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Abstract: We give an introduction to the notion of moduli stack of a dg category.
We explain what shifted symplectic structures are and how they are

connected to Calabi-Y au structures on dg categories. More concretely,

we will show that the cotangent complex to the moduli stack of adg

category A admits a modular interpretation: namely, it isisomorphic

to the moduli stack of the * Calabi-Y au completion* of A. This answers
aconjecture of Keller-Yeung. Thetalk is based on joint work

Thisisjoint work with Damien Calaque and Tristan Bozec
arxiv.org/abs/2006.01069
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Moduli spaces of objects and the Ginzburg dg algebra

joint with Tristan Bozec and Damien Calaque
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Structure of the talk

1. Symplectic and Lagrangian varieties

Derived symplectic (.?.e\ometryE

Calabi-Yau completions of dg categories
Moduli of perfect complexes
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1. Symplectic and Lagrangian varieties

Let X be a smooth variety over a field k of characteristic zero. We denote Tx
the tangent-sheaf and Ly the cotangent-sheaf over X.
Definition

» Letw € M(A%Lx) be a closed 2-form. We call (X, w) a symplectic

structure if w is non-degenerate, i.e. w induces an isomorphism
Tx — Lx.

> Let (X,w) be a symplectic structure and / : Y — X be the embedding of
a smooth closed subvariety. We call Y a Lagrangian subspace if

Ty — I*TX e I*LX —> Ly‘

is an exact sequence in Perf y.

Remark
The usual definition of Lagrangian subspace is that Y is a smooth, closed

half-dimensional subspace of X such that w|y vanishes.
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1. Symplectic and Lagrangian varieties

Examples
» Let T*Y be the cotangent space of a smooth variety Y. Then T*Y is a

symplectic variety
» The zero section Y — T*Y makes Y a Lagrangian subspace.

» Nakajima quiver varieties

Easy Example
Let Y = C. The cotangent bundle T*Y =~ C2 carries the canonical Liouville

1-form 6 = y - dx. The symplectic form on T*Y is

w=df =dy » dx
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2. Shifted symplectic structures and Lagrangian maps

Derived k-stacks are functors CAlg, — S satisfying étale descent

» CAlg, : the category of commutative differential graded algebras with
cohomology concentrated in non-positive degree

» S : the category of topological spaces
» dSt : category of derived stacks
» St : category of (underived) stacks ¥

There is a natural embedding St — dSt with right adjoint £, : dSt — St, the
zero truncation.

Example
Let B € CAlg,, then RSpec(B) : CAlg, — S, A — RHomcay, (B, A) defines a
derived scheme such that {,RSpec(B) ~ Spec(Ho(B)).
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2. Shifted symplectic structures and Lagrangian maps

We denote by T x the tangent complex and by [x the cotangent complex.
Remark

> We will assume that X is a derived Artin stack. This implies that
ﬂ_x = Pel‘fx.

» Let X be an underived scheme, then Hy(LLx) = Lx and Hy(Tx) = Tx.
» If X is a smooth underived scheme, then Lx ~ Lx and Tx ~ Tx.

Definition (Pantev-Toén-Vaquié-Vezzosi, 2013)
> A p-form of degree non X is a global section of (Symgx Lx[—1])[n+ p]

> We call a 2-form of degree n non-degenerate if it induces an
isomorphism Tx — Lx[n]
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2. Shifted symplectic structures and Lagrangian maps

Definition (Pantev-Toén-Vaquié-Vezzosi)
> Let wybe a closed 2-form of degree n on X. We call (X,w) an n-shifted
symplectic structure if w is non-degenerate.

> A correspondence Y & x L, Z of derived stacks is n-shifted
Lagrangian if there exists non-degenerate closed 2-forms of degree n
wy on Y and wz on Z, such that the diagram

Tx > f*UZ Ny f*[]_z[n]

| J

g*Ty ~uy g*Ly[n] > Lx[n]

is (co)cartesian in Perf .

» We call f : X — Y an n-shifted Lagrangian map if pt < X Lyisa
n-shifted Lagrangian correpondence.
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2. Shifted symplectic structures and Lagrangian maps

Remark
Every symplectic variety is a 0-shifted symplectic and every Lagrangian

subspace Y yields a 0-shifted Lagrangian map Y — X.
Problem

How can we obtain classical symplectic structures and Lagrangian
subspaces from shifted symplectic structures ?

Examples

> Let T*[n]Y := R Spec(Sym,, Ty[n]) be the n-shifted cotangent space
of Y. Then T*[n]Y is n-shifted symplectic.

» The zero section i : Y — T*[n]Y induced by the projection
Symy Ty[n] — Oy, makes Y — T*[n]Y a n-shifted Lagrangian map.

» Letf: Y — X. Then

T*[n]Y « f*T*[n]X — T*[n]X

is a Lagrangian correspondence.
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2. Shifted symplectic structures and Lagrangian maps

Construction of 2-form
The cotangent space has the following property : every map Y — T*[n] X is
given by the data

»amapf: Y- X

» a section sin f*Lx[n]
Apply to id: T*[n]X — T*[n]X.

B PR nX > X
> a section Iy in f*Lx[n]

The image of Ix under f*ILx — L7« x defines a 1-form of degree n
(Louiville-form) whose differential yields an n-shifted symplectic structure.
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3. Dg Categories and their Calabi-Yau completions

Let A be a k-linear dg category, that is morphisms are complexes of
k-modules. Denote

» Modk the dg category of complexes of k-modules.

> Mod(A) the dg category of dg functors A — Mody.

> A® = A QR A%.

b A = HomMnd(_AE)(ﬁ,Ae) € Mod(A°) be the inverse dualizing
complex.

Definition

» We call A smooth, if A is perfect as .A°-module.

» We call A n-Calabi-Yau, if there is an isomorphism of .A®-modules
n:AY[n] — A.

Remark

> We can identify n via Homyoa(ae) (A" [n], A) ~ A[n] (EE) A =: HH (A)[n]
A€
with an element in the n-th Hochschild homology of A.

L
> The functor A" : Mod(A) — Mod(A), M — A" ® M is the Serre functor.
A
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3. Dg Categories and their Calabi-Yau completions

Example
» Let X be a smooth variety, the dg category Perf inS smooth.

> Let X be a Calabi-Yau variety of dimension n. Then Perf x is
n-Calabi-Yau.

» Every quiver Q gives rise to a dg category with objects the vertices and
morphisms the k-linear combinations of paths between them.

Definition (Keller)
Let A a dg category and M an A®-module. Then the free tensor dg category
of M is given by

TAM) =ABMOMS M- - .
Ae

Remark

T4(—) : Mod(A°®) — dgCat/A is the adjoint to the functor

dgCat/A — Mod(A®) which sends every f : A — B to the A°-module
(a,d) — Homz(f(d), f(a))
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3. Dg Categories and their Calabi-Yau completions

Definition (Keller)
» The n-Calabi-Yau completion of A is the free tensor dg category

Sn(A) := Ta(A%[n—1])

> Givenc: AY[n—1] — A map in Mod(A°®), it defines a functor
Ta(c) : Go(A) — A. The homotopy pushout square

S(A) Ta(c) A
Ta (O)J J
A — Gns1(A, ©)

in the model category of dg categories defines the n + 1-deformed
Calabi-Yau completion G, (A, c).
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3. Dg Categories and their Calabi-Yau completions

Theorem (Yeung, Keller, Bozec-Calaque-S)
Let A be a smooth dg category. Every negative cyclic lift of c € HH,_1(A)

induces an (n + 1)-Calabi- Yatgr structure on Gp41(A, C).

Remark
Let A be the dg category kQ, Q a quiver, W € HH, (kQ) a sum of cycles in
Q.

» Then G3(A, dW) is the Ginzburg dg algebra.

» The Ginzburg dg algebra has many applications, for instance in the
categorification of the cluster algebra via the cluster category

Perf g, (a,aw)/Dit(G3(A, dW)).
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3. Dg Categories and their Calabi-Yau completions

Example
Let Q = Az then the Ginzburg dg algebra G3(kQ) is dg quiver path algebra
to

generated in degree

» 0 by Q,
» —1 by a*,
> 2 by f and b.

with non-zero differential d(#) = ac™, d(&) = a*a.
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3. Dg Categories and their Calabi-Yau completions

Definition (Brav-Dyckerhoff, 2018)

letA 5L Bbea cospan of dg categories. We say that the cospan is
n-Calabi-Yau if there exist non-degenerate n4 € HH,(A), ns € HH,(B)
such that the homotopy square :

g L L
eV [n] » (B¥[n]) ® €°~ B ® C°

Be Be
f”’J{

(AV[N]) ® €° ~ A & C°
e

A€

is (co)cartesian in Mod(€°®).
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3. Dg Categories and their Calabi-Yau completions

Let f : A — B be a morphism of dg categories.

Definition (Bozec-Calaque-S, 2020)
We define the n-Calabi-Yau completion of f as

Gn(f) =T (A" [n— 1]%39).

Theorem (Bozec-Calaque-S)
Letf: A — B be a morphism of smooth dg categories. Then f yields a

cospan
Gn(A) — gn(f) “— 9n(j3)

which is n-Calabi-Yau.

Theorem (Bozec-Calaque-S)
Let dgCat be the homotopy category of smooth dg categories, and CY [, the
homotopy category of the n-Calabi-Yau categories and 1-morphisms the
Calabi-Yau cospans, then G : dgCat — CY |, is a functor.
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4. Derived moduli spaces

Definition (Toén-Vaquie, 2007)
Let A be a dg category. The moduli space of objects Perf, is the derived
stack defined via Perf, : CAlg, — S, B — Mapygca (A, Perf g)~.

Remark
» The k-points are the isomorphism classes of perfect .A-modules.
» The B-points x : R Spec(B) — Perf, are given by A — B-modules M
which are perfect as B-modules.
We have x*Tpers, ~ Hom,(My, My)[1] and
X*Lpert, >~ Homu(AY @4 My, Mx)[—1].

Easy to see : if A = Perf, then AY = A and Perfy is 2-shifted
symplectic.

The stack [rep(v, kQ)/Gl,] is an open substack of Perf,q.
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4. Derived moduli spaces

Theorem (Brav-Dyckerhoff, 2018)
Let A be an n-Calabi-Yau dg category

> Then Perf, is (2 — n)-shifted symplectic.

> Perf maps n-Calabi-Yau cospangto (2 — n) lagrangian correspondences.

From CY to Lagrangian :

For any B-point x there is a natural map

HHn(A) — HHn(Perf4) — [(X*Lpert , [1 — n]) ~ Homa (A" [1] ®4 My, My).

This can be identified with the map

(n: A¥[n] — A) — Homa (A" [n] @4 My, My)
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4. Derived moduli spaces

A dg category

Perffj’n(-ﬂ)

9"("4') —

Theorem (Bozec-Calaque-S, 2020)
Let A be a dg category of finite type, then T*[2 — n]Perf, ~ Perfs,1) as
(2 — n)-shifted symplectic spaces.
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4. Derived moduli spaces

Theorem (Bozec-Calaque-S)
Letf: A — B be a map of finite type dg categories, inducing the map of
moduli Perfs — Perf,. Then

T*[2 — n]Perfz « f*T*[2 — n]Perf, — T*[2 — n]Perf,

is equivalent as (2 — n)-shifted Lagrangian correspondence to Perf applied
to the Calabi-Yau cospan

Gn(A) = Gn(f) < Gn(B)

that is
Pertgn(rg,) € Perfgng) — Perfg,,(ﬂ).
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4. Derived moduli spaces

Definition
Let f: X — T*[n]X be a graph of a 1-form of degree n on X, then the
derived critical locus of f is given as the homotopy pullback

crit(f) —— X

|

X —— T*[n]X

Theorem (Bozec-Calaque-S)
Let A be a dg category of finite type and'c € HH,_1(A). Then ¢ induces a

map Perf, — T*[n]Perf, and crit(c) ~ Perfs . (4. as (1 — n)-shifted
symplectic spaces.
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4. Derived moduli spaces

Theorem (Bozec-Calaque-S)
There is a natural isomorphism

dgCat“ L} CYn

-

rt
dst” T Lige )

» dgCat™" is the full subcategory of finite dg categories,

» CY|p the category with objects the n-Calabi-Yau categories and
1-morphisms the Calabi-Yau cospans

* Lag,_,, the category with objects the 2 — n-shifted Lagrangian stacks
and 1-morphisms the Lagrangian correspondances.

Applications
Finding new Lagrangian subspaces in classical symplectic spaces.
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