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Abstract: The Springer resolution and resulting Springer sheaf are key players in geometric representation theory. While one can construct the
Springer sheaf geometrically, Hotta and Kashiwara gave it a purely algebraic reincarnation in the language of equivariant
$D(\mathfrak{ g} )$-modules. For $G = GL_N$, the endomorphism algebra of the Springer sheaf, or equivalently of the associated $D$-module, is
isomorphic to $\mathbb{ C} [\mathcal{ S} _n]$ the group algebra of the symmetric group. In thistalk, I'll discuss a quantum analogue of this.

In joint work with Sam Gunningham and David Jordan, we define quantum Hotta-Kashiwara $D$-modules $\mathrm{ HK} \chi$, and compute
their endomorphism algebras.

In particular $\mathrm{ End} {\mathcal{ D} _q(G)} (\mathrm{HK} _0) \simeq \mathbb{ C}[\mathcal{ S} n]$. This is part of a larger program to
understand the category of strongly equivariant quantum $D$-modules.

Our main tool to study this category is Jordan's elliptic Schur-Weyl

duality functor to representations of the double affine Hecke algebra

(DAHA).

When we input $\imathrm{ HK} _0$ into Jordan's functor,

the endomorphism algebra over the DAHA of the output is

$\mathbb{ C} [\mathcal{ S} _n]$ from which we deduce the result above.

From studying the output of all the $\mathrm{ HK} _\chi$, we are
able to compute that for input a distinguished projective

generator of the category

the output isthe DAHA module generated by the sign idempotent.
Thisisjoint work with Sam Gunningham and David Jordan.
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goal of talk

Describe Dg(G) and the category Dg(G)-str-mod of strongly
equivariant Dy(G)-modules, for G = GLy or SLy.

In particular study the Hotta-Kashiwara quantum D-modules HK, via
their images FN(HK, ) in DAHA-mod.
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goal of talk

Describe Dq(G) and the category Dq(G)-str-mod of strongly
equivariant Dg(G)-modules, for G = GLy or SLy,.

In particular study the Hotta-Kashiwara qantum D-modules HK, via
their images 7N (HK, ) in DAHA-mod.

Qutline
@ Background, motivation
@ Classical picture - from Springer sheaf to HK,
@ quantum Hotta-Kashiwara modules HK,,
© sketch Dy (G) and Dy(G)-str-mod
@ Jordan’s family of functors F9 : Dy(G)-str-mod — DAHA -mod

© Describe 7V (Springer), FN(HK, ) and hence Endp, () (HK,) as
well as Endp, () (Dist).

Monica Vazirani prin tat \ June 24, 2020 2/30
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disclaimers

Everything today is type A (mostly GLy)
g is generic

For geometric questions, | may defer to experts in the audience
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mathematical goals

Dq4(G) ¢

Understand the category of strongly equivariant D4 (G)-modules,
where D4(G) is the algebra of quantum differential operators on G,
G = GLy, SLy

How? By using Jordan’s functor (Schur-Weyl)

F9: Dg(G)-str-mod — DAHA -mod
M (V®d®M)inV

where V = the N-dimensional defining representation of G

dina 24 2020 4 /30
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related work 4

Calaque - Enriquez - Etingof
Arakawa - Suzuki

Arakawa - Suzuki - Tsuchiya
Lyubashenko - Majid
Reshetikhin
Semenov-Tian-Shansky
Varagnolo - Vasserot
Ben-zvi - Brochier - Jordan
Alekseev - Schomerus
Backelin - Kremnizer

Jordan - White

Gunningham - Jordan - Safronov

Attribution

Feel free to speak up if | left yours and others’ names off, and
apologies if so!

= 268% <+
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(2) Classical

Springer theory to build irreps of Sy.
Riemann-Hilbert correspondence: work vgith D-modules

Hotta-Kashiwara
Springer sheaf or Hotta-Kashiwara D-module

HKo = D(g)/{D(g)ad(g) + D(g)Jo)

where ad(g) is vector space of vector fields whose tangent vector at x
is [A, x|, A € g (invariance),

Jo cuts out NV by specifying invariant polynomial functions, i.e.
elementary symmetric functions in eigenvalues to be 0.

Endp(q) (HKo) = C[Sn]

liina 24 2Nn2N 7 /2N
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Classical, Hotta-Kashiwara

HKo = D(g)/D(g) (ad(g) + o) ’
EndD(g)(HKo) = (D[W]

HKy = D(g)/D(g) (ad(g) + Jy)
EndD(g)(HKX)

HKuniy = Dist = D(g)/D(g)ad(g)

Endpq) (Dist) = (D(g)/D(g)ad(g))® = D(t)
= spherical RCA at parameter 0
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Classical to quantum

eigenvalues
707 70
1, e 1
a2 q%qg®

unipotent
qunipotent

nilpotent 0
1
1
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Classical to quantum

eigenvalues elementary symmetric
functions in e-vals

D(g) nilpotent 0

0
D(G) unipotent 1
Dq(G) qunipotent 1

: q “higher” Casimirs

Lina MA NANNAN
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(3) quantum Hotta-Kashiwara

Theorem (Gunningham-Jordan-V, in progress, G = GLy)
Spr, = HKq = Dg(G) /{Dq(G)uq(l) + Do G)dado)
Endp,(g)(HKo) = C[W] = C[Sn]

HK, = Dg/Dq (11q(l) + dady)
Endp, (HK,) = C[W,] = C[Stab,(x)]

Dist := HKniv = Dg/Dqpuq(le) is the “universal” strongly equivariant
Dq(G)-module

Endp, (Dist) = anti-spherical DAHA at parameters t = q—2

[tg = quantum moment map
Dq(G)pq(l) = moment map (left) ideal
l. = kernel of augmentation map

Jlnine 24 2020 11 /2n
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X Yy
creation Dunkl
acts freely
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Dq(G)

G =GLy,SLy g = gly, sl

Oq(G)

Oq(@G) = quantum coordinate algebra
= quantum deformation of O(G) polynomial functions on G
= algebra of matrix coefficients
~ “locally finite subalgebra” i (g)'cin

Oq(@G) quantizes the Semenov-Tian-Shansky bracket, so is
conjugation equivariant (vs Sklyanin bracket L/R)
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Dq(G)

Notation
Dy(G) = 0g(G) ® O4(G)

A=la;] B=[bj]

While coordinate functions in O(G) commute, relations in O4(G)
involve R-matrices. (Also invert det or set det = 1.)
Oq(l\/lat) = reflection equation algebra: R21A1 Ri2A> = A2R21A1 Rio.

Monica Vazirani Springer representation of DAHA June 24,2020  14/30
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Dq(G)-Str-mOd 18AM°..iea\Eé:i§-}h —2

Strongly equivariant quantum D-modules-are those which are locally
finite for the moment map action.
Dist := HKniv = Dg(G)/Dq(G)pqg(l)
is the “universal” strongly equivariant Dg(G)-module.
[g = quantum moment map

Dq(G)pq(l) = moment map ideal (left ideal)
l. = kernel of augmentation map

qguotienting forces some extra commuting relations on A, B

= 268% <+

©
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HK, = Dq(G)/{Dq(G)uq(le) + Dg(G)oadh)

Choice of y <= classical: specifies invariants tr(A), tr(A?),tr(A%),...
or coefficients of characteristic polynomial
quantum: “higher” Casimirs ¢

take y = ¢ < “qunipotent” cone (g-nipotent)

HK, is a universal “category O” type module among the strongly
equivariant ones. 79(HK, ) is in Category O for DAHA.
Motivates our definition.

Monica Vazirani Springer representation of DAHA | June 24, 2020 16 /30
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HK, = Dq(G)/{Dqg(G)uq(l) + Dg(G)oadh)

Choice of y <= classical: specifies invariants tr(A), tr(A?),tr(A%),...
or coefficients of characteristic polynomial
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(5) the functor F¢ intermission?

inv

Fo(M) :=(v®d®M) * o  DAHA4

where M is a strongly equivariant Dqy(G)-module and V' is the
N-dimensional defining representation of G.

The moment map 14 and strong equivariance gives the Uy (g) action by
which we take inv.

Calaque-Enriquez-Etingof 0702670

Fd(M);:(v®d®M) 5 RCA

where M is a D(g)-module.

(Schur-Weyl)

Page 19/27
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HK, is a universal “category Ogtype module among the strongly
equivariant ones. F9(HK,) is in Category O for DAHA.
Motivates our definition.

'\.Q\!c.‘» W“%\Q&arA 2
i e G ULC Ae (A.;,x WS g(-..y\l(‘A el e‘...\

Monica Vazirani June 24, 2020 16/30

(5) the functor F¢ intermission?

FIM) = (VEI@M)"  © DAHAg
where M is a strongly equivariant Dqy(G)-module and V' is the
N-dimensional defining representation of G.

The moment map 14 and strong equivariance gives the U,(g) action by
which we take inv.

—

Calanmiia_Enrininia7z_Ftinnnf N7N2R7N
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DAHA

F9(M) is a DAHA,-module
DAHA = Hy is the double affine Hecke algebra of type GL4 or SL;.

parameters g, t e K

Hq(GL) = K[V, ..., YF @ Hi @ KX, ... XF]

= K[YE, ..., Y @naf

o

v
We specialize t = g=2%, d = kN, swapping usual g, t notation to favor
Uq(g) over Us(g).

Monica Vazirani ; tatiol June 24, 2020 18/ 30
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DAHA action (Jordan 0805.2766) on M = O4(G)
Using Peter-Weyl decomp Oq4(G) ~ @, .p+ V(N) ® V(N)* as
Uq(g)-modules. Note HKy — O4(G)

T; ~ R matrix Y:- double braiding

X i

Ve - @VeVe- - @M VeI T Ve VN ® V(A)*

Xi
Ve Ve (V) e V)@ (V) @ V¥’

ved-t v v\ VE Y

P A “”

Monica Vazirani June 24, 2020
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(6) FN(HK,) results

Theorem (Gunningham-Jordan-V, in grogress)

Q@ FNHKp) ~Indf ¢ ® g2 - - g-2N-1
2 (L ) B - SN D DL D - - D LN)

R0 —

EndD HKO s EndDAHA Indyq ) ’C[SN]
Enqu( )(HKX) = ]C[WX]

FN(Dist) = He and Endp,(g)(Dist) ~ Endg(He) ~ ¢He the
anti-spherical DAHA.

Monica Vazirani ‘ sentat \ June 24, 2020
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iIdea

Analyze End in DAHA.

IndE&Sym SEN X X0 = Ind%,]I PRI K- -- q—2(N—1)

where H = H" = finite Hecke algebra,

Sym = IC[Y1“—L1,..., Yf]SN = YN

sgn = the sign representation of H" corresponding to ¢
o describes one-dim Sym representation corresp to g—*

More generally  Indygsym sgn Xy ~ Ind};(1-dim)
and as H® Sym-modules sgn®y <= A"V®@1=c(VENQI1)e
e(VEN @ HK, )™ = ANV ® (HK, )™

For Dist move from generic y to no y. Observe He = Ind% sgn.
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Diagrammatic sketch

Reshetikhin: ¢, higher Casimirs, value determmed by x
(picture from [Jordan-White 1709. 09149])

(V@F)*
Ak(V)* (V®k) V®k
Cp =

FIGURE 7. The canonical central elements are the quantum traces
of the kth exterior power of the defining representation, which may
be embedded into Cy ¢+ via the corresponding projector wy. See
Lemma 2.18.

eCk(A)e = celemy(Y)ec = conste Y1 Yo - Yye
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Kevin McGerty

Thank you
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