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Today's plan

Lectures

» What is a symmetry?

= A crash course in group theory
Activities

» GeoGebra

» Brainstorming

= Breakout rooms

Note: | will be writing on top of these slides. I'll send
you a link to the blank slides for now and upload the
pdf with my written notes later today.

—

Giuseppe Sellaroli :

Hello

my name is

wuseppe

455&54%{ D lvdn
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How to interact during the lectures

» This class is a safe (virtual) place. Questions are
always welcome, no matter how trivial you may
think they are.

= You can ask questions at any time during the
lecture. You have a few options:

= “Raise your hand" through Zoom and ask in
person
» Use the Zoom chat
= Ask on sli.do (#W613)
= | will often ask you questions during the lectures. |

do not know how well this is going to work online,
but I'll still do it.

Giuseppe Sellaroli
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What is a symmetry?

@ ransPrnation of ((A: et Leaves //(3" (kVeYienT
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Groups and subgroups

Definition (group)

A group is a se ogether with an operation
G x G — G satisfying the following properties:

—

= there is a special element e € G, called the identity,
such that

gxe—exg=g, VYVgedl

= ecach element of G has an inverse, that is for each
g € G there is an element g~ ! € G such that

g lrg=grg '=e

= the operation * is associative, that is
ax(bxc)=(axb)*xc, Vab,ceQG.

Additionally, we say that the group G is abelian or

4 a ——
commutative if
e ——,,
a*b=b+xa, VabeaG.
e ——

I o
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The unit circle S° can be made
into a group by identifying its -
points with complex numbers e .
and using complex multiplication
as the operation. 12
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The unit circle §° can be made
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points with complex numbers e .
and using complex multiplication
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into a group by identifying its =8
points with complex numbers e .
and using complex multiplication
as the operation. L2
show product IZ' show inverses e e T S
- - = et
s
rd
# 0.8 ~ %
o N
5 0.6 b =
’ \
! \
0.4
! \
i’ .
, 02 \
zw
! i
i
-2.8 -2.6 -2.4 -2.2 -2 -1.8 -1.6 -1.4 -1.2 -.1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 '. 12 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3.2 3.4 3.6 3.8 4 4.2
1
1 i
\ -0.2 Il
\ I
\ !
-0.4
A —1
\ i
\\ -0.6 ;‘
~ rd
’
g 0.8 i
~ -
= ™. -~ - - - i
~—alo--
-1.2
-1.4
-1.6
-1.8

Page 17/21



I S Y

Pirsa: 20050045

\ m

o - i

- @ 7 ‘ = - B [ NIl | Sans Regular 19
RN FY NN N N NeleY |

Giuseppe Sellaroli \

L Low v . OF JC(‘LSFLQ OF

Definition (subgroup)

Let G be a group with operation *. A subgroup of G is _(_O
a subset H C G that contains the identity element and Vac r )rm

is closed under the operation % and under inversion,

that is \l/ (

= ecH p
= axbeHforalla,be H V’-C:‘Qr .5?1‘25 A’ﬂc 3@195

"» acH — aleH

The notation f@; is commonly used to indicate that
H is a subgroupof G

Exercise

Prove the following consequences of the definition of a
group:
1. the identity element is unique (if two elements sat-
isfy the identity property, they are necessarily equal)
2. for each g € G the inverse g~ ! is unique
3. (g ) l=g
4. (gh)~t =h"1g™?
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Homomorphisms and isomorphisms WiV .
v aquiv s Cineay neps

Definition (group homomorphism)

A group homomorphism is a map ¢ : G — H between
two groups G and H such that

qo(é_i_i@_b) = @(a) *n p(b), Va,b€ G. > hwu-p% wr( aV

— —

Exercise Q—ﬂ‘@ r

Prove that if ¢ : G — H is a group homomorphism,
then

1. p(eg) = ey (Hint: look at p(eceg)) (_P PY‘Q Seyves &Youf S*'hd()l'“ re

2. p(g™1) = ¢(g)~! for all g € G.

]
]
= |
|
wll
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Definition (kernel) & NOLQ' q’ (?6) = el-l

The kernel of a group homomorphism ¢ : G — H is the

set
kero = {g € G|p(g) = en} €ck VQYCP
of all the elements of G that are sent to the identity in
H.
Proposition _‘ Sehe o5 VLQL' DPL"Q

A group homomorphism ¢ : G — H is injective i* and
only if its kernel is trivial, that is

kerp = {eg}-

proef: & iF @ injecd vo, ot oSt OM{ny 6w & Sout o €y
Key @ = f&;;
B &l oheG with Q)= @b) => ex= @) P)

> 4= ®(c') P(b) -‘-"P(d,"é) S, cbeker P gbe, > osb

=l
= |
]
|
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Definition (isomorphism)

Two groups G and H are isomorphic (denoted by
G = H) if there exists an invertible group y ) ( )
homomorphism ¢ : G — H. Such a map is called an CO"\S\['{!V (’R;+ Q"’J lQ)o .

f

isomorphism between G and H.

v
\}({L(SV‘MP 9}:
Exercise
Prove thas isomorphic to the subgroup (!R\-{Oz 't )

{Iln, -1n} < (n, C). While you are at it, prove that
ep:xell > eXelkss

the latter is indeed a subgroup!

Exercise
I'll do you one better: prove that any group with only 4 LMV-QVQ u(

two elements is isomorphic to Zs.

* exp(xty) = exple) exply)
> Sreyp h,wmrpﬂ‘sm

=
|
mll
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