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Abstract: 1&E™II talk& nbsp;about two independent works on classical and quantum neural networks connected by information theory. In the first
part of the talk, I&€™II treat sequence models as one-dimensional classical statistical mechanical systems and analyze the scaling& nbsp;behavior of
mutual information. I'll provide a newé& nbsp;perspective on why recurrent neural networks are not good at natural language processing. In the
second part of the talk, I&€™II study information scrambling dynamics when quantum neural networks are& nbsp;trained by classical gradient
descent agorithm. For many problems, this&nbsp;hybrid quantum-classical training process consists of two stages where
information& nbsp;scrambles very differently in the network.& nbsp;
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Why are recurrent neural
networks NOT good at
natural language processing?

Mutual Information Scaling and Expressive Power of
Sequence Models

arXiv: 1905.04271
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Sequence Generation
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Sequence Generation

All the world's a stage,

And all the men and women maerely players:
They have their exits and their entrances;

| |And one man In his time plays many parts,

0 i e n £ ar
His acts being seven ages. At first the infant, {3;0 G & P | ’
. Mewling and puking in the nurse’s arms. g § s £ el cd obeg
1 millisecond ) And then the whining school-boy, with his satchel (‘)'ﬂ'? — i rrLT
And shining morning face, creeping like snail g S5 I I Rl A 4 I W

Unwillingly to school. And then the lover,
Sighing like furnace, with a woeful ballad
Made to his mistress’ eyebrow...

14
plxp, ..., x) = Hp(x,-lxl, e XiZp)

i=1

* n-gram model: Explicit dependence on the last n elements
* Recurrent neural networks: Implicit dependence on the full history

e Self-attentional models: Explicit dependence on the full history
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Mutual Information Diagnosis

Mutual information: “nonlinear” correlation function

Pxy(X, ) ]
Px(X)py(y)
= H(X) + H(Y) — H(X.Y)

= Dyr (Pxy| | Pxpy)

H(X) H(Y)

I(X;Y) = Exyyp, [ln

H(X,Y)
* Beyond nonlinear dependence

e X, Yindependentiff I(X;Y)=0

* Well-defined even when X, Y are symbolic

In a stationary random process (time translation symmetry): /.(7) = I(x; x,, ,)
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Mutual Information of Markov Processes

Markov process: fully described by a transition matrix p, = Mp,_,

px | xp, .. x_) = plx|x,_)) = Mx,_,

Theorem 1. Let M be a Markov matrix that generates a Markov process. If M is irreducible and aperiodic, then
the asymptotic behavior of the mutual information 1(t1, t2) is exponential decay toward zero for |t — t1| > 1

with decay timescale log \ln‘, where Ay is the second largest eigenvalue of M. If M is reducible or periodic,
I can instead decay to a constant; no Markov process whatsoever can produce power law decay.

W. Li. Complex Systems 1(1), 107-130 (1987)
H. Lin & M. Tegmark. Entropy 19(7), 299 (2017)

Corollary: n-gram models and hidden Markov models (HMMs) have
exponential decaying mutual information
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Mutual Information in Natural Sequences

Symbols

* Bach: Music notes

0.01

« English Wikipedia,
English text, French
text: Characters

* Human genome:

4
e (AT, C, G}

Mutual information I(X,Y) in bits

10°°
1 10 100 1000
Distance between symbols d(X,Y)

H. Lin & M. Tegmark. Entropy 19(7), 299 (2017)
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Mutual Information Diagnosis

Markov chain based models, such as n-grams
and hidden Markov models, cannot capture long-
range power-law dependence in natural

sequences, for example natural language texts.
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Van Hove s Theorem

In 1D, statistical physics systems with short-range interactions
cannot have finite temperature phase transition

L. Landau and E. Lifshitz, Statistical Physics, Vol 5
L. Van Hove, Physica 16(2), 137-143 (1950)

Therefore, correlation and mutual information always decay
exponentially at finite temperature
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Van Hove s Theorem

In 1D, statistical physics systems with short-range interactions
cannot have finite temperature phase transition

L. Landau and E. Lifshitz, Statistical Physics, Vol 5
L. Van Hove, Physica 16(2), 137-143 (1950)

Therefore, correlation and mutual information always decay
exponentially at finite temperature

Example: Markovian conditional sampling of 1D Ising model

N—1
H=] Z Si8i4)
i=1
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Van Hove s Theorem

In 1D, statistical physics systems with short-range interactions
cannot have finite temperature phase transition

L. Landau and E. Lifshitz, Statistical Physics, Vol 5
L. Van Hove, Physica 16(2), 137-143 (1950)

Therefore, correlation and mutual information always decay
exponentially at finite temperature

Example: Markovian conditional sampling of 1D Ising model
N-1
H=J Z SiSiy
i=1

N . . . ] _“/;121\47| 5.5
Boltzmann distribution: p(s;,....sy) = ;e T =1 T
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Van Hove s Theorem

Example: Markovian conditional sampling of 1D Ising model

N-1 1 -
— o N TA YA
H=J E ; i P(Sys .., 8y) = —e P2y Sisisn
i=1 Z
AR ) P(SpSi_ps e 8))
PS5,y 1) = —
P(Si—ps-oes8))
: N-1
e /“Z.:| S8
_ St lree e SN
- N-1 .
e /UZ,:] Sidis
SpaSppfre e oady
o N=1
e =[5,y Z e =5, !c,—p.l Z]. r1 SiSi1
_ Sple SN
- N-1
E e —f}.l‘k\'jfl.\} Z e —f_)'.l.\',.\‘f+|c; _ﬂi E,_,+| “-f"'IHrI
S Sals- oSy
e =pls, 1% e =pls, 15
Z, e~ sy 2 cosh ( /)"I*"f—l) HS, arXiv: 1905.04271
35, .

Consistent with the fact that Markov processes are always off-critical
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Question

What is the mutual information scaling of RNNs?

P
S ® @
/— - -]
fw l
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Recurrent Neural Networks

Elman network: @ @ @D

h! — ()’,,(IU.XT, + ‘/h!—l + bh) TW TW TW
- v . - (. (.
Long short-term memory: tu

o v
F! = (T( ‘/Vf.-\ff + Ul'h{_l + b/) 5% (@ Q@

L, =ocWx + Uh,_,+b)

0, =c(Wx,+Uh_,+b,) @ @ o

¢, =Foc,_ + 1 otanh(W.x,+ U.h,_, +b,) LT eitiie '
h, = O,  tanh(c,) | : | ‘
B 4o -
Sequence generation: ‘ ‘

0, = (r_l._( Wh,+ b,) @D QTD (xen
X, ~ P(o)

https://eolah.github.io/posts/2015-08-Understanding-LSTMs/
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n

Theory: Linear RNN

Linear Elman network with Gaussian output: @ GD @

+1
__d
v v v v

()l — U{)il!_l,

t .
x, ~ N(o, 0%l (1) (%) (%)
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Theory: Linear RNNs

Linear Elman network with Gaussian output: = GD @“)
hl = thr-l + Uhhf-]a TW IW TW
A - v (-~ ()
Or= Yolli-1> fu fu Iu
x, ~ N (0, 6%, (x2) (%) ()
t—1
“Integrate out” hidden states: h, = Ujh, + Z U W,
. i=0
=2
0,= U,Uthy+ )" UU "W,
i=0

Observation: Exponential dependence on the sequence history
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Theory: Linear RNNs

Linear Elman network with Gaussian output: & GD @)
h=Wux_, +Uh,_,, [ K L
! h™t—1 =1+ . ’V_ he ’_V,‘ hees }_v’

Y
0, = U, by fy

P
x, ~ N(o, 0%l (x2) (%) (%)

1—1
“Integrate out” hidden states: h, = Ujh, + Z U W,
. i=0
=2
0,= U,Uthy+ )" UU "W,
i=0
Observation: Exponential dependence on the sequence history
Physically, exponential interaction is still “short-range” interaction. The
model is in the same universality class as finite-range Markovian models
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Theory: Linear RNNs

Linear Elman network with Gaussian output: a GD @)
h=Wux_ +Uh,_,, w w o
! ht—1 W1 - - e ’_V.‘ b }_v’

Y
0, = U, by fy

P
x, ~ N(o, 0%l (1) (%) (%)

1—1
“Integrate out” hidden states: h, = Ujh, + Z U= 'W,x,
. i=0
=2
0,= U,Uthy+ ) UU " "W,
i=0
Observation: Exponential dependence on the sequence history
Physically, exponential interaction is still “short-range” interaction. The
model is in the same universality class as finite-range Markovian models

Expect exponential decaying mutual information!
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Theory: Linear RNNs

Linear EIman network with Gaussian output: -
M ® © @
hy=Wyx_ + Uph,_,, L K w
V- ht—l V- ht ’_V" hg+1 }—V"
o,=U,h,_,,

TLI fu

K
x, ~ N (o, 0%l (x2) (%) (%)

=1
“Integrate out” hidden states: h, = Ujh, + Z U= W,x,
. i=0
=2
0,= U,Uthy+ ) UU " "W,
i=0

Observation: Exponential dependence on the sequence history

Theorem: The mutual information /.(7) in the linear EIman RNN with
Gaussian output decreases exponentially with time 7, if the RNN
does not simply memorize the initial distribution.

Proof see HS, arXiv: 1905.04271
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Experiments: Nonlinear RNNs

Dataset 1: Artificial binary dataset with power-law mutual information
x=(0,1,1,0,0,1,1,0,..) I(r) =0.177"%  L=512

Op1 @ @ x, ~ Bernoulli(o,_,)

fw fw fw
_‘[ hea ’_’ { he ’ﬂ [ (g1 |T," In general, if xis SymbOIiC with
V v ' fu ' vocabulary size V

T
@j G‘D @Dxu x, ~ Categorical(o,_,)

After training, sequences are generated unconditionally (start with zero
hidden state)

HS, arXiv: 1905.04271
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Experiments: Nonlinear RNNs

Dataset 1: Artificial binary dataset with power-law mutual information

Mutual information estimated on the unconditionally generated sequences:

Mutual information [(7)

10744

(o

x=(0,1,1,0,0,1,1,0, ...

Vanilla RNN

10

1077 1

L |10 ‘

10

Mutual information I(7)

23
10/
Temporal distance 7

(b)

10

10

I() = 0.17794

L=512

LSTM

“110 "L

- :“
L1104 \'\
1014 .

10 %+

10" 10!
Temporal distance 7

HS, arXiv: 1905.04271
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Experiments: Nonlinear RNNs

Dataset 1: Artificial binary dataset with power-law mutual information
x=(0,1,1,0,0,1,1,0,..)) I(z) =0.177"%  L=512

Op1 @ @ x, ~ Bernoulli(o,_,)

fw fw fw
_‘[ hea ’_’ { he ’ﬂ [ (g1 |T," In general, if xis SymbOIiC with
V v ' fu ' vocabulary size V

T
@j G‘D @Dlu x, ~ Categorical(o,_,)

After training, sequences are generated unconditionally (start with zero
hidden state)

HS, arXiv: 1905.04271
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Recurrent Neural Networks

Elman network: @ @ @D

h! — ()’,,(IU.XT, + ‘/h!—l + bh) TW TW TW
- v - (- (-
Long short-term memory: tu

fu v
F! = (T( ‘/Vf.-\ff + Ul'h',_l + b/) & (@ Q@

I, =0cWx + Uh,_,+b)

0, =c(Wx,+Uh_,+b,) @ @ o

¢;=Foc,_y+ 1 otanh(W.x,+ U.h,_, +b,) - '
h, = O,  tanh(c,) | : | ‘
Lt
Sequence generation: ‘ ‘

0, = (r_l._( Wh,+ b,) @D QTD (xen
X, ~ P(o)

https://eolah.github.io/posts/2015-08-Understanding-LSTMs/
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Experiments: Nonlinear RNNs

Dataset 1: Artificial binary dataset with power-law mutual information

Define “correlation length”: [ = [,e~ ¢

() 350 4 (d)
300 4
s :;(“] o
T 250 T 250
;; 200 A —— Vanilla RNN _r; 200 4 —}— Vanilla RNN
2 LSTM 2 LSTM
: 150 - = 150 4
< 1004 / & 10n.-
o0l __n____.«/—”‘\
T T T T T I'J‘] L T T T T T
2! 2?2 24 2 2! ! 2 3 I i
Width Depth
E " .
¢ ~ In Width Almost independent of depth

Consistent with previous studies, c.f. arXiv: 1707.05589

Baseline: Fitting on the training set yields & ~ 420

HS, arXiv: 1905.04271
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Experiments: Nonlinear RNNs

Dataset 2: Natural language WikiText-2

(b) WikiText-2
10 — nune | ® Short distance (word level)
- o <10
Z 0 Exponential decay
£ 10 * Long distance (paragraph level)
E 50 <7 51000
S 10-2] L r——— Power-law decay
S
e w00 e |ntermediate distance (sentence level)

Temporal distance 7

10<7<50
Mutual information is Mixed behavior
estimated at character level
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Experiments: Nonlinear RNNs

(a) Character-level LSTM

1024 === "Tyaining

2048 Validation

10!

[H—*

Mutual information /(7)

107

100 10! 102
Temporal distance 7

Sequences are generated

character by character

Pirsa: 20020052

Mutual information I(7)

Dataset 2: Natural language WikiText-2

c.f.
M. Hermans & B. Schrauwen, NIPS 2013
arXiv: 1506.02078, 1805.04623

Word-level LST'M

N — 128 124 === "lraining
12 L2 2048 Validation
10!
102 -
L~ ‘w‘wm..’":‘f”'w“w
““"“‘w'-h..,.h
oY 10! 102

Temporal distance 7

Sequences are generated
word by word

Mutual information is estimated at character level

HS, arXiv: 1905.04271

Page 32/50



Beyond Van Hove

In 1D, statistical physics systems with short-range interactions
cannot have finite temperature phase transition

L. Landau and E. Lifshitz, Statistical Physics, Vol 5
L. Van Hove, Physica 16(2), 137-143 (1950)

In 1D, statistical physics systems with long-range (power-law
decaying) interactions can have finite temperature phase transition
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Beyond Van Hove

In 1D, statistical physics systems with short-range interactions
cannot have finite temperature phase transition

L. Landau and E. Lifshitz, Statistical Physics, Vol 5
L. Van Hove, Physica 16(2), 137-143 (1950)

In 1D, statistical physics systems with long-range (power-law

decaying) interactions can have finite temperature phase transition
J&a 1

Example: Power-law Ising model H = 5 Z

a0
".-}':l | t - ./ |

Finite temperature critical point exists when | < a <2
e | <a < 1.5: Mean-field universality class
* 1.5 <a £ 2: Critical exponent depends on «

* a > 2: Behave likes short-range Ising model

F.J. Dyson, Commun. Math. Phys. 12(2), 91-107 (1969)
E. Luijten & H. W. J. Blote, Phys. Rev. B 56, 8945 (1997)
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Self-Attentional Models

Decislon layer
(e.g. Sentence
classification, fraud
detection)

Maomory layer(s)
(ldentifies paiterns
aver fimae)

Inputs

Time

Recurrent Networks

799999¢
O~ O 0--@-@--@—-@

Q

bbeeede

Declslon layer

Attention Model

Memory layer(s)
(context for mach
incodming time step)

Inputs

Time

Attention Mechanism
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Self-Attentional Models

Decislon layer
(e.g. Sentence
classification, fraud
detection)

Maomory layer(s)

(ldentifies parterns
aver fimae)

Inputs

Time

79

@ &-

b &

Output
Probabilties

l'(.«t wal \
noodir ud}_‘\'

Inputs

Output
T mbeckdng

Outputs
(shiftocd right)

Q) e

Recurrent Networks Attention Mechanism

(F CE ? Cr“ ? desienie @ @ o C O 0 Q
>0 0@ ... 0.C '

(context for each

’ /l) IncedTiing tima step)
& Inputs

3 4 5 G 7 Time 1

r
w
'
e
@
~

E AR E Y e \"-,--",
MO el W ome R ) e

uume"“mF“F

Scaled Dot-Product l N

Attontion Scaled dot-product attention

™ Q KV

A. Vaswani et al., arXiv: 1706.03762
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Experiment: Transformers

Dataset 1: Artificial binary dataset with power-law mutual information

(b) LSTM (a) Transformer
1] == 1 .
10 ‘\""‘m 10 -.-\\
|—,‘ -\_\__“-‘ l— -
~ — ~ — S A
é 10 2 “} | |\ -*E I(] “ 1 I(] Ly \\‘wi
= N N— £ &_‘___,___;;7777_ .
= 10 S — = 1072 Sy
— e ] =
-~ 10— ™~ — )3
=107 \\*’\A =107 1
2 10~ : : z 10-4 1 ‘ ,
-~ 0 200 100 - 0 200 100
4 12 — . 16 04 1625
1 1 Rx?2 === Training — 164 === Training
[0~ 4 ' — 10~ 4 et —————
10" 10! 102 10" 10! 10)?
Temporal distance Temporal distance 7

HS, arXiv: 1905.04271
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Experiment: Transformers

Dataset 2: Natural language WikiText-2

(a)

Mutual information I(7)

Character-level LSTM

10"

10!

1024

1079 4

L] 128 1024 === Training
] — nl —_— 20N Validation
I“H 1
%’\%‘?x{g}iﬁ_‘_—_i S
S
Mo S e
T T
25 50
“N'“""'"”"“”“*““*MM
T
—r e e -
- ‘o
1Y 10! 10°

Temporal distance 7

Mutual information I(71)

Character-level Transformer

”]“_ 32 250 128 %8 === Training
~ 128 — 512 — 128 Validation
10714
10 * 4
10 3
10" 10 102

Temporal distance 7

HS, arXiv: 1905.04271
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Experiment: Transformers

State-of-the-art: GPT-2

(d) BPE WebText (GPT-2)

)V B .
L0 N — 1I7M ==== WikiText-2 Training
N 1542M WikiText-2 Validation
— N
I >
o N
b Y \'\
= 10715 NN
=] N WO
. — ~
- N
=
[ ) 2 N .
':3 ]” \‘\\L \'\
—_ “\‘\ A‘\k\k‘
= e ‘;\_._“““
= WO ' k'%
= N v "y
bl \ *ermithemy
= ‘ "™, by i
C 1074 e
S .
oY 10! 102 10

Temporal distance

HS, arXiv: 1905.04271

Text sample:

Grembock's Delicatessen in Austin, Texas, just opened Iits doors Sunday night
for the first full week in business since being founded on Aug. 30. A volunteers-
only opan house event, there was no event at the South Congress restaurant
yesterday, and no information to be had about what's cooking either. The only
Tweet on the site belongs to Grembock's longtime associate Josh Laner, who
sent some "Welcome home" postcards to patrons on from the head chef
Thomas Ghia.

Howaver, ABC Channel 7 in Austin's Austin360 segment on Grembock's posted
a photo of (curiously not pictured) a neatly made 7-course meal on the menu.
Eater reached out to Grembock's management for additional info. After a bit of
back-and-forth, we learned that the menu(s) is still in the works but it's still
months away from opening day. We are counting on reports of food violations
tranding under "things that will happen" for this to be real.

Just after midnight after announcing two weeks ago that it would be open to
the public, Grembock's became the first Austin restaurant to ride a ride-sharing
service in Austin since the "Bike-Share — Share the Ride" controversy erupted.
Upon searching Austin traffic data numbers for drivers who picked up
customers from Grembock's during the Sunday evening opening period, we
also learnad it was the first time an Uber picked up an Uber at Grembock's
since Josh Laner thraw out his hat for himself as the head chef when the
restaurant opened. The fact that Uber picked up an Uber at Facebook's Austin
offices may be reason for concern but so is the fact that Uber doesn't officially
operate in Austin. With the clear safety record of Uber versus Lylt — and
Grembock's reputation for superior, enticing food around town — it's premature
to put your faith in the ride-sharing app's ability to coexist as a competing
compaetitor.

https:/fopenai.com/blog/better-language-models/
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Summary

Interaction Strength in
Statistical Physics
Model

Mutual Information
Scaling

Machine Learning

Sequence Model

n-gram, HMM Finite Range Exponential

RNN Exponential Exponential

Self-attention

Exponential/Power-law Exponential/Power-law
(Transformer)
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Physics & Machine Learning

‘/

\
Condensed e
e Learnin
Physics 9
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Quantum Neural Network

ONCRONCRES
»

U
Unitary transformation: Information perfectly preserved

Mutual information between input and output always maximal

irsa: 20020052 Page 42/50



Tripartite Information

C D C D B A

LA,C,D)=1A,C)+ I(A,D) — I(A,CU D)

A. Kitaev & J. Preskill, PRL 96, 110404 (2006)

. P. Hosur, et al., JHEFP 2016, 4 (2016)
Example:

- Identity unitary /,(A,C,D) =0
* Uniform Haar random unitary I;(A,C,D) = —2|A|

irsa: 20020052 Page 43/50



Information Scrambling

Machine Learning
Input > Output
Information Scrambling

= +

[/ HS et al., arXiv: 1909.11887

irsa: 20020052 Page 44/50



Magnetization Learning

+ Dataset: Total magnetization of the ground states of random Ising model

(|G MY, a=1,...,N}

H = Z (Jyo;0; + Ko/ 07') + Z (go; + hoy)  J;, K, g h random

l]-

M;r = <Grr.| _f: | Grr)
n
=1

» Loss function: Absolute loss

@ = Z ‘(G“’

l’X'

Gu) _ M;I

T
U (r—I—E)/‘

* Optimization algorithm: AMSGrad S.J. Reddi, et al., ICLR 2018
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Two-Stage Learning

(@) g0

— [nillinli;f.n.t.imi |
Initialization 2 |
Loss function < 10!
m‘-u.__{‘_:&_
D — e e e
10 2L
(b) 05,
Tripartite =
information \ B
1.5}
() 1[‘)(J 200 .'i{-ll) 100
I‘:-])n('ll
9 qubits, 6 layers HS et al., arXiv: 1909.11887
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Local Construction Stage

D 1 < B 2r 7t . ) 7
Ci) = 5 X (G| 6:0703,,,,0 | 6

a=1

(@) 1, | |
0.8 « Two-point correlation

function is featureless after

=1 first stage, while I3 is still
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Global Relaxation Stage
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Summary

Quantum Machine Learning Many-body Quantum Chaos
1.Early stage: Build local correlation Dissipation time
2.Late Stage: Build global structure Scrambling time

Also observed in other learning tasks (winding number learning )

Machine Learning
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Input g ¥ Output
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Information Scrambling
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