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Abstract: We comment on the recently introduced Gauss-Bonnet gravity in four dimensions. We argue that it does not make sense to consider this
theory to be defined by a set of D-&gt;4 solutions of the higher-dimensional Gauss-Bonnet gravity. We show that a well-defined D-& gt;4 limit of
Gauss-Bonnet Gravity is obtained generalizing a method employed by Mann and Ross to obtain a limit of the Einstein gravity in D=2 dimensions.
Thisis a scalar-tensor theory of the Horndeski type obtained by dimensional reduction methods. By considering simple spacetimes beyond spherical
symmetry (Taub-NUT spaces) we show that the naive limit of the higher-dimensional theory to four dimensionsis not well defined and contrast the
resultant metrics with the actual solutions of the new theory. Theory and solutions in lower dimensions will also be briefly discussed.
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Lovelock Theorem

D. Lovelock, The Einstein Tensor and lts Generalizations®,
Journal of Mathematical Physics. 12 (3): 498-501 (1971).

In four dimensions, the Einstein-Hilbert action is
the only local action (apart from the cosmological
constant and topological terms) that leads to the
second order differential equations for the metric.

Einstein’s theory is the unique theory!

Gauss-Bonnet gravity in 4 dimensions

D. Glavan and C. Lin, Einstein-Gauss-Bonnet gravity in
4-dimensional space-time, Phys. Rev. Lett. 124 (2020)
081301, [1905.03601].
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Plan of the talk

I. What is Gauss-Bonnet gravity?

Il. 4-dimensional GB gravity?
a) Glavan-Lin proposal
b) Problems with the “naive” D->4 limit

[Il. Horndeski type Gauss-Bonnet gravity in 4D
a) Kaluza-Klein approach
b) Conformal trick derivation
c) Solutions

IV. Lower-dimensional theory and solutions

V. Summary
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Based on

Paper 1: R. A. Hennigar, D. Kubiznak, R. B. Mann and C.

Pollack, On Taking the D->4 limit of Gauss-Bonnet Gravity:

Theory and Solutions, 2004.09472.

Paper 2: R. A. Hennigar, D. Kubiznak, R. B. Mann and C.

Pollack, Lower-dimensional Gauss-bonnet gravity and BTZ
black holes, 2004.12995.

Paper 1 has some overlap with

P. G. Fernandes, P. Carrilho, T. Clifton and D. J. Mulryne,
Derivation of Regularized Field Equations for the Einstein-
Gauss-Bonnet Theory in Four Dimensions, 2004.08362.
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Einstein Theory 1

To write the Gravitational Action we want

Scalar Lagrangian -- diffeomorphism invariance
Second-order (E-L) equations for the metric

Due to the Equivalence principle there is no scalar

g,09)

with only first derivatives: ]— ]— (

Best one can do is to write

1 ' o
T / vV—9gR(g,0q9,0°q)

SEH L(j] —

How come the Einstein equations are 2" order?
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Einstein Theory 2

Sy J~ . - S To R
A.SEH == / ()( V _.(/‘R(_L_)’.(j -— )

167G .
1 A . )
= — /(_Rr)\/—(]"—\/—_(]]?/,i,()(]/W—f—\/_UU;‘!}()R!,,,)
167E: . i ) -
S| Y ) L Y J

easy to calculate: /—¢gG,,,0¢""  difficult: throw away

So we recover G/W (g? 891 829) — ()

Luckily we were (almost) right throwing away the last term:

¢"0R,, =V, V¥, V,=V?(8g,s) — 9°°V,.(09as)

v—gR(g,0q. (')").(?) — \/—gf?.’(.q. dg) + 0, ff“(_g. Jq)
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Einstein Theory 3

L=R

* [s this just the simplest choice or can we add other

scalars? 9 Y WK
S R/H/Rl ) R[U/h‘)\RI
R N, BVFR,...

» Lovelock Theorem (1971): In 4D, the Einstein-Hilbert
action is the only local action, apart from the cosmological
constant and topological terms (total derivatives), that
leads to the second-order PDEs for the metric.

Example of topological term (in 4D)

bed b 2
g = RabcdRa 4 — 4RabRa + R
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Einstein Theory 2

5 l . - a3
()..,SEH — / ()( V _ﬁRn_)'.(j '— )

e M

Erik Schnetter ‘

167G .
1 J ~ - 7 v C
" 167G / (RO —g+V—gR,0g" +v—gg" 0 R,,)
)i Ur % \ Y J \ Y }

easy to calculate: /—¢gG,,,0¢""  difficult: throw away

2
So we recover (5, (9,09,0°g) =0
Luckily we were (almost) right throwing away the last term:

g"oR,, =V, V¥, V,=V"(0g.8) — 9°°V,u(0gap)

v—gR(g,0g, (')2.(/) = \/—gff(g. dg) + (’),,f?“(,q. dJq)
h
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Einstein Theory 3

L=R

* [s this just the simplest choice or can we add other

scalars? 9 - ——
R ) R‘[!-I/ Ff ’ R[IUH)\RI
B BNPR.. s

* Lovelock Theorem (1971): In 4D, the Einstein-Hilbert
action is the only local action, apart from the cosmological
constant and topological terms (total derivatives), that
leads to the second-order PDEs for the metric.

Example of topological term (in 4D)

g — RadeRade _ 4RabRab + R2
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Gauss-Bonnet gravity

bed b 2
g = Ra.b(:dRa = 4RabRa + R

* Interestingly, the Gauss-Bonnet term is topological
(total derivative) only in 4D.

« |n D<4 it identically vanishes!

* In D=5 and higher dimensions it yields non-trivial

EOMs: | )
]{nf = _;Unfg‘:_{_gRRfI)’ _'_1]?“-']?)'

+‘1 h)".u.ﬂi Rﬂ.d =+ 2]?(1":”{ ]? Ivok — 0.

These are 2"d-order PDEs !!!

vV—09G(qg.0q, 02,(/) — \/—.(jé’(ﬂ. Jg) + (")I,G“(g.(')g)
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Lovelock gravity

= Unique higher-curvature (with local action) gravity
that yields 2"d-order PDEs for the metric

1 e o -
L= 16nGn AZ”'"'[’(“ K = LdTlJ

=0

where £*)  are the 2k-dimensional Euler densities

L)
L "{f],)\...ffj"”‘ [) (‘{ff[ ".l’."!i\
ok cidy...cpdy ]u|h| e o)

ﬁ(“ -

« k=0: cosmological term iy = ~()éo/2

« k=1: Einstein-Hilbert term R (topological in 2D)
+ k=2: Gauss-Bonnetterm (; (topological in 4D)
« k=3: 3"-order Lovelock (topological in 6D)

“Natural generalization of Einstein’s theory in higher dimensions”
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Beyond Lovelock

Less restricted theories with higher-order EOM
and some nice properties — “desperate times
require desperate measures”

« Quasi-topological gravity (EOM on SSS are 2"-order)

R. C. Myers and B. Robinson, Black Holes in Quasi-topological Gravity,
JHEP 1008 (2010) 067, [1003.5357].

« Einsteinian Cubic Gravity (active already in 4D)

P. Bueno and P. A. Cano, Einsteinian cubic gravity, Phys. Rev. D94
(2016) 104005,

« SMF VSSS Gravity (coincides with Einsteinian in 4D)

R. A. Hennigar, D. Kubiznak and R. B. Mann,Generalized quasitopological
gravity, Phys.Rev. D95(2017) 104042, [1703.01631]

In what follows we are not interested in these theories and
focus on 1st-order and 2"-order Lovelock gravity!
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IT) 4-dimensional
Gauss-Bonnet gravity?
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Glavan-Lin proposal 2

Observation: Gauss-Bonnet equations
proportional to (D-4):

e\t R a2 aak T |

Proposal: “dimensional regularization”

a— af(D-4) D — 47

Does not effect gravitational dof???

Page 15/41



Glavan-Lin proposal 3

Theory: EHGB action in D dimensions
SD = / (_{[)‘J_" —{](R — 2A F (.'Alg)

Consider: Enhanced symmetry solutions (maximally
symmetric spaces, FLRW, SSS) by looking at the few
relevant equations and taking the D->4 limit.

« 2 branches of (A)dS solutions
* Perturbing around Quy = gl—“/ ol ]3}/_“/

(unable to distinguish from GR)
+ Cosmology

SM;H*+6aH*=-¢*+V(¢), T =1 + 4aH? /M2
M?2T'H = L3
‘)
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Glavan-Lin proposal 4

Black hole solutions:

']

ds® = —f(r)dt* + f~'(r)dr?

+r2d03 ,,

. B -2 L [+, 64nGp(D—3)(D—4)aM , 8(D—3)(D—4)aho
1£(r) =1+ sp30=5a 1*\/1+ (D-20p_orP-1 T~ (D-1)(D-2)

* D->4 limit

straightforward |
* Minus branch is
Schwarzschild-like |
fesia 2GM %
— oo v ] — )
A -
« “Singularity free” =
a9 /9 0.0 05 10 15 20 25 30
R CX r ‘3/- r/(2GM)
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Problems
1) Is the D->4 limit well defined?

M. Gurses, T. C. Sisman and B. Tekin, /s there a novel Einstein-
Gauss-Bonnet theory in four dimensions?, 2004.03390.

Abstract: No!

W.-Y. Ali, A note on the novel 4D Einstein-Gauss-Bonnet gravity,
2004.02858.

Moral: Theory always remains higher-dimensional (extra
equations in higher dimensions)

Explicitly: Can be seen on Taub-NUT spacetimes:

R. A. Hennigar, D. Kubiznak, R. B. Mann and C. Pollack, On
Taking the D->4 limit of Gauss-Bonnet Gravity: Theory and
Solutions, 2004.09472.

Different higher-dimensional bases (CP2, S2, T2) yield
different 4D Taub-NUTSs in the limit D->4.
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Problems

2) Graviton scattering amplitudes:

J. Bonifacio, K. Hinterbichler and L. A. Johnson,
Amplitudes and 4D Gauss-Bonnet Theory, 2004.10716.

. There are no other than GR tree level graviton
scattering amplitudes in 4D

. By taking the limit of higher-dimensional Gauss-
Bonnet scattering amplitudes, one obtains
amplitudes of a certain scalar-tensor theory

So, is there Gauss-Bonnet gravity in 4D?
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III) Horndeski type Gauss-

Bonnet gravity in 4D

’L,’h", y ,

*’l‘
»

https://publicism.info/science/elegant/9.html
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Kaluza-Klein approach

H. Lu and Y. Pang, Horndeski Gravity as D->4 Limit of Gauss-
Bonnet, 2003.11552. (also also T. Kobayashi, 2003.12771)

. Startwith EHGB 5, — / dPrv/—g(R — 2A + &G)

. Compactify on
20

2 £ )
(]-57) — (i-‘)i_) —|_ e (]Zi)*[i' X [{ub('d — /\(,qur‘_(/hu" - .(}(Hf.(/b(')

Resultant effective p-dimensional action is

L @& . , ‘
S0 = T6nG, / d'zy/=gePP? 8 R 200 + (D — p)(D — p — 1)((99)2 + Ae™ %)

+a ((_;])» —ND — P D — P — 1) ['_)(-"”'Upru'),.r:— AF¢ _J,}

—(D—p)(D—p—1)(D—p—2) [2(00)°0p + (D — p— 1)((9¢)*)?]

--rD—m:/)—w—lat[)—/l—ful)—p—:h{E.MHHF‘ 20 4+ 2% ‘D}
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Kaluza-Klein approach

- Inp < 4 one can substract topological (zero) term
Px\/—gGB
Jo”(,,) / : 96

. Rescale the coupling alpha and take the limit:

Q0 (Limit of 0-dim.
o — D—p D 7 p internal space)

Gauss-Bonnetin |[p < 4

G /a” v=g|R { R—2A+a (Ug + 4G, 6Oy b

~4(09)°06 + ((vo).;)—)]

/clfzJ_( 2ARe™?¢ 12,\(00)969”6)\%4“)
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The new scalar-tensor theory

S = / /=g R =20 +a(0G +4G™ 0,00,

—4(9¢)*0¢ + 2((?())2)2” ;

It is a Horndeski-type Theory

G. W. Horndeski, Second-order scalar-tensor field equations in
a four-dimensional space, International Journal of Theoretical
Physics 10 (1974) 363-384.

It can also be derived by generalizing a conformal
trick used many years ago by Mann and Ross to
derive D->2 limit of GR

The advantage is that this trick does not “require an
assumption of extra dimensions”
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Conformal trick: D->2 limit of GR

R. B. Mann and S. F. Ross, The D->2 limit of general relativity,
Class. Quant. Grav. 10 (1993) 1405{1508, [gr-qc/9208004].

- Startwith EH on _ / dP2\/=gR (topological in D=2)

Evaluate it for the conformally rescaled metric § — € '*'"g

Expand around e =D —2 and add a (in D=2 topological)
counter term to have a finite limit D->2.

SE =g (/ dPx\/—gR — /f/“.f-\/—.uh’)

K / dPx {(”' 3{(/1’ — (e + 1}[]:‘) — ]If(r — 1}{”!‘}:} - [:’]

. Rescale the coupling according to

(D — 2)1’1‘ — K

| =
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Conformal trick: D->2 limit of GR

R. B. Mann and S. F. Ross, The D->2 limit of general relativity,
Class. Quant. Grav. 10 (1993) 1405{1408, [gr-qc/9208004].

. Take the limit D->2, and throw away boundary terms, to obtain

the following scalar-tensor theory

- ¥ o | R
S5t = lim Sp' =+« / (/‘.1'\/*_(/{051?—1— = (O)?

e—0

. This theory has interesting BH solutions, whose metric

Is In some sense D->2 limit of D-dimensional Kerr
solution, e.qg.

A. M. Frassino, R. B. Mann and J. R. Mureika, Lower-

Dimensional Black Hole Chemistry, Phys. Rev. D 92 (2015)
124069, [1509.05481].
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Conformal trick: D->4 limit of GB

P. G. Fernandes, P. Carrilho, T. Clifton and D. J. Mulryne, Derivation of
Regularized Field Equations for the Einstein-Gauss-Bonnet Theory in Four
Dimensions, 2004.08362.

R. A. Hennigar, D. Kubiznak, R. B. Mann and C. Pollack, On Taking the D->4
limit of Gauss-Bonnet Gravity: Theory and Solutions, 2004.09472.

Replace EH part with the GB part
555” = (/ dP vV —f]g — / (f“.m/—gQ’)

Expand around € = (D — 4y , rescale the coupling
according to (D _ 4)“, _s ¢ »and take the limit D->4.

After field redefinition: o — —2¢. 4., — l, o 5l

,q:/W%-—ﬂﬁ—ﬁi+nﬂg+4UWLMM)

—1uthDu-_2uY%nﬁf)}.
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Solutions: GB Black Hole

H. Lu and Y. Pang, Horndeski Gravity as D->4 Limit
of Gauss-Bonnet, 2003.11552.

. Constructed the SSS solutions of the Horndeski-GB theory

. Special class of solutions has h = ]_

= 4 8a M
fi—l+(li\/1 +Zah+ . )

Qx l

Metric coincides with the
b, = 1+ \/_ naive D->4 limit. True also
== ‘ \/_?“ for non-trivial internal space

curvature lambda.

Page 27/41



Pirsa: 20040094

Solutions: GB Black Hole

The same spacetime considered as “quantum gravity
corrected metric”

Y. Tomozawa, Quantum corrections to gravity, 1107.1424.

G. Cognola, R. Myrzakulov, L. Sebastiani and S. Zerbini,
Einstein gravity with Gauss-Bonnet entropic corrections,
Phys. Rev. D 88 024006, [1304.1878].

Have a theory — so can use Wald’s formalism to calculate
entropy, which picks up logarithmic corrections:

_ 1 o ,2 ’_ﬁ;
o = e (m+ + 4am log 7 )
Many papers have studied observational features
* Light bending
» Black hole shadow
» Thin accretion disc
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Conformal trick: D->4 limit of GB

P. G. Fernandes, P. Carrilho, T. Clifton and D. J. Mulryne, Derivation of
Regularized Field Equations for the Einstein-Gauss-Bonnet Theory in Four
Dimensions, 2004.08362.

R. A. Hennigar, D. Kubiznak, R. B. Mann and C. Pollack, On Taking the D->4
limit of Gauss-Bonnet Gravity: Theory and Solutions, 2004.09472.

Replace EH part with the GB part
,5‘53'])) — Y (/ (f[),l' /_f]gjr _ / (]]),I' /—'(jg;’)

Expand around € = (D —4) , rescale the coupling
according to (D _ 4)(1‘ _s ¢y »and take the limit D->4.

After field redefinition: v — —26. g — —2gu. a —a/2

S = /d‘n.’lf' —q {R —2A 4+ a (c.)g + -I(:"”’(').,ui),r,(_)

—4(00)?*0¢ + Q(N’u)f)'-’” .
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Solutions: GB Taub-NUT?

R. A. Hennigar, D. Kubiznak, R. B. Mann and C. Pollack, On Taking the

D->4 limit of Gauss-Bonnet Gravity: Theory and Solutions, 2004.09472.

9 . ) D] ]_) g, ' )
ds® = —f(dt + 2n cos0dyp)” + (f[—/ + (r® + n?)dQ?
fh

. Concentrating on h e 1 (works for higher-dim GB)

"Vf@Bfn2+n2+r2)Lrf
L V. . :
5‘f i / f(r? +n<)

5 h Gives hope for D->4 limit of higher-dimensional
GB Taub-NUTs, but!
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Solutions: GB Taub-NUT?

R. A. Hennigar, D. Kubiznak, R. B. Mann and C. Pollack, On Taking the
D->4 limit of Gauss-Bonnet Gravity: Theory and Solutions, 2004.09472.

dr?

ds* = — f(dt + 2n cos Ody )% + f_/ + (r* + n*)dQ*
!

. Concentrating on h = 1 (works for higher-dim GB)

VB2 +n2+rd)xrf
5f Py = /\"' — . '

f(ré +n?)

5 h Gives hope for D->4 limit of higher-dimensional
GB Taub-NUTs, but!

+ I? 3 4n2 +a

6¢ f__i » ;\:I—UT. ¢ ==

There is NO Lorentzian Taub-NUT solution! (with h=1)
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IV) Lower-dimensional

https://www.quantamagazine.org/tag/quantum-gravity/
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New Horndeski 3D GB Gravity

&N = /dp;n —fj[/)) —2A + o (r WG + ](!HIL(')”(_J(')b()

_,l{_(‘)([;)l‘“)D(_: + 2((Vr:)2)2)l.

. The theory is applicable in p=3 dimensions

. Obtained by D->3 KK procedure with 0-dimensional
internal space

H. Lu and Y. Pang, Horndeski Gravity as D->4 Limit
of Gauss-Bonnet, 2003.11552.

. Can equally be obtained via the conformal trick in D=3
dimensions

R. A. Hennigar, D. Kubiznak, R. B. Mann and C. Pollack,

Lower-dimensional Gauss-bonnet gravity and BTZ black
holes, 2004.12995.
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Gauss-Bonnet BTZ Black Holes

R. A. Hennigar, D. Kubiznak, R. B. Mann and C. Pollack,

Lower-dimensional Gauss-bonnet gravity and BTZ black
holes, 2004.12995.

)
dr=

ds® = —fdt* + = +r'de" ] ¢ = In(r/l)

f e (l n /l dam . l(l)
= — | —
o 20 ! N ¢2

. f- branch describes a BH which is asymptotically BTZ

(with modified Lambda)

. It has singularity in the origin (repulsive potential)

. It has identical thermodynamics to standard BTZ black

hole (entropy calculated through Wald formalism)
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Gauss-Bonnet BTZ Black Holes

ds? = —fdt* + d’T +r2de® ¢ = In(r/l)

, 2 / davm 40
.f:t“———(li\/l— ., +—4,)
20 ré (-

Metric first constructed by naive D->3 limit of D-dimensional
GB black hole

2 4ok — Ar2 Aon2 12
i _f%—]—(li\/l——ln.\— oy 5 !*)—‘— (.1, I.) )
2a e FErs

R. A. Konoplya and A. Zhidenko, BTZ black holes with higher
curvature corrections in the 3D Einstein-Lovelock theory,
2003.12171.
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Gauss-Bonnet BTZ Black Holes

ds® = — fdt® + (hT +r2de? ¢ = In(r/l)

9 /
£y = re (l " ”Jl dam --lu)
£ T, V :

=tz

Metric first constructed by naive D->3 limit of D-dimensional
GB black hole

B =i (1 + /1 — il o B TG SO )
2a \J re rerL

R. A. Konoplya and A. Zhidenko, BTZ black holes with higher
curvature corrections in the 3D Einstein-Lovelock theory,
2003.12171.

Only kappa=0 metric is a solution!
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Alternative 3D Horndeski-GB Gravity

S ]

g\2) _ / d>x —ge?(R —2A) + S(;';'

b':? = i / d>z+/—ge® [— 1G9, pOyd+2(0d)* 0

. Obtained by D-24 KK procedure with 1-dimensional

internal space

H. Lu and Y. Pang, Horndeski Gravity as D->4 Limit
of Gauss-Bonnet, 2003.11552.

. Not clear how to obtain using the conformal trick

. Admits BH solutions which seem quite interesting

R. A. Hennigar, D. Kubiznak, R. B. Mann and C. Pollack,
Lower-dimensional Gauss-bonnet gravity and BTZ black
holes, 2004.12995.

Page 37/41



Pirsa: 20040094

Summary

1) In past 2 months, papers on 4D Gauss-Bonnet Gravity
plagued Arxiv.

2) The original proposal by Glavan and Lin of taking the naive
D->4 limit of solutions/EOMs while rescaling the coupling

constant - (1/(D—4)

is interesting but does not work — one does not obtain a 4D
metric theory.

3) However, one can make sense of the limit in two alternative

scenarios — by KK compactification and by conformal trick.

The resultant theory is a scalar-tensor theory of Horndeski
type. ¥
S = / d‘“.‘l’-\/—_r,r {H —2A +a (r}_; + 1(:'”"5)”r O,

—4(9¢)*0e + 2((%»)"’)"’” .

4) This theory is applicable in p=4,3,2 dimensions.
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Summary

5) The theory is “nice” as
a) It is derived from a more fundgmental theory (c.f. EdGB, or
other Horndeski theories)

b) Admits interesting analytic solutions, some of which
coincide with the naive D->4 limit.

c) For example: BH solutions

. 4 SaM
}‘i—l+—(li\/l+—n\+ . )

20\ 1""

Seem interesting from both theoretical and observational
aspects (logarithmic corrections to entropy, “removal of
singularities”, observational predictions)

6) Is there Gauss-Bonnet gravity in the sky?
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Gauss-Bonnet gravity in the sky?

https://medium.com/predict/black-holes-shadow-seen-for-the-first-time-46578a7a2787
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Summary

1) In past 2 months, papers on 4D Gauss-Bonnet Gravity
plagued Arxiv.

2) The original proposal by Glavan and Lin of taking the naive
D->4 limit of solutions/EOMs while rescaling the coupling

constant —_ (l-/(D—Ll)

is interesting but does not work — one does not obtain a 4D
metric theory.

3) However, one can make sense of the limit in two alternative

scenarios — by KK compactification and by conformal trick.

The resultant theory is a scalar-tensor theory of Horndeski
type. .
S = / d‘“.‘l’--./—_r,r {/f —2A +a (mg - -1(:'”!'5)‘,(,1(');,()

—4(0¢)*0¢ + 2((?/’«))‘-’)"’” ;

4) This theory is applicable in p=4,3,2 dimensions.
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