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Abstract: Quasi-€lliptic conomology is closely related to Tate K-theory. It is constructed as an object both reflecting the geometric nature of elliptic
curves and more practicable to study than most elliptic cohomology theories. It can be interpreted by orbifold loop spaces and expressed in terms of
equivariant K-theories. We formulate the complete power operation of this theory. Applying that we prove the finite subgroups of Tate curve can be
classified by the Tate K-theory of symmetric groups modulo a certain transfer ideal.

In addition, we define twisted quasi-elliptic conomology. They can be related to a twisted equivariant version Devoto&€™s elliptic conomology via
a Chern character map. Moreover, we construct twisted Real quasi-elliptic conomology and the Chern character map in this case. Thisis joint work
with Matthew Spong and Matthew Y oung.
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Overview

Plan.

Quasi-elliptic cohomology

Motivation, Definition, Loop space construction
Strickland’s theorem

twisted Quasi-elliptic cohomology

construction
Relation with twisted equivariant elliptic cohomology: a Chern
character map

twisted Real Quasi-elliptic cohomology

construction
a twisted Real Chern character map

Zhen Huan (HUST) Quasi-elliptic cohomology May 28, 2020 20007

Pirsa: 20050059 Page 3/35



Quasi-elliptic cohomology
Explicit Definition

QEIIL(X H Kne(e)(X

ge Gtors

conj

o Giort a set of representatives of G—conjugacy classes in G*";

e Ac(g) = Co(g) x R/((g, —1));
e x-[a,t] =x-a, for all [a,t] € Ag(g), x € X8.

QENZ(X) is an Z[gF]—algebra

1 — Celg) — Ng(g) —=T —0

Z[q*] = K7(pt) i K/\ y(pt) — Kx <(2)(X%)

Relation with Tate K-theory
QENG(X) ®z1q+) Z{(q)) = KTare (X G).
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Basic Properties of Quasi-elliptic cohomology

Representation theory
Restriction map: RG — RH,;
Induction map: RH — RG.

Equivariant K-theory
Restriction map: KE(X) — Kj(X);
Induction map: K}(X) — K&(X);

Quasi-elliptic cohomology
Restriction map: QEIIL(X) — QEI(X);
Induction map: QEI},(X) — QEIE(X);
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Basic Properties of Quasi-elliptic cohomology

Representation theory
Restriction map: RG — RH,;
Induction map: RH — RG.

Equivariant K-theory
Restriction map: KE(X) — Kj(X);
Induction map: K/(X) — K&(X);

Quasi-elliptic cohomology
Restriction map: QEIIL(X) — QEI(X);
Induction map: QEI},(X) — QEIE(X);
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Basic Properties of Quasi-elliptic cohomology

Representation theory
Restriction map: RG — RH,;
Induction map: RH — RG.
RG ® RH — R(G x H).

Equivariant K-theory
Restriction map: K&(X) — K}(X);
Induction map: Kj(X) — KE(X);
Kiinneth map: KE(X) @ K(Y) — K& y(X x Y);

Quasi-elliptic cohomology
Restriction map: QEIIZ(X) — QEI,(X);
Induction map: QEI},(X) — QEIE(X);
Kunneth map: QE//E(X)(/X\)Z[C];I:]QE//;:(Y) — QEIIL (X X Y).

O

Zhen Huan (HUST) Quasi-elliptic cohomology May 28, 2020 4 /27

Pirsa: 20050059 Page 7/35



Basic Properties of Quasi-elliptic cohomology

Equivariant K-theory
Restriction map: K5(X) — K (X);
Induction map: K/(X) — KE(X);
Kinneth map: K&(X) @ K(Y) — K y(X x Y);

Change-of-group isomorphism: K:(Y xy G) = KL(Y);
0

Quasi-elliptic cohomology
Restriction map: QEIIL(X) — QEI;(X);
Induction map: QEII},(X) — QEIZ(X);
Kinneth map: QE//&(X)@Z[qi]QElI,j(Y) — QENIL (X X Y).

Change-of-group isomorphism: QEIL(Y xy G) — QEIY(Y);
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Basic Properties of Quasi-elliptic cohomology

Equivariant K-theory

Restriction map: KZ(X) — Kj(X);

Induction map: Kj;(X) — KE(X);

Kinneth map: KE(X) ® K (Y) — K& y(X x Y);
Change-of-group isomorphism: KZ(Y xy G) =, K5 (Y);

K¢ (—) can be represented by an orthogonal G—spectrum;

Quasi-elliptic cohomology

Restriction map: QEIL(X) — QEI;(X);

Induction map: QEII},(X) — QEIZ(X);

Kinneth map: QE//Z(X)@)Z[qi]QEII;’f,(Y) — QEINL (X X Y).
Change-of-group isomorphism: QEIL(Y xp G) — QEI(Y);
QEIIZ(—) can be represented by an orthogonal G—spectrum.
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Basic Properties of Quasi-elliptic cohomology

Equivariant K-theory

Restriction map: K5 (X) — K} (X);

Induction map: K/ (X) — KE(X);

Kiinneth map: KE(X) @ K4(Y) — K y(X X Y);
Change-of-group isomorphism: KE(Y xy G) = KL (Y);
K& (—) can be represented by an orthogonal G—spectrum;

Global K-theory exists.

™M

Quasi-elliptic cohomology

Restriction map: QEIIL(X) — QEI;(X);
Induction map: QEII},(X) — QEIE(X);
Kinneth map: QE/Ié(X)@Z[qi]QEIIIZ(Y) — QEIE . (X < Y).

Change-of-group isomorphism: QEIIZ(Y xy G) = QEI;(Y);
QEIIZ(—) can be represented by an orthogonal G—spectrum.
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Transfer ideal

Motivating Example: K-theory

e = Y Image[lg" s - Ks,ux,(pt) — Ksy(pt)]

i+j=N,
N>j>0

l¢r is the smallest ideal such that the quotient

P
Pu /1y - K(pt) —> Ks, (pt) — Ks, (pt)/ /e

Is a map of commutative rings.

Transfer ldeal

[ =) ImagellsY s Krare(pt/Ti X T;) — Krate(Pt/Zn)]
i+j=N,
N>;>0

G = 5 Image[Ié_Nxzj - QEN(pt)/T; x ;) — QEN(pt)Xn)]

i+j=N.
N>j>0
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Relation between elliptic cohomology and Loop spaces

An old idea by Witten [Landweber]
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Relation between elliptic cohomology and Loop spaces

An old idea by Witten [Landweber]

— C*(T, ),T;jr X}

EIF*(X) e KE(LX)

It's SURPRISINGLY difficult to make this idea precise.

Relevant Work [Devoto|[Ganter]

2007, G—equivariant Tate K-theory for finite groups G is modelled on the
loop space of a global quotient orbifold.

How can we construct elliptic cohomology theories from loop spaces? i
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What is " Loop” ?

Review: Free Loop Space

LX = C>=(T, X).
T—action: v-t=(s+— y(s+1t)).
LG—action: v-d = (s v(s) - d(s)).
LG x T—action: v-(6,t) = (s —= y(s+t)- (s + t)).
((51, tl) . ((52, 1.'2) = (S — 51(5)52(5 == tl), t1 + tz).

Interpretation of the LG x T—action

L G: the group of gauge transformations.

’ 5 s
LG x T: the extended gauge group G x T (g,5)—(5(s)g,s+1)

|

T
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What is " Loop” ?

Review: Free Loop Space

LX = C™(T, X).

T—action: v -t = (s +— (s + t)).
LG—action: v -0 = (s +— ~(s) - d(s)).
LG x T—action: v-(6,t) = (s — y(s+t)-d(s+t)).
(51, i’l) . ((52, tg) = (S = 51(5)52(5 - tl), t1 + tg).

Interpretation of the LG x T—action

L G: the group of gauge transformations.

~

LG x T: act on loops GXT—sGxT—L—>X

L

T T
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The Answer: What is " Loop™?

New Definition of Equivariant loops Loop(X/ G)
Objects:
T<Z—pPotsX
e 7 : principal G—bundle over T e f: G—equivariant;
Morphism (oz,t):{T<7T—P’L>X}—>{T ~ p_t X }:

f'/
P P X

L

' Relation with Bibundles
Bibun(T /%, X J/G)

same objects;

morphisms: («, |d). No rotations.
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The Answer: What is "Loop™?

New Definition of Equivariant loops Loop(X /) G)
Objects:

e 7 : principal G—bundle over T e f: G—equivariant;
Morphism (oz,t):{T<7T—P’L>X}—>{T ~ p_t X }:

f'/
PP X

L

' Relation with Bibundles
Bibun(T /%, X J/G)

same objects;

morphisms: («,Id). No rotations.
0

Zhen Huan (HUST) Quasi-elliptic cohomology May 28, 2020 BEAOT

Pirsa: 20050059 Page 17/35



Loop construction of Quasi-elliptic cohomology

A(X //G): a subgroupoid of Loop(X )/ G) consisting of constant loops.

ANX /) G) = ]_[ X& JN\¢c(g)

gEGtors ]

conj

QENG(X) = Ko (MX /G))

Further Question

Can we use this new definition of loop spaces to construct elliptic
cohomology theories?
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Classification problems on the formal group

[Stricklands, Hopkins-Kuhn-Ravenel, 1990s]
Complex K-theory | Morava E-theory E,

Formal group Gm
Hom(A*, G) RA
Subgroups RY i/t
A*—Level structures | RA/Ix

Zhen Huan (HUST) Quasi-elliptic cohomology May 28, 2020
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Classification of the subgroups of Tate curve

Theorem (Huan)

The Tate K-theory of symmetric groups modulo a certain transfer ideal
classifies finite subgroups of the Tate curve.

KTate(Pt//Z Tate = H Z [qsi]/< - qge%
N=de

where Itfate is the transfer ideal and q. is the image of q under the stringy
power operation, the product goes over all the ordered pairs of positive
integers (d, e) such that N = de.

Relation between representations Kc_(4)(pt) ®z KT(pt) = K, (g)(Pt)

a RT-basis of RAg(g) P

5 |

{irreducible representations of CG(g]')} p|CG(g)
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Classification problems on generalized E—theories

[Schlank, Stapleton, 2015], [Ganter, Huan, 2018], [Huan, Stapleton, 2020]

Quasi-elliptic cohomology
Ko (A(2)) E,(L(X ) G))
Formal group Gn®Q/Z Gy @ (Qp/Zp)"
Hom(A", G) K2 (A(pt/A)) EO(£"BA)
Subgroup Korb (NPt /2 5k )/ Ier ER(LYBY )/ by
A*—Level structures | K*, (A(pt/A))/la SR A
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Twisted Quasi-elliptic cohomology [Huan, Spong]
G finite. Twist QENL(—) by « € H3(BG; U(1)).
Transgression 7 : H3(BG; U(1)) — H?*(Map(St, BG); U(1))

BG <2 S % Map(S?, BG) — Map(S, BG)

H3(BG: U(1)) —2aluation’ 113(S1 « Map(St, BG); U(1))

L projection

H?(Map(S?t, BG); U(1))

h s
o
?

H*(Map(S*, BG); U(1)) = | | H*(BCa(g): U(1))
&]

(o) = H Og.

[g]

Zhen Huan (HUST) Quasi-elliptic cohomology May 28, 2020
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Twisted Quasi-elliptic cohomology

Twisted equivariant K-theory

X;};, h € H*(BG; U(1)), 1——U(1)— G"

K2+9(X) :=Grothendieck group of # — twisted G—vector bundles over X.

U(1) C GY acts on each fiber as complex multiplication.

KET(X) C Ko (X).

Zhen Huan (HUST) Quasi-elliptic cohomology May 28, 2020
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Comparison theorem v.s. Chern Character map
RG ®y C = the ring of class functions on G

[1989 Atiyah Segal]

Ki(X) ® C ——= @(K*(X8) @ C)Cs(®) L oy 1+(X8) @ C)Cs(e)
[g] [&]

[2001 Adem Ruan]

KH(X) @ C— Q(H*(xg) ® x2)Cc8)
g

Xy : Co(g) — U(1), h—0(h,g)f(h,g™")

DK (XE) @ C—= @ (H* (X&) x}5)Csleh)
g o gl 1h]
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Chern Character of twisted QEI// [Huan, Spong]

*+a k-0
QEIFF (X))@ C =] K s (X&) ©C

[g]

*+0g
H KTX CG ® C
g]
o *+0g
— 1] ch(g) (X8) ® C ® Z[qT]

(2]

=TT (H(xEh) @ xp7) <o @ 2]
[g:h]
C EIIEH(X)

E//Z-Jra(—) . a twisted version of Devoto's equivariant elliptic conomology

with complex coefficients [Evans-Berwick].
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Real quasi-elliptic cohomology [Huan, Young]

7:G— Z/2Z. G = Kerr. finite.

The Real centralizer of g € G

Involution: Reflection of the circle
Sign representation € : Z — Z /27

R:z t - n= te(n).

R . Z acts on Cg(g) by h-(t,n) =w "hw".

Fix w € Cg(g) \ Cs(g).

The enhanced Real stabilizer of g € G

AE(g) = (Co(g) 1w (R % Z)) /{(g, —1,0), (w?,0,2)).

Zhen Huan (HUST) Quasi-elliptic cohomology May 28, 2020
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Real quasi-elliptic cohomology

K 3 — *//(Z/2Z): a Z/2Z—graded orbifold.
X — X: the double cover classified by .

. quotient loop groupoid of X

Objects: (x,7) € X ¥ Autg(x);

Mor((x1,71), (x2,72)) ={(g, t) € Morz(x1,x2) X K|
Y2 =gmg L (g t+1)=(g,t)}

Zhen Huan (HUST) Quasi-elliptic cohomology May 28, 2020 18 /27
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Real quasi-elliptic cohomology

o 4 — *//(Z/2Z): a Z/2Z—graded orbifold.
X — X: the double cover classified by 7.
. unoriented quotient loop groupoid of X

Objects: (x,7) € X ¥ Autg(x);

MOI’((Xl,"yl), (XQ,’}/Q)) :{(g, t) & MOI’;%(Xl,XQ) X R’

7(

o =g 8g L (g, t+1) = (g, 1))}

Involution on AX

1 1

objects: (x,7) — (w™ixw,w vy 1w)

morphisms: (g, t) — (w‘égw, —t)
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Real quasi-elliptic cohomology [Huan, Young]

Real quasi-elliptic cohomology of X
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twisted Real quasi-elliptic cohomology [Huan, Young]

Start from & € H317(BG; U(1)), a lift of o € H3(BG; U(1)).
Twisted loop transgression map [Noohi, Young]

7 H3™(BG; U(1)) — H?(Map(St, BG)/(Z/27); U(1))

Zhen Huan (HUST) Quasi-elliptic cohomology May 28, 2020 20/ 27
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twisted Real quasi-elliptic cohomology

K — x/(Z/2Z): a Z/2Z—graded orbifold.
X — X: the double cover classified by 7.

The A-twisted Real quasi-elliptic cohomology of X

Zhen Huan (HUST) Quasi-elliptic cohomology May 28, 2020 21 /27
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The representation theories

All the vertical maps are restrictions.
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twisted Real Chern character map [Huan, Young]

QEIRL™(X) ® C % [ (H(XE%) @ %) EE) g 7[q%]
lg.w]emo(62 /G)

|

QEHE—FQ(X) 2 C M H (H*(XO‘,’T‘) R X?_O’)CG(O—,T) ® Z[qi]
[o,7]€m (G2 J/G)
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Further problems: quasi-elliptic cohomology

Twisted Power Operation

Definition of twisted equivariant power operation:
Power operation for twisted quasi-elliptic conomology;
Power operation for twisted Morava E-theory.

2-equivariant elliptic cohomology

Define quasi-elliptic cohomology of 2-group;
compare it with 2-equivariant elliptic cohomology.
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Thank you.
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