — m|p|?

m< 0 —mAdA m > 0: trivial

1 &HE

m
LHS: integrating out massive ¥ —

]
—AdA

|m| 8x

e RHS: {¢) # 0 — trivial Higgs phase
1 1 1
massive ¢p - —bdb + —bdA — — —AdA
4r 2r

A

2T
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Status of this duality

e As aweak duality: fully established through

General arguments

Lattice model (Chen et. al,)

Coupled-wire construction (Mross et. al,)

SUSY mirror dualities + SUSY breaking (Kachruet. al,)
e As a strong duality: remains conjectural

e Competing scenario: bosonic side flows to 1st order transition
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Time-reversal Symmetry?

1

WPLY & Dyl — |l +
m

bdb + ibaIA + iAdA
2T 8
« LHS: invariant (TT surface)

« RHS: a naive application of 7:
1

& = l == ~ 1
D;o|> — |o|* — —bdb — —bdA — — AdA
Dl — |61t — - bdb — b4 —

« Not identical to RHS, but dual to it, through particle-vortex duality on ¢
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Time-reversal Symmetry?

1

DAY & Dyl — |8l +
-

bdb + ibaIA + iAdA
2T 8
« LHS: invariant (TT surface)

« RHS: a naive application of T:

" = 1~ - 1 - 1
D;:o|> — |o|* — —bdb — —bdA — — AdA
D3P — 191" — 4-bdb— 5 bA—

« Not identical to RHS, but dual to it, through particle-vortex duality on ¢

> 134191 =L botd
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Time-reversal Symmetry?
iU, < |Dyol® — |6t + —bdb+—bdA-|— o 2 4da
« LHS: invariant (TT surface)

« RHS: a naive application of T:

chl2 — 4__ e -
1D;d|2 — |¢>y Pl L 54 8WAdA

m(;tlcal to RHS, but dual to it, through par‘ucle vortex duahty on ¢
*_ - %’
D, b= 19l - wb oAy L yolA b
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Time-reversal Symmetry?
WP, & Db — |o* + —bdb+—bdA-|— = 2 4da
« LHS: invariant (TT surface)

« RHS: a naive application of 7:

D52 — |¢>y4 _ L odh— 2 bdA— 2 AdA

47 27 87
mcal to RHS, but dual to it, through part1cle vortex duality on ¢
5 1
2,411 ~L botb ~ g holl == bt~z

& ~
f(:rL Cb%A)o([bffA)
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Time-reversal Symmetry?

-
til[l() reve I'Sill

-‘___________'

spin T spin |

fermion fermion

boson o
vortex

(Figure from Mross, et. al, 17)

vortex

duality

boson
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Analogue 1n (1+1)d:
Jordan-Wigner
—.]Z:azcrZ+1 hZa —h Tzé’rﬁré—JZTii

7 i

=1J Z MrTr+1 + th Z MrMr+1
r=21 r=2i+1

ba |

e AR 2 — z z
M2i =10 Tiv1720  M2i4+1 = Ti41/20i41
o
* Majorana fermion = Ising spin + domain wall: flux-attachment!

« Ifimpose symmetry & : 5, = 5,., then J = h and system
enforced to be gapless

* What does & look like in other pictures?
S 1 6; = Ty Tip1p — Oipg» €Xchanges spin and domain wall.
Very similar to time-reversal in 3d bosonization
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Emergent symmetry from duality

‘ uv
Theory 1, | / Theory 2,
Symmetry G easy to see B ~ Symmetry G; easy to see
G # QG2 N '
Same low energy physics
Symmetry G > G1,G2
IR

Powerful in understanding emergent symmetries in exotic
quantum phase transitions (e.g. deconfined criticality)
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Things I didn’t get to talk about

e Relation between these (2+1)d dualities to S-dualities (electric-
magnetic dualities) of (3+1)d U(1) gauge theory (U(1) quantum spin
liquids)

e Other applications in condensed matter

Deconfined quantum criticality

Topological phases

Quantum Hall plateau transitions

Superconductor-insulator transitions

Quantum phase transitions of Kitaev spin liquids
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“Deriving” other dualities

e Starting from

e Operation 7:

Lq]A] + =

1
AdA & Lo[A]+ —AdA
-

4

e (Operation §:
1 1
Lila) + 5-adA & Lo[A]+ 5 —adA

e (Can generate infinitely many dualities
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A fermion-fermion duality

1

dA
41 ¢

o

¢ZE)A¢ g )ZZIDaX o
¢ A fermionic version of particle-vortex duality: y behaves as a 47 vortex of y

¢ Related to 3d bosonization through some S, T operations

e Passes all “kinematic” checks: same symmetries, same set of local operators,
same phase diagram upon mass deformation...

e Explicit coupled-wire realization exists
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Things I didn’t get to talk about
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Summary

~
~

Hard questions in (1) may be simpler in (2) if
1. Theory (2) is solvable
2. Certain properties (like symmetries) are manifest in Theory (2)

3. It’s easier to make a guess in Theory (2)
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