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Abstract: Admissible representations of real reductive Lie groups are a key player in the world of unitary representation theory. The characters of
irreducible admissible representations were described by Lustigd€’Vogan in the 80&4€™s in terms of a geometrically-defined module over the
associated Hecke algebra. In this talk, I&€™I| describe a categorification of this module using Soergel bimodules, with a focus on examples. Thisis
work in progress.
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Plan:

1. Setting the scene

2. The Lusztig-Vogan module

3. A category of equivariant sheaves
4. An algebraic incarnation

5. Putting it all together
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1. Setting the scene

Today's main character:

Gr = real reductive Lie group

today's running

/ example

e.g. SL(2,R), 50(n),U(p,q),[Sp(2,2) = {M € Sp(4,C) | M"DM = D}
where D = diag(1,-1,1,—1)
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1. Setting the scene
Today's main character:

Gr = real

e.g. SL(2,R),S50(n),U(p,q),

Guiding philosophy:

reductive Lie group

today's running

/ example

Sp(2,2) = {M € Sp@d,C) | M'DM = D}
where D = diag(1,-1,1,-1)

Understand G by studying its unitary representation theory.

That is, study Hilbert spaces on which Gy acts by unitary operators.
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1. Setting the scene

Anna Romanov

Harish-Chandra's approach (1950's): recast the problem algebraically

unitary representation of G A~ (g, K)-module

i &:om lexification
complexified of maximal

Why thiS WOI'kS: Lie algebra compact subgroup

e g captures infinitesimal information about Gy (but loses information which
distinguishes Gy from coverings).

e K captures fundamental group information about G’R (so it makes up for
what g loses).

A (g, K)-module coming from a unitary representation of Gg has a nice property:

V = @ V; each V; has finite multiplicity
irreducible unitary - T
sl iy _/ "admissibility”
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A.

1. Setting the scene

This motivates the setting we'll work in today: aana RBflanoy
Gr D KR GDOK goO¢t
connected  maximal complexifications complexified Lie algebras
reductive compact .
Lie group Subgroup (have structure of complex algebraic groups)
Example: Ggr = Sp(2,2) TR
g =sp(4,C), K={|0 & 0|=~SL(C)xSLs(C) C Sp(4,C)
N x« 0 0 =

Definition: An admissible (g, K)-module V is both
e a finitely generated U(g)-module, and
e an algebraic representation of K,

such that the differential of the K-action agrees with the £ C g-action, and
V = @ V; where V; are irreducible K-representations occuring with finite mul-
tiplicity.
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1. Setting the scene The upshot:

Every unitary representation of G leads to an admissible (g, K)-module,
we want to understand unitary representations, we can start by understanding

admissible (g, K )-modules.
Classification of irreducible admissible (g, K)-modules:
FixTcBcCd. K O G/B with finitely many orbits

Anna Romanov

(g, K)-modules local systems on K-orbits

with a fixed integral infinitesimal character

{ irreducible admissible } { irreducible K-equivariant }

Can realize this parameterization explicitly using Beilinson-Bernstein localization:

A
" : /__-—-\A ey 1 3 =
Harish-Chand ~ K t D
TS Ay (Up, )T~ Meon(Dy, K) s
r
M(Q,T) < : ZQI(T) ig:Q—G/B
all irreducible admissible i i
(g, K )-modules show up —~—_, I , . _ sredudiil B sanbadtant
el (@.7) - iQu(T) T g
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1. Setting the scene ’
Example: Sp(Q, 2) G/B s {f C P — P_L C fl - (C4} pOIHt = (iSOtrOpiC) Anna Romanov
in G/B  inisotropic plane
* 0 0 = 2
0 % % 0 stabilizes A \J\
= 0 « x 0 OG/B * 0 thf-‘
* 0 0 = 0 * 7
.Pl = 0 ,PQ = o P } )
* 0 / g non-intersecting
/ /" planes (projective lines)
) “ in C* (CP®
K-orbits on G/B: P G
~ ra
N \‘\.
01 (4D)
two closed
orbits

Pirsa: 20060047 Page 9/26



Pirsa: 20060047

1. Setting the scene ’

Example: Sp(2,2) G/B~{{CP=P+cCttcC' point — (isotropic) e
in G/B  inisotropic plane

oYe / B stabilizes pmjecﬂvjfe

P =

=

Ty =) (=) S
*+ O O ¥

,PQZ ey

FCECE
D X% x O

/" non-intersecting
/ /" planes (projective lines)

. p ' in C* (CP3
K-orbits on G/B: -

Y4 Can check:
/ stab i x 18 connected for
any x € G/B

only K-equivariant local
— systems/connections on
orbits are triviall

Four irreducible admissible
(g, K')-modules:

Ly,La, L3, Ly

two closed
orbits
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1. Setting the scene

Anna Romanov

Example: Sp(2,2) G/B~{{CcP=Ptc¢tcC* point — (isotropic) line
in G/B  inisotropic plane
* 0 * P
~Jfo % + 0 stabilizes ol \g\
K= 0 ol O G/B 5 0 "
() *
: & Pl = 8 ,PQ = 5 > s
* 0 non-intersecting
planes (projective lines)
. in C* (CP3
K-orbits on G/B: e
™~
\K\ Can check:
stab iz is connected for
Cal (b any x € G/B
only K-equivariant local
— systems/connections on
\\ orbits are trivial!
O (3D) Four irreducible admissible
two closed \\ (g, K)-modules:
orbits
05 (2D) 04 (2D) Ly, Lo, L3, Ly
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1. Setting the scene

What about character theory?

Have a classification scheme of the form {standards} — {simples} in
a finite-length abelian category

. admissible (g, K)-modules
Ax with mﬁmtes(lmal character xx,

can ask about multiplicities.

In the Grothendieck group [AAL

M(Q, T ]_ZmQQ’ 7 s

Question: What are these multiplicities?

Answer: Given by the Lusztig-Vogan module of the Hecke algebra
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. The LV module

~—~— H = H(W,S) Hecke algebra

associative Z[v*!]-algebra with generators {ds}scs and relations

Kazhdan Lusztig basis: {by }wew e (0s+v)(ds—v!)y=0forall s€es,
® §s5t5s e = §t555t seens for all s,t € S.

order of st order of st

Anna Romanov

g, K, B —~— (W,S) Coxeter system, Wy C W reflection subgroup

Example: Sp(2,2), type C,

p W = (54,58 | 52 = 53 = 1, (5a58)"
%a U
Wy = (Sa, $3SaSp) =~ Z/2 x 72

reflection subgroup (not parabolic)

=

[WrAW| =2
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B8
2. The LV module Idea: imitate Kazhdan-Lusztig theory

19!
o

Anna Romanov

Construct an H-module My y:

o Let D={(Q,7) | Q € K\G/B,7 € Locg(Q) irred.}. «—— W =Weyl group

e Length function on D: £(Q,7) =dim@Q. < » L(w) = dim X,
o Let My := free Z[v*!]-module with basis D. < » H =@ Zjvtl]é,
weW
e Give My the structure of a right H-module: H O H by
m - b, = (@ right multiplication
e Construct a partial order on D. “ > Bruhat order

e There exists an involution D : My — My Kazhdan—Lusztig
satisfying appropriate properties. involution
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2. The LV module

Theorem: (Lusztig—Vogan): For each d € D, there exists a
unique self-dual element mgy € My such that

myg = E Pc,d('U)d Kazhdan-Lusztig-

~_______—Vogan polynomials
cd gan poly

with P, 4(v) € vZ[v], ¢ # d and P, 4(v) = 1.

The punchline: KLV polynomials determine multiplicities of
L(Q,7)’s in M(Q,7)’s!
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L_
2. The LV module

Theorem: (Lusztig—Vogan): For each d € D, there exists a
unique self-dual element my € My such that

my = E Pcd(fu)d Kazhdan-Lusztig-

~______— Vogan polynomials
o<d gan poly

with P, 4(v) € vZ[v|, ¢ # d and P, 4(v) = 1.

The punchline: KLV polynomials determine multiplicities of
L(Q,7)'s in M(Q,7)’s!

But I still haven't told you how the Hecke algebra acts on My ...
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3. A category of sheaves

First step: need a categorical upgrade of the Hecke algebra tmaieno L

D% (G/B) ~ D% xB(G) equivariant derived category

(Bernstein-Lunts)

- monoidal category under convolution x (Decomposition Theorem)
- contains IC sheaves:

b B-equivariant intersection cohomology
{Icw | W = W} e Db(G/B) sheaves of Schubert varieties X,

- define the geometric Hecke category
H:=(ICy | w € W)g 1) C D%(G/B)

- monoidal category under x
- categorifies the Hecke algebra: [H]e ~

P

split Grothendieck group (Z [vt1]- aluo}na \1d,>
Fl]
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3. A category of sheaves

Second step: a categorical upgrade of My
. ) e K\G/B,
DL(G/B) > (10(Q.7) i=iqun(Mldim@] | E L\ B )

= Da}){'xB(G)

- convolution gives a right action D% (G/B) O H

- define

Wl — e closed)@,?,[l]

eom \direct summands

- take split Grothendieck group M7y e
e Z[v*]-module via v - [F] := [F[1]]
e has basis {[IC(Q, 7)]} parameterized by D

geom

~~— can identify [MP™"] >~ My as Z[v*!]-modules
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3. A category of sheaves

Taking stock: convolution formalism gives an action

D% (G/B) (£ D%(G/B)
U U
MES™ (D H

~—  [MET] e has the structure of an [H]e = H-module.

Definition: The H-module structure (*) on My is given by

al -333 e AT

Kazhdan-Lusztig basis element of H Ir?elSL%%g{:?gl?{:/%sgg:-‘en.cllce)galgon of
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4. An algebraic incarnation
We can reformulate M57™ algebraically to place it in the world of Soergel bimEEEHEs

Assume Gy is equal rank (i.e. G and K share a maximal torus T), let { = LieT’

Let R:= S(t*) O W and RE := S(t*)Vx.

Bott-Samelson bimodules: For

Example: Sp(2,2) s € S, let R® = s- invariants.

2 e e For an expression w = s1,-- - Sy,
o define a graded R-bimodule
RK - R[aﬂg](sa,533055) BS(Q) = R®Rr:1 RQpe2 @+ Qprsn R.

e These are the building blocks of
Soergel bimodules:

SBim := (BS(w) | w € Wieeo,
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4. An algebraic incarnation

Anna Romanov ‘

We can reformulate M$7™ algebraically to place it in the world of Soergel bimod

Assume Gy, is equal rank (i.e. G and K share a maximal torus T), let { = LieT’

Let R:= S(t*) O W and R¥ := S(t*)"«,

Bott-Samelson bimodules: For

Example: Sp(2,2) s € 8, let R® = s- invariants.
B R =R|a, 5] e For an expression w = s1,- - Sy,
«— e define a graded R-bimodule

v REK _ Ra, B](a:585a35) BS(w) := R®ps1 R®pgss @+ Qrsn R.

e These are the building blocks of N
Soergel bimodules:

Theorem: SBim categorifies the Hecke
lgebra: :
VEERTE [SBim]g = H. SBim = (BS(w) | w € W o1
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4. An algebraic incarnation

Anna Romanov

Using BS(w), we can construct an algebraic Lusztig-Vogan categorV.

Definition: Let x € W be a minimal coset representative of z € Wi\ W. Define
a (R, R)-bimodule structure on R (denoted R,) by

(f.9)-r = fr(zg). "standard bimodules”

left action is multiplication right action is twisted by x

Definition: (Romanov) The Lusztig—Vogan category is

MLV = (Rx ®R BS(Q) | = WK\VV,’U) = W)@,@,(l) @) SBim

objects are (R¥X, R)-bimodules —~—~ [M_pv]g is a right H-module N

Remark: We could define My for any reflection subgroup of W, and in general these
categories are rather mysterious. Do they have finitely many indecomposible objects?
Can their Grothendieck groups be described combinatorially?
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5. Putting it all together

Where we've come:

- We have a module for the Hecke algebra which tells us about the
character theory of irreducible admissible representations of a
real reductive Lie group.

Miv

- It is defined as the Grothendieck group of a geometric category.
N georn

Mpy = Mty

- We have defined an algebraic category whose Grothendieck group
has the structure of an H-module.

Mrv]| O H

N
The hope: My provides an algebraic categorification of M,,y.
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5. Putting it all together

Why this would be interesting:

- Could provide a setting for an algebraic proof that the KLV
polynomials describe characters of irreducible admissible
representations of a real reductive group.

- Gives a geometric description of a class of interesting module
categories over the (algebraic) Hecke category (SBim).

- Unlocks a new toolbox (Soergel bimodules) in the study of
real reductive groups.

- Gives a potential algebraic setting for a proof of Soergel's
conjecture on Vogan character duality.
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5. Putting it all together

Anna Romanov

Equivariant hypercohomology provides a functor:
kxp Mpy — Mrv.
o MY g intertwines H-action with SBim-action.
e MY . 5 sends generating objects to generating objects:

{IC(Q, 1) | Q closed} — {R, | T € W \W}.

e Work in progress: Hyj., g is fully faithful.

Remark: This is a special case of related work by Bezrukavnikov-Vilonen,
"Koszul duality for quasi-split real groups”, in which a categorified Lusztig-
Vogan module provides the combinatorial setting for a proof of Soergel's

conjecture in the quasi-split case.
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Anna Romal

Thanks for listening!

These slides can be found on my website www.maths.usyd.edu.au/u/romanova

nov
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