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Abstract: Given a quiver with potential, Kontsevich-Soibelman constructed a Hall algebra on the cohomology of the stack of representations of
(Q,W). In particular cases, one recovers positive parts of Yangians as defined by Maulik-Okounkov. For genera (Q,W), the Hall algebra has nice
structure properties, for example Davison-Meinhardt proved a PBW theorem for it using the decomposition theorem.

One can define a K-theoretic version of this algebra using certain categories of singularities that depend on the stack of

representations of (Q,W). In particular cases, these Hall algebras are positive parts of quantum affine algebras. We show that some of the structure
properties in cohomology, such as the PBW theorem, can be lifted to K-theory, replacing the use of the decomposition theorem with
semi-orthogonal decompositions.
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Definition of quivers.

" AR

Tudor Gabriel Padur...

A quiver is a directed graph.
Q= (V,E,s,t: E— V)

n  Examples: Jordan quiver Q

For k a field, the path algebra kQ is the k-vector space with basis

paths in @ and multiplication given by concatenation of paths.
Example: kJ = k[x].
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Representations of quivers.

’_
/

; v
) -
3
Tudor Gabriel Padl.r..._ .

Let d € NY be a dimension vector. Representations of the path
algebra can be described as follows:

Unear map
N i PPt .
Y
The stack of representations of () of dimension d is

-)ﬁ)(d) — H Ads(e)dr{\e)i/ H GL(dv)
eck

veV
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Classical Hall algebras

n‘,"\ )
Tudor G'akbriel Padu’i,._.'

(Steinitz ~ 1905, Hall, Ringel ~ 1990)
Let @ be a quiver, k a finite field with g elements, v = ql-/z.

The Hall algebra [Hg is the C-vector space with basis isomorphism
classes of Q-reps over k and multiplication encoding extensions of
b such representations.

Consider the subalgebra Hsgh C Hg generated by dimension
vectors (0,---,0,1,0,---,0).

Theorem (Ringel-Green)

Let Q be a quiver with no loops with corresponding Kac-Moody

algebra g. Then

HE" = U7 (g)-
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From classical Hall algebras to preprojective Hall algebras

- .!‘
Tudor Gabrlel,&du'

The algebra Hsgh can be categorified (Lusztig) by a category C(d)
of constructible sheaves on the stacks X'(d). Multiplication is
defined by m = p.q*, where

X(d) x X(e) < X(d,e) 5 X(d + e)

(A, B/A) « (AY Cc BYt¢) - B.

Consider the singular support functor:
C(d) — DE.Coh(T*X(d)).

Grojnowski proposed the study of algebras defined using
D%._.Coh(T*X(d)).
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From classical Hall algebras to preprojective Hall algebras

The algebra Hscg’h can be categorified (Lusztig) by a category C(d)
of constructible sheaves on the stacks X'(d). Multiplication is
defined by m = p.q*, where

X(d) x X(e) < ;r(d; e) L X(d +e)

(A,B/A) « (AY c BYt¢) = B.

Consider the singular support functor:
C(d) — DP.Coh(T*X(d)).

Grojnowski proposed the study of algebras defined using
DE.Coh(T*X(d)).
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Preprojective/ 2d Hall algebras

=

(Grojnowski 1995, Schiffmann-Vasserot 2009, Yang-Zhao 2014) Tudoreab:ﬁ;:m
For a quiver @, define .

KHA(Q) = B K5 (T*X(d)).

deN/
Example: for J the Jordan quiver, T*X(d) is the stack of sheaves

on A2 with support dimension 0 and length d.

Conjecture
Let @ be an arbitrary quiver. Then

KHA(Q) = U (8q).

where Ugy(gg) is the Okounkov-Smirnov quantum group.
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Hall algebras for CY 3d categories.

(Kontsevich-Soibelman 2010) T
Conjecturally, for any Calabi-Yau 3-category one can construct a
Hall algebra. When the category is D?Coh(X) for X a Calabi-Yau
3-fold, the number of generators is expected to be given by

N  enumerative invariants of X,

Locally, these algebras are expected to be modelled by quivers with
potential. In this situation, one can construct the Hall algebra.

This construction generalizes the preprojective/ 2d KHA for a
quiver Q.

classical HAs M 2d KHAs ¢ 3d KHAs.
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Quivers with potential.

A potential W is a linear combination of cycles in Q.
Example: %

Q- ¢ W:5 = X‘H% = X'aé,

L4
»  Define the Jacobi algebra
W
Jac(Q, W) =CQ/ (ad_e e € E) :

Example: Jac(Qs, W3) = Clx, y, z].

Let' 7(d)/be the stack of reps of Jac(@Q, W) of dimension d. We
have that
T (d) = crit (Tr W : X(d) — Al).

Example: Tors (A3, d) = crit (Tr W5 : gl(d)3/GL(d) — Al).
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Definition of KHAs for quivers with potential. a

ﬂﬁkkif

Tudor Gabrielfadtﬁ-.’:._

Consider the NV-graded vector space
KHA(Q. W) = € Ko(Dsg(X(d)o)) = EP Kerit( T (d)).
deNV deNV

Here Dsy(X(d)o) = DPCoh (X (d)o)/Perf(X(d)o) is the category
of singularities of X (d)o = (Tr W)~1(0)  X(d).

Theorem (P.)
KHA(Q, W) is an associative algebra with multiplication
m = p.q*, where X(d) x X(e) < X(d,e) 2 X(d +e).
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Relations between 2d and 3d KHAs.

.ml' 0 ; \
Tudor Gabriel Padur.., ‘

For any quiver @, there exists a pair (@ W} such that
KHA? (Q) = KHAY(Q, W).

Example: For the Jordan quiver J, the pair is (Q3, W3) and the
algebra is the positive part of U, (g/fi)
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Representations of KHAs

Theorem (P.) y

Tudor Gabriel Padl.rn I

For any pair (Q, W), KHA has natural representations constructed
using framings of Q.

Example: KHA(Qs, W3) acts on ; OQ}
» B Ko(Dsg(X(1,d¥F)) = €D Kerie(Hilb (A Ot

deN/ deN/

Theorem (P.)

For a pair| (Q l/l/t KHA has natural representations constructed

USJ’ng Nakaj;’ma qu.'ver varieties. Q
t Grsy

Example: KHA(Qs, W3) acts on
delN \'Ja- xﬂ% X2

&P Ko(Hilb (A2, d)).
Wz W3 + t
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PBW theorem for KHAs.

A
Tudor Gabriel Padur... 7

Let @ be a symmetric quiver.

Theorem (P.)
There exists a filtration F* on KHA(Q, W) such that

gr KHA(Q, W) = dSym (F1).

The first piece in the filtration is
Fr = B Ko(M(d)) € KHA(Q, W)

for some natural categories M(d) C Dsg (X' (d)o).
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Sketch of the proof of the PBW theorem. )
¥

'\ 31 II‘

The proof follows from semi-orthogonal decompositions in the zero Tudoreabri:lpéél}: '

potential case |

]

DP(X(d)) = (p«q" X M(d;){M(d)),

A  where the summands on the left are generated by multiplication
from non-trivial decompositions d = dy + - - - + dk.

The category M(d) is the subcategory of D?(X'(d)) generated by
Ox(g) @ V(x), where x is a dominant weight of G(d) such that

1 .
X +p € Fsum [0, 8] € M.

The above semi-orthogonal decomposition induces corresponding
semi-orthogonal decompositions of Dsg(X'(d)o).
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PBW theorem for KHAs.
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Tudor Gabriel Padur... /i

Let @ be a symmetric quiver.

Theorem (P.)
There exists a filtration F* on KHA(Q, W) such that

gr KHA(Q, W) = dSym (F1).

The first piece in the filtration is
Ft = B Ko(M(d)) C KHA(Q, W)

for some natural categories Mi(d) C Dsg (X' (d)o).
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Sketch of the proof of the PBW theorem.

The proof follows from semi-orthogonal decompositions in the zero
potential case

Kevin McGerty .

DE(X(d)) = (p.q" RIA(d,)(M(d ),

»  where the summands on the left are generated by multiplication
from non-trivial decompositions d = dy + - - - + d.

The category M(d) is the subcategory of D?(X(d)) generated by
Ox(g) @ V(x), where x is a dominant weight of G(d) such that

1 .
X+pE Hsum [0, B] C Mg.

The above semi-orthogonal decomposition induces corresponding
semi-orthogonal decompositions of Dsg (X' (d)o).
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Thank you for your attention!

Pirsa: 20060040 Page 19/22



Thank you for your attention!
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Representations of KHAs

Theorem (P.) » M\ TR

Tudor Gabriel Padur... [z &

For any pair (Q, W), KHA has natural representations constructed
using framings of Q.

Example: KHA(Qs, W3) acts on ; OQ}
D Ko(Dsg(X(1,d¥F)) = €D Kerin(Hilb ( A3 M. Ut

deN/ deN/

Theorem (P.)

For a pair (Q VVi KHA has natural representations constructed

using Nakajima quiver varieties. Q
t Gi<y

Example: KHA(Qs, W3) acts on
deN W'.‘o" Xﬂ% re

D Ko(Hilb (A2, d)).
W2 W3 + t4
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Sketch of the proof of the PBW theorem.

The proof follows from semi-orthogonal decompositions in the zero
potential case

DE(X(d)) = (p.q" B F(d))(MI(d),

where the summands on the left are generated by multiplication
from non-trivial decompositions d = dy + - - + dj,

The category M(d) is the subcategory of D?(X(d}}-gerérated by
Ox(q) @ V(x), where x is a dominant weight of G(d) such that

1
X+pE Hsum [0, 8] € Mg.

The above semi-orthogonal decomposition induces corresponding
semi-orthogonal decompositions of Dsg(X(d)o).
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