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Abstract: Quantum-reduced loop gravity is a model of loop quantum gravity, whose characteristic feature is the considerable smplicity of its
kinematical structure in comparison with that of full loop quantum gravity. The model therefore provides an accessible testing ground for probing
the physical implications of loop quantum gravity. In my talk | will give a brief introduction to quantum-reduced loop gravity, and examine the
relation between the quantum-reduced model and full loop quantum gravity. In particular, | will focus on clarifying how the operators of the
guantum reduced model are related to those of the full theory. | will show that despite their ssmplicity, the operators of the quantum-reduced model
are simply the operators of the full theory acting on states in the Hilbert space of the quantum-reduced model. In order to pass from the full theory
operators to the "reduced" operators, one only has to keep in mind that the states of the quantum-reduced model are labeled with large spins, and
discard terms which are of lower than leading order in j.
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Introduction: Models of loop quantum gravity

The foundations of loop quantum gravity are very solid from the mathematical,
and (in my opinion) the conceptual point of view.

From the practical point of view, however, it tends to be technically very
challenging to perform any concrete calculations about physics.

This has motivated the development of various simplified approaches in order to
probe the physical implications of the theory. For example:

@ Models based on a classical symmetry reduction
(e.g. loop quantum cosmology, spherically symmetric models)

@ Quantum-reduced loop gravity

e Effective dynamics
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The kinematical structure of loop quantum gravity

Kinematical Hilbert space of LQG: The space of cylindrical functions

Ur(hey, - hey )

s e N

[': Graph, with edges e1,...,en
Beyy---shey: SU(2) group elements (holonomies)

A basis on Hy;y, is given by the functions H Df?{zz,le(he)
ecl

Elementary operators of the theory: Holonomy and flux operators.

The holonomy operator acts on cylindrical functions by multiplication:

—_—

DL (h)Ur(he,,. .. hey) = DY) (h)Up(he,,. .., hey)

mn

Its action is computed using the SU(2) Clebsch—Gordan series

D'r(fﬁ?nl (he)DSTJ?;?rw (hfl) = Z (T.i:lj?i’bjz-)'ml +ma C(ii izzjgl +n2 D'gi-l-mz n1+n2 (he)

J
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Flux operator

Define an auxiliary operator Ji(v’e) as

e g _ Lgk)llip(hel,...,hek,...,heN) if e = e, and e begins at v
v e ng)\lfp(hel,...,hek,...,heN) if e=e, and e ends at v

L(k) R : Left- and right-invariant vector fields of SU(2) acting on he,

The operator acts on holonomies as

Ji(v,e)D(j)(he) _ iD(j)(he)Ti(j) (e begins at v)
J"9DV(he) = —ir)DY(he) (e ends at v)

Ti(j)i anti-Hermitian generators of SU(2) in the spin-j representation

Using the operator Jl-(v’e), the flux operator can be expressed as

Ey(S)Ur(hey, ... hey) = 8TBGY Z k(S, )T U (hey, - .. hey)

:];‘ESedtSC

where x(5,e) =41, 0 or —1
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The reduced Hilbert space

The Hilbert space of the quantum-reduced model is obtained by looking for
(weak) solutions of certain reduction constraints, which are designed to implement
a gauge fixing to a diagonal triad field in the quantum theory.

The reduced Hilbert space is a subspace of the kinematical Hilbert space of full

LQG. The basis states spanning the reduced Hilbert space are characterized by the
following requirements:

@ The edges of the graph are aligned along the x-, - and z-axes of a
background coordinate system.

@ The spin quantum number associated to each edge is large: j. > 1.

@ Each edge carries a representation matrix, both of whose magnetic indices
take either the maximal or the minimal value (i.e. j. or —j.) with respect to
the direction of the edge.
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Reduced spin network states

Notation:
e |jm); (i =z, y, z): Eigenstates of J* and J; with eigenvalues j(j+1) and m
0 Dggl(h)i = ;(jm| DY (h)|jn);: Wigner matrices in the basis |jm);

Then a "reduced spin network state” is defined by a wave function of the form

H chi;)e Tefe (he)ie

ecl’

where 0. = +1 or —1, and i, = z, y or z (according to the direction of e).
Note: No intertwiners are involved in the reduced spin network state.

The relation D:Eg-)
@ Take a fixed orientation of the graph, and have both values of o.; or

€

(hot) = D(_Jg _;(he) implies that one can either

e Take o. = +1 for every e, but keep track of the orientation of the graph.
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Reduced operators

Elementary operators of the quantum-reduced model introduced as projections of
the corresponding operators of full LQG down to the reduced Hilbert space.

The reduced holonomy operator acts according to the "reduced recoupling rule”

RDG) (he)DY) () = DYY®). (k)

£ b Jts 3+s
"DE_ (he)D} (he) = D). (he)

which is essentially the multiplication law of U(1).

The reduced flux operator is associated to surfaces S; such that the background
coordinate ' = const. on S;. The action of the operator is diagonal:

RE,(8:)DY), (he): = (878G)0iDY)_.(he);

gj o] o307
RE(Sk)DY) i(he)t = 0 ifitkork#1

Consequently, operators constructed out of the flux operator (e.g. volume) are
extremely simple in the quantum-reduced model.
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Relation between reduced operators and full theory operators

The main result of this talk: (arxiv:2004.00309)

The "reduced” operators of quantum-reduced loop gravity are simply the operators
of full LQG acting on states in the Hilbert space of the quantum-reduced model.

(... even though the reduced operators are very simple, and were initially
introduced as projections of the full operators onto the reduced Hilbert space.)

More precisely, when an operator of the full theory acts on a state in the reduced
Hilbert space, the term of leading order in j reproduces the action of the
corresponding reduced operator. s
Thus the passage from the full theory operators to the "reduced” operators simply
consists of recalling that the states of the quantum-reduced model carry large
spins, and discarding terms of lower order in j.

In some cases this approach does not exactly reproduce the reduced operator in its
standard form. In particular, our calculations lead to a modified version of the
reduced holonomy operator.
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Holonomy operator: Example 1 (s = 1/2)

(1 2 ] 1 1/2 k F 1/2 k k
B B Mg = Y el e B i)
k

B (1/2) () _ p+1/2)
Case A= B = +: D7 (he) D5y (he) = DY 757541 0 he)
Case A=B=—: DY (h,)DY(h,)

, ; 2 ; . y 2 :
_ (G 1/25+1/2)\* G+1/2) (3 1/25-1/2)\* 1 (i—-1/2)
- (0321/25?—1/2 ) D572 j-1y2(he) + (C;fl/zf—l/z ) D 1725172 (he)
_ 1 e+ 2] G-1/2) '
B 2j+1Dj—1/2j—1/2(h6) T 2j+1Dj—1/2j—1/2(h€)

DY (h,)DY(h,) = DY/ (he)+o(l)

JJ j—1/24j—-1/2 j

Case A=+, B=—:

(1/2) (3 \ @) (p ) = (0 1/2541/2) A0 1/2 j41/2) 1y (5+1/2) _ a1
Dy (he)Djj (he) = CF1/a 71172 C1jajrj2 D jirfaj-1ja(he) = O(xﬁ)

At leading order in j, we recover the action of the reduced holonomy operator.

Page 10/19



Holonomy operator: Example 2 (s = 1)

This example will reveal a new feature, which was not encountered in the spin-1/2
example. As in the first example, one finds

1 | .
DY (h)DF (he) = DYTD., (ko)

j = 1
DY) _ (he)DP () = [ _hl(he)—l-O(?)

=
e

(1) G (p.) = i m%+n
DE,(he) DY) (h) Otﬁ) (m £ n)

The new feature arises in the case m = n = 0. We have
(1) j SEIT AR TIY) 1N il
DR EIDP ey = (€Go i) DI ke + (€% P) DYk

1L G+ =

- - 1
That is: DYy (he) DY (he) = Dg)(he)+o(—,>
' j

(1)

Hence also D()%) (he) acts appropriately as a "reduced” operator, in contrast to the
standard formulation of the quantum-reduced model.
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Holonomy operator: The general case

Consider the operator Dg%(he) acting on the state D%)(he) (assuming s < 7).
For the diagonal components we expect to find

»
s +m
DS (he) D3 (he) = DL m(he) + O()
We have J
BE) (B D (e
_ (G si+m)\ 2 HG+m) Gsk) k)
o (CJ(?mJj‘i‘m) Dj{l-mj-l-m(he) + Z (C‘j?mj—l—?n) Dj—l—mj-i—m(he)

kj+m
The result now follows from

ol s +m) _ (25)!(27 + 2m + 1)! _ f.i0 1
4T A (25 —s+m)(2j +s+m+1)! j

: 2 ; : 2 1 2
. (7 s k) o (7 s j+m) (7 sk)
f=Fci) =leim) ¢ ¥ (@2

jm j+m
k k#j+m

and

: 1
For the off-diagonal components this implies ijw),b(he)Dg“;)(he) = (9(7)
J
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Holonomy operator: Summary

In conclusion, we have shown that

s ] +m 1
Dr(nzn(he)Dg‘;)(he) — D(;——:m?j—i—ﬂz(he) +O(j_)

5 ' 1
D) (he) DY) (h,) = O(Tj> 20

We have therefore reproduced a modified version of the multiplication law of the
reduced holonomy operator. Under the modified multiplication law, every diagonal
component of the holonomy operator acts appropriately as a reduced operator.

For s > 1/2, this is a departure from the standard formulation of the
quantum-reduced model, in which only the components labeled by the maximal or
the minimal value of the magnetic indices are considered as valid operators.

In the modified version of the multiplication law, the magnetic index of the

operator ng),n(}ae) plays the same role as the spin of the operator Dgﬁ)(he) does
in the original version.

Pirsa: 20040093 Page 13/19



The operator J_i(?”’e)

Suppose, for concreteness, that e is oriented along the z-axis

v is the beginning point of ¢
Then

v,e) ) : ) (4)
7DD (e = DG BN )ms

Inserting the matrix elements of the generators

| [ - j - g
(TN my = —i §5m,j—1 [ N, = \/;5’”’%3'—1 (T )mj = ~ijm;
we obtain
(v,e) 1(d) _ nW)
: Jz Djj (he) = ijj (he)
an

JODP (he) = 5" DY (he) = O(v3)
For a reduced holonomy oriented along the i-axis, we find

(v,e) y(4) _ 1.:n0)
i Dy (he)i = x5Dj (he)i
JODP(he)i = O(VD) (K #1)
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Volume operator

Acting on a 6-valent "cubical” node v, the Ashtekar-
Lewandowski volume operator takes the form

|2 ]

where L
Qo = éeijk (Ji(v,el) . J1(U,64)) (J;v,ez) . ijv er)) (J(’L ,e3) Jév,eg))

When we apply this operator to the state

[Wo) = D35 (her)o D3 (hea )y Djaia (heg)z D (hey)o D3, (es )y Djtga (he )

we find that
@ The term of leading order in j arises when (3,7, k) = (x,y, 2)

@ The terms with (¢, j, k) # (x,y, z) are suppressed by at least one power of j

Therefore q,|Wo) = g(]l + J4)(J2 + Js)(J3 + Je )| Po) + 0(32)
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Volume operator

How to take the square root to extract V,, from g,? eoe
cessse
©000080 | oLl :
Consider ¢, as a matrix on H;, ® --- @ H,, (the ':Eg
"generalized intertwiner space” of the node).
@ |¥g) corresponds to (1,0,...,0)
@ The red matrix elements are (at most) of order ;2 2%
8600068000040 :...
@ Qutside of the central block, the blue matrix ':E:::E
elements are of order ;3 Ll

Taking the red matrix elements as a perturbation over the blue matrix elements,
standard perturbation theory gives

\/@\‘I’(ﬁ = \/_“I"o +Z\/*+\/*

A;: Eigenvalues of the unperturbed operator
Wi;k: Matrix elements of the perturbation

|W,;) + higher order

Conclusion: Vo|¥o) = \/g(]l + ja)(J2 + J5) (33 + J6) |Po) + O(\/E)
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Thiemann's Hamiltonian

In the regularization used in the quantum-reduced
model, the Euclidean part of Thiemann's Hamilto-
nian consists of terms of the form

Tt (D (hay, ) DO (A1 )Vo D (ke ) )

The loop aj; is defined according to the graph-
preserving prescription shown in the drawing.

To extract the term of leading order in j in the action of the Hamiltonian on a

reduced spin network state:
@ Expand the trace in the standard basis (in which J, is diagonal)
@ Write the holonomy around the loop as h,,, = h;lhélhefjhef

@ Express the holonomy of each edge in the appropriate basis

@ Discard all terms involving off-diagonal components of holonomies

For s = 1/2 the leading term reproduces the reduced Hamiltonian constructed
previously in the literature of the quantum-reduced model.

Pirsa: 20040093 Page 17/19



Conclusions

We have shown that, despite their considerable simplicity, the operators of the
quantum-reduced model are simply the operators of full LQG acting on states in
the reduced Hilbert space.

More precisely, when an operator of the full theory acts on a reduced state, the
leading term in j reproduces the action of the corresponding reduced operator.

If one still wishes to think of the reduced operators as projections of the full theory
operators down to the reduced Hilbert space, our result shows that the terms
projected out are small compared with the terms preserved by the projection.

At the technical level, the only genuine assumption of the quantum-reduced model
is therefore the structure of the reduced Hilbert space. If the reduced Hilbert
space is considered to be given, the very simple "reduced” operators are obtained
without introducing any additional assumptions.

Alternative interpretation of the result: There exists a subspace of the kinematical
Hilbert space of LQG, which is preserved by the basic operators of LQG, and in
which the basic operators act in a very simple way.
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Conclusions

In the case of holonomy, we discovered a modified version of the reduced
holonomy operator. Every diagonal component of the modified operator, and not
only those labeled with m = n = %7, acts as a valid reduced operator.

(For j = 1/2, the modified operator is of course identical with the standard one.)

In order to determine which version of the holonomy operator is physically correct,
one could repeat some calculation in the quantum-reduced model (e.g. the

semiclassical analysis of the Hamiltonian) but letting the Hamiltonian carry a spin
higher than 1/2.

Our findings suggest that the quantum-reduced model could be seen as the
leading term in a large-j expansion of a particular sector of full LQG. How to turn
this speculation into a precise statement, and in particular understand the physical
meaning of such an expansion?

The results presented clarify the relation between the quantum-reduced model and
full LQG as far as operators are concerned. Obtaining a more satisfactory and
systematic understanding of the reduced Hilbert space from the point of view of
the full theory still remains a question to be investigated.
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