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Abstract: Baker and Richter's $A \infty$ analog of the complex cobordism spectrum provides characteristic numbers for complex-oriented toric
manifolds, which generalize to define similar invariants for Hamiltonian toric dynamical systems: roughly, the ‘completely integrable’ systems of
classical mechanics which (by KAM theory) possess remarkable stability properties. arXiv:1910.12609
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Cobordism of Hamiltonian toric manifolds,
& applications

81 Examples of Hamiltonian toric manifolds

e rigid bodies (Euler ...)
e fluid mechanics (Kolmogorov, Arnol’d, Moser)
(1960s) ;
e chemical reaction networks (Gatermann et al
~ 2000)

h

§II Characteristic numbers and cobordism, TBA
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Tue7:09PM Q. @ =

[% Export POF ~

Adobe Export PDF

Convert PDF Files to Word
or Excel Online

Select PDF File

kamtalk.pdf

Convert to

Microsoft Word (*.docx)

Document Language:
English (U.S.) Change

Convert

[__2) Create PDF v

Create, edit and sign PDF
forms & agreements

Start Free Trial

Page 4/34




® @
Home

Pirsa: 20050054

Tools

% & B H Q ® @ 2/ A MOD v - B P B LED
1 2

B kamtalk.pdf

kamtalk.pdf X

3.!.1. N 11AITAaCLTII IoLIC TTUNTITUTITIOD aliu LuUuwuvIdiolil g, 2

Takeaways:

e Hamiltonian toric manifolds have interesting
applications to physical chemistry, analogous
to their applications to hydrodynamics; in par-
ticular, to quasi-periodic phenomena, perhaps
such as DNA replication; and

e The spectrum MEACP®® is a plausible repos-
itory for the statisfical mechanics of such sys-
tems.
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§I Introduction: Hamiltonian toric manifolds
generalize classical Euler-Liouville-Hamiltonian
symplectic ‘completely integrable’ systems.

They hybridize

e the toric manifolds of Davis and Januszkiewicz,
k:

= compact smooth even (= 2n)-dim’'l M with

effective T' = T"-action and a polyhedral quo-

tient M/T,
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e mechanics of rigid bodies (Euler), general-
ized in the modern theory of geometric quan-
tization (Kirillov, Kostant, Souriau, cf. [GGK]
= Guillemin-Ginzburg-Karshon):

G = Lie group, with its canonical coadjoint
action on (Lie G)*. Its orbits

G-\ = G/iso(\) — (Lie G)*

have a natural G-equivariant symplectic struc-
ture, which restricts nicely to the left action
by a subtorus of G, vielding manifolds foliated

S A
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e Arnol’d argued that the geodesic flow on the
group G = SDIiff(M) of volume-preserving dif-
feomorphisms of a compact Riemannian man-
ifold recovers Euler’'s equation for incompress-
ible fluid flow on M.

In this infinite-dimensional case (Lie G)* is topol-
ogized as a space of distrf[butions, which com-
plicates things; but viscosity in physical models
makes finite-dimensional approximations plau-
sible.
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e Delzant’s classification of symplectic toric
manifolds has further (Hamiltonian) structure:
a ‘moment map’

®: M — M/T — (Lie T)*

with a polyhedral quotient, which (roughly)
parametrizes Noether’'s associated conserved
quantities.

I
There are alternative cohomological formula-

tions [GGK]:
&=w—®ec M), dro=0,
with w symplectic (dw = 0, w"™ # 0 every-
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with a polyhedral quotient, which (roughly)
parametrizes Noether’'s associated conserved
quantities.

There are alternative cohomological formula-
tions [GGK]:

H=w—®d€QHM), dpio =0,

with w symplectic (dw = 0, w™ # 0 every-
where);

k:

or,

4T-equivariant cx line bundle on M with con-
nection lifting [©] € H%(M, 7)) as in geometric
quantization.
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with w symplectic (dw = 0, W™ # 0 every-

where);

or,

d7T-equivariant cx line bundle on M with con-
nection lifting [@] € H#(M,Z) as in geometric
quantization. L

Note however that what moment maps are on
odd-dim’l manifolds make questions of cobor-
dism tricky.
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*x Corollary Hamiltonian toric manifolds have
stable equivariant decompositions]

Ty ~ @L;

of their tangent bundles into sums of complex
line bundles, indexed by faces of P.

This is a very strong kind of splitting principle!
It provides an abundant supply of cohomolog-
ical data

c1(L;) € H2(M,Z)

used below to define characteristic numbers.
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Example Gatermann and others (~ 2000-2010)
study chemical reaction networks defined by
systems

x =F(x) =) Fj () z' € Qlx][x]

of autonomous ODESs, where x = x(t) is a vec-

1 tor of chemical concentratlonsI and K is a ma-
trix of (non-negative) reaction rates, suitably
sparse (i.e. indexed by a collection of (strongly)
connected graphs).

More precisely

x=Y K-X
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systems

x=F(x) =Y F1(x) 2! € Q[x][x]

of autonomous ODEs, where x = x(t) is a vec-
tor of chemical concentrations, and k is a ma-
trix of (non-negative) reaction rates, suitably

, sparse (i.e. indexed by a collectjon of (strongly)
connected graphs).

More precisely
X=Y K-X

I.e.
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Chemists are interested in the set of stable
states

h',-xY——*O

of the reaction network, which define a real
polyhedron, essentially theJimage of the mo-
ment map for a variety defined by a toric ideal
(generated by differences of monomials) in Q[k].

Remark Classical theoretical biology [e.g. 1
Prigogine, 1977 chemistry Nobel prize] is con-
cerned with ‘dissipative’ systems, ji.e. metabolism
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ment map for a variety defined by a toric ideal
(generated by differences of monomials) in Q[k].
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Complex cobordism is represented by the Thom
spectrum MU defined by the classifying bundle
¢ — BU, and the map

I

MU~ MUAS® = MUA HZ

defines the Hurewicz homomorphism
MU, — H.(MU,Z) = H«(BU, Z)

which sends a manifold to such (normal) char-
acteristic numbers.
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k=l
[Baker-Richter, Cartier, Hazewinkel] is dual to
: the commutative Hopf algebra Q. C Z[z«] of

quasi-symmetric functions, with basis elements

ng >,
(@)= Y 2ok e Q@
i1 < <ig

indexed by ordered partitions

n:nl—l—...+nk
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They show that

H.ME 2N,y — Sy =2 Ho, MU k
is abelianization, and that
H*MUZ S* - H*M¢ = Q*
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varieties are global quotients of toric mani-
folds by finite groups, and thus have rational
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The spectrum MEACP®® is a plausible reposi-
tory for Hamiltonian toric cobordism, with CP*°
classifying a line bundle with connection en-
coding the symplectic structure. The homo-
topy groups [BT*, MU A BT]»,, are an alterna-
tive (cf. [GGK]) but its grading is more com-
plicated.

Note that [BR] M¢&x is p-locally a free BPx-
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algebra spectrum. This provides some justifi-
cation for regarding M¢ as a noncommutative
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Speculation: The analog of Miscenko's log-
arithm for this Hopf algebra defines a version of

the cumulant generating function in VVoiculescu’s
theory of free probapility, analogous to the Helmholtz
Gibbs free energy

' log £(exp(tX))

in physical chemistry, or to the Cramér risk
function in the statistical mechanics of large
deviations.
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