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Abstract: Suzuki's functor relates the representation theory of the affine Lie algebra to the representation theory of the rational Cherednik algebrain
type A. In this talk, we discuss an extension of this functor to the critical level, t=0 case. This case is specia because the respective categories of
representations have large centres. Our main result describes the relationship between these centres, and provides a partial geometric interpretation
in terms of Calogero-Moser spaces and opers.

Pirsa: 20060046 Page 1/21



Pirsa: 20060046

An extension of Suzuki’s functor to the critical
level

Tomasz Przezdziecki

University of Edinburgh

25 June 2020

Tomasz Przezdziecki An extension of Suzuki's functor to the critical level

Tomasz Przezdzieckil

Page 2/21



Outline |

Tomasz Przezdziecki‘

Schur-Weyl duality and Arakawa-Suzuki-type functors
Affine gl and the Feigin-Frenkel centre

°
)
@ Rational Cherednik algebra and the Calogero-Moser space
@ Construction and properties of the Suzuki functor

°

Relationship between the centres

@ Some implications
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Schur-Weyl duality

We have commuting actions of gl, and S, on the tensor product space: ‘
glne (B 0sE
which centralise each other. We get a functor:

gl,-mod — 5,-mod
M= [M @ (C")* M)t = Ho(gl,. M @ (C7)®)

Generalizations
@ sl,-mod —> dAHA-mod (Arakawa-Suzuki)
o sl,-mod — TDAHA-mod (Arakawa-Suzuki- Tsuchiya)
o gl,-mod —» RDAHA-mod (Suzuki, Varagnolo-Vasserot)

There also exist quantum and type BC generalizations.
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A more precise statement:
@ C, = category of smooth ﬁ[n—modules of level o
@ H, = rational Cherednik algebra associated to S,, and parameter t
The Suzuki functor:
Fo: Co — Hyrn-mod

The non-critical case: under some mild assumptions, the functor
induces an equivalence of quasi-hereditary categories between a certain
subcategory of cat. O for é[n and cat. O for the RCA.

Question: What happens as k — —n (critical level) and t — 07

Z(Cy) £ € = & iseritical
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Some motivations
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@ There are indications the two centres are closely related:

@ The connection between the Calogero-Moser integrable system and
the KP hierarchy.

e The work of Mukhin-Tarasov-Varchenko: they constructed a
surjective homomorphism from the Bethe algebra of the Gaudin
model associated to g to the centre of the rational Cherednik
algebra. By the work of Chervov-Talalaev, the Bethe algebra can be
obtained as an image of Z(C_,).

@ Goal: understand, from a more algebraic point of view, how the two
centres are related.

@ Hope: in the cyclotomic case, the functor could perhaps tell us
something about decomposition numbers for the rational Cherednik
algebra for Z;1 S, at t = 0.

Tomasz Przezdziecki An extension of Suzuki's functor to the critical level

Pirsa: 20060046 Page 6/21



The affine Kac-Moody algebra é[n
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Let g = gl,, and let § be the corresponding affine Lie algebra
0— Cc—g—g((t)) —0.
Set U, = U(g)/{c — k) and
I, = U -g®t'C|[[t]]

We have Z(C..) = Z(U,).
By a deep theorem of Feigin-Frenkel,

Spec Z(U_,) = Opg (D7)

Tomasz Przezdziecki An extension of Suzuki's functor to the critical level

Pirsa: 20060046 Page 7/21



Feigin-Frenkel centre

@ The Feigin-Frenkel centre also has an explicit algebraic description
(due to Chervov-Molev).

@ The vacuum module of g has the structure of a vertex algebra.

@ Consider the matrix:

T+e11[—1] 812[—1] e eln[—l]
621[—1] T+ 6‘22[—1] e E'Qn[—].]

Tomasz Przezdziecki ¥

i

a1 A | [P N

where [7, X @ f(t)] = =X ® 0;f(t) and ¢;[-1] = ¢y @ t™1.
Tr(EX) = Spom™ + Skam 1+ ... + Sik—17 + Skks Sk = Skk
@ The centre of the vertex algebra:
3=C[T'Sy | k=1,...,n, 1 >0]

@ The centre of the completed universal enveloping algebra:

° Z(U_n) has a Poisson structure given by the Hayashi bracket.
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The rational Cherednik algebra H; associated to the complex reflection ‘:‘
group S, is the quotient of C{xy,...,Xp, ¥1,...,¥n) X CS, by the Tor i\ '
relations:
° [xi,x] = [y, yj] =0,
o [xi,yj]=sj if i#],
° [Xr'*}’i] = F— quéi Sij -

©Q There is a PBW-type isomorphism: ‘

gr He = Clx;, yilict...n X CS,,  gr Z(Ho) = Clxi, v,

@ We have C[x]> ® C[y;]> C Z(Ho). The algebra Z(Hy) is a free
C[xi]°" ® C[y;]>"-module of rank n!.

© Every simple Ho-module has dimension n! and is isomorphic to CS,
as an S,-module. Moreover, there is a bijection

{isoclasses of simple Ho-modules} «— Maxspec Z(H,).

@ Z(Hop) also has a Poisson structure.
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Calogero-Moser space ‘

f
o Consider the space of representations Rep(@, d) of the double of the wmsrmmn "&\\“
framed Jordan quiver with dimension vector d = (1, n):

@ We have the moment map:
e Rep(Q,d) —gl,, (X, Y.[.J)—[X, Y]+ JI.
@ The Calogero-Moser space is the quotient:
CM, = p~H(=id)//GL,
@ By a theorem of Etingof-Ginzburg: Spec Z(Ho) = CM,,.
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Suzuki functor

We sketch the construction of the Suzuki functor “ .
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Fr:Cx = Hiin-mod.

@ Let M be a smooth g-module and V = C". We have an action
glt] © (V*)*" @ M @ C[x]
by the rule
Y[is]» Y YO@x+(Y[-s]) 1 (Y egs>0)
i=1
@ The coinvariants space
F.(M) = Ho(g[t]. (V*)®" @ M @ C[x;])

has a natural C[x;] x CS,-module structure.
@ This action is extended to an H,_p-action using the KZ connection:

"Vi=—(k+ n)oy + L(_")1 (1<i<n)
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. QL) : -
L= > X._X,*fo’ Y elenlp + 11

1<jAi<n " p>0 1<k I<n

y; — "V + adjustment (Dunkl embedding)

Observation: (1) this makes sense for any level k € C.
(2) One can extend the definition to all U,-modules.

Basic properties

@ The functor is right-exact.
We have Verma modules M(\) = Ind‘;':1 C, and Weyl modules
=

V(A) = Indg+ L(\) for @. There are also Verma modules
A(N) = |”d?(:{[§<,-]><1(:s,, S(A) for the rational Cherednik algebra.

o F,.: M()),V(\) — A())
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Relationship between the centres i
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@ Question: What is the relationship between the two centres when kK = —n
and t =07
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@ Problem: A functor does not in general induce a map between centres of
categories.

@ However, we have maps
Z(C_n) —25 End(F_,) & Z(Ho)
@ Question 1: What can we say about the “F-centre” of C_:
Ze(C-n) = o (Z(Ho))?

Question 2: Can we find a subcategory A C C_, such that
o B3
Z(C—r) 24 End(F_nla) & Z(Ho), Imala = Z(Ho).

@ In practice, we want, for all M € A:
Ze 5 — 2% . Fams

End(M) —=5 End(F_n(M))
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Relationship between the centres

Theorem (P.)
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We have:
C[S2.(r+1) ; id[f]]rgo & ZF(C—H)-

The induced map C[S,, (,+1y,id[r]]-<o = Z(Ho) is Poisson.

@ We construct a §-module H such that F,.(H) is isomorphic to the regular
representation of H, .

@ Take A to be the category projectively generated by H. It contains
(generalized) Verma and Weyl modules.
@ We get maps
Z(C_,) — End(H) — Hy".
@ It is relatively easy to show the image lies in the centre of H,".
@ To show that the image equals Z(H;”), we explicitly compute the

associated graded map with respect to a certain non-standard filtration,
using the Chervov-Molev description of Segal-Sugawara operators.

Theorem (P.)

The Suzuki functor F_,, restricted to the category projectively generated by H,
induces a surjective algebra homomorphism Z(C_,) — Z(Ho).
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Corollary (P.)

@ [he functor F_,, induces surjective ring homomorphisms:
F_,: End(W(A)) — End(A(N))

for A= n. The same holds for Verma modules and generalized Weyl
modules.

@ Every simple Ho-module is in the image of the functor F_,,.

@ Restricted Verma modules (defined by Arakawa-Fiebig) and their
simple quotients are sent to the corresponding simple modules over

Hao:
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o We get an embedding CM,, — Opg, (D*).
@ The image lies inside of opers of singularity of order at most two.

@ We have a map
m: CM, — SpecCly1,. ..,y

Each fibre 771(a) is a disjoint union of affine cells, which can be
identified with supports of generalized Verma modules.

@ Spec End(A(\)) — opers with trivial monodromy and residue A.
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Relationship between the centres

Question: What is the relationship between the two centres when kK = —n
and t =07

Problem: A functor does not in general induce a map between centres of
categories.

However, we have maps
Z(C_n) —25 End(F_,) & Z(#Ho)
Question 1: What can we say about the “F-centre” of C_,:
Ze(C_p) = o~ HZ(Ho))?

Question 2: Can we find a subcategory A C C_, such that

Z(C_p) 24 End(F_,|a) & Z(Ho), Imala = Z(Ho).

In practice, we want, for all M € A:

e — B2 o 7y

End(M) —=5 End(F_n(M))
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We have:
C[S2.(r+l) s id[f]]rgo g ZF(C—H)- @

The induced map C[S,, (,+1y,id[r]]-<o = Z(Ho) is Poisson.

@ We construct a §-module H such that F,.(H) is isomorphic to the regular
representation of H, .

@ Take A to be the category projectively generated by H. It contains
(generalized) Verma and Weyl modules.
@ We get maps
Z(C_,) — End(H) — Hy".
@ It is relatively easy to show the image lies in the centre of H,".
@ To show that the image equals Z(H;”), we explicitly compute the

associated graded map with respect to a certain non-standard filtration,
using the Chervov-Molev description of Segal-Sugawara operators.

Theorem (P.)

The Suzuki functor F_,, restricted to the category projectively generated by H,
induces a surjective algebra homomorphism Z(C—_,) — Z(Ho).
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Relationship between the centres

T h eorem ( P ) Tomasz Przezdziecki

We have:

.

C[S2.(r+l) s id[f]]rgo g ZF(C—H)-
The induced map C[S,, (,+1y,id[r]]-<o = Z(Ho) is Poisson.

@ We construct a g-module H such that F,(H) is isomorphic to the regular
representation of H, .

@ Take A to be the category projectively generated by H. It contains
(generalized) Verma and Weyl modules.
@ We get maps
Z(C_,) — End(H)"— H.
@ It is relatively easy to show the image lies in the centre of H,".
@ To show that the image equals Z(H;”), we explicitly compute the

associated graded map with respect to a certain non-standard filtration,
using the Chervov-Molev description of Segal-Sugawara operators.

Theorem (P.)

The Suzuki functor F_,, restricted to the category projectively generated by H, |
induces a surjective algebra homomorphism Z(C—_,) — Z(Ho).
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o We get an embedding CM,, — Opg, (D*).

@ The image lies inside of opers of singularity of order at most two.

@ We have a map

m: CM, — SpecCly1,. ..,y

Each fibre 771(a) is a disjoint union of affine cells, which can be
identified with supports of generalized Verma modules.

@ Spec End(A(\)) — opers with trivial monodromy and residue A.
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Thank you!
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