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Abstract: Thefirst part of thistalk will introduce generalized Jordan&€"* Wigner
transformation on arbitrary triangulation of any simply connected
manifold in 2d, 3d and general dimensions. This gives aduality

between all fermionic systems and anew class of Z2 |attice gauge
theories. This map preserves the locality and has an explicit

dependence on the second Stiefel &* Whitney class and a choice of spin
structure on the manifold. In the Euclidean picture, this mapping is
exactly equivalent to introducing topological terms (Chern-Simon term

in 2d or the Steenrod sgquare term in general) to the Euclidean action.

We can increase the code distance of this mapping, such that this
mapping can correct al 1-qubit and 2-qubits errors and is useful for

the simulation of fermions on the quantum computer. The second part of
my talk is about SPT phases. By the boson-fermion duality, we are able
to show the equivalent between any supercohomology fermionic SPT and
some higher-group bosonic SPT phases. Particularly in (3+1)D, we have
constructed a unitary quantum circuit for any supercohomol ogy
fermionic SPT state with gapped boundary construction. This fermionic
SPT state is derived by gauging higher-form Z2 symmetry in the
higher-group bosonic SPT and apply the boson-fermion duality. The first part of this talk will introduce generalized Jordan&€* Wigner
transformation on arbitrary triangulation of any simply connected
manifold in 2d, 3d and general dimensions. This gives aduality

between all fermionic systems and anew class of Z2 |attice gauge
theories. This map preserves the locality and has an explicit

dependence on the second Stiefel &€* Whitney class and a choice of spin
structure on the manifold. In the Euclidean picture, this mapping is
exactly equivalent to introducing topological terms (Chern-Simon term

in 2d or the Steenrod sgquare term in general) to the Euclidean action.

We can increase the code distance of this mapping, such that this
mapping can correct al 1-qubit and 2-qubits errors and is useful for
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the simulation of fermions on the quantum computer. The second part of
my talk is about SPT phases. By the boson-fermion duality, we are able
to show the equivalent between any supercohomology fermionic SPT and
some higher-group bosonic SPT phases. Particularly in (3+1)D, we have
constructed a unitary quantum circuit for any supercohomol ogy
fermionic SPT state with gapped boundary construction. This fermionic
SPT state is derived by gauging higher-form Z2 symmetry in the
higher-group bosonic SPT and apply the boson-fermion duality.
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1d spin/fermion chains

Spin chain

Fermion chain

Hilbert space

V = ®)-,Vj, where V; ~ C*

W = ®W;, where W; = C?

Observables

Pauli matrices X,-, Y},Z,-

Even algebra formed by c;, ij

Hamiltonian

H® =¥ Hf, where Hf has
finite support

HF =%, HjF, where HjF has
finite support

Symmetry

L, symmetry S =[], Z;

Py
cjcj

Z, fermion parity [],(—1)
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Jordan—-Wigner transformation

Jordan-Wigner transformation is defined as:

X—iy; Xj+iY;
C}T A (Hk(jzk) ,21 -, Cj < (l_lquk) IJ;I :

;r and y;= (Cj-c;.r)/i, it can be written as

vi = (i< Zi)Xj0 v < (esj Zic)Y;
The even algebra of fermions is generated by

In Majorana basis, y; = ¢j+c¢

On site parity operator: P; = —iy;yj

Fermionic hopping operator:  S;,1,, = i¥;¥4+1

Spin chain Fermion chain

Zj Py = =iy,

Xij+1 Sj+1/z . "-yjyj’-kl
S=11;% (=D =11,
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Jordan—-Wigner transformation

2 ) 2

C;r‘-'z ~ L3lyZsle (

In 2d, local fermionic hopping
terms may give nonlocal bosonic
operators.
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Bosonization map in 2d

Consider a fermionic system on an arbitrary 2d lattice L, with a
fermion on each face.

The main result:

Fermionic observables , AZ’ galge theory .
(modified gauge constraints)
The map only depends on the branching structure of the lattice.
Spin structure appear automatically when we require the map to
be self-consistent

The Euclidean path integral can be perform on modified Z, gauge
theory exactly and Chern-Simons term appears in the action

The formalism has a direct generalization to higher dimensions
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Standard Z, gauge theories

A Z, gauge theory on lattice L has a spin at each edge e. Let X,, Y., Z,
be Pauli matrices acting on edge.
The Hilbert space of a Z, gauge theory is constrained by G,,:

H ={¥) | G|¥) = |¥) Vv}
where v is an vertex and G, is gauge constraint, satisfying G2 = 1
and GG, = G, G,y,.

For example, the standard Z, gauge theory is

6=]T x
eov

which requires no electric charge excitation
at any vertex v.
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Kramers-Wannier duality

Under gauge constraints X
Gy = [leov Xe X
The gauge-invariant observables are generated by

Xe:Wf =

Z, gauge theory Spin model
% [yoe %,
W,!' = ncC[ Ze 2_;'
Gy = [lesv Xe 1
1 S=T11,2

Z
This is known as 2d Kramers-Wannier duality. We can check the
dimensions of Hilbert spaces are the same (on genus 0 surface).
Z, gauge theory: dim H = 2Ne=(Nv=1) = pNy~1
Spin model: dim H = 2N/~1
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Bosonization on 2d square lattice

Fermionic operators (at faces):

{cf, c}r,} = c)'”—r.

In Majorana basis, the even algebra of
fermions is generated by

on site parity: Pr = —iysys

fermionic hopping: Se = i}’:,(e)}’;e(e)

Goal: we want to construct bosonic operators by Pauli matrices X,, Y, Z, at
edges, which have the same algebra as Prand Se = iy.(e)Vr(e)-
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Bosonization on 2d square lattice

Bosonization map:

Z, theory Fermionic theory

Ue = XeZy(e) Se = i}’L(e)y.:((e)

Wi =TlecsZe Pr==iYsyy

This map preserves the commutation
relations.
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Gauge constrains

On fermionic side, the operators satisfy
additional conditions:

P(IPC"\l"!'! ‘l’lﬁ.{vgr'.’.f\ S 15

= vava vovévi®vi = 1.
This is mapped to
Gy = WaWUsgUseUzsUss

= WeXsgX56X25X45.
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Gauge constrains

On fermionic side, the operators satisfy
additional conditions:

Pa PL‘"\..-\:': ‘Slf-{w‘g;}_.—l S 15

= vava vovévi®vi = 1.
This is mapped to

= WaWch\::waUY'?U'V‘

= XcgXseXos X
CASBNAK642 254145,

To illustrate this operator,

6= (] |

e
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Physical interpretation: toric code

Z, gauge theory Fermionic theory

Ue = Xely(e) Se = fh(e)l’fe(e)

Usg = XggZ45 is the operator
moving g-excitation.

The gauge constraints require that
only g-excitations can happen (no
independent e or m-excitation).

1= ([T, 2e) ([T, %)=
ecNE(v) edv

| |

m-excitation e-excitation

m : magnetic flux excitation
e : charge excitation

U, contains two Pauli matrices = code distance =
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Increasing code distance

The bosonization works for any X, and Z, satisfying X,Z,, = (=1)%¢'Z,,X,
The simplest choice is:

The code distance = 3 = all 1-qubit errors can be corrected.
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Increasing code distance

This process can be done recursively:

Z gauge theory Fermionic theory

Ue = XeZy(e) Se = 1YL(e)VR(e)
Wi = ecy Ze Pr==iyyyy
Gy 1
1 (-Df= [Py

The code distance > 5 (checked by computer) = all 2-qubit errors can be corrected.
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Commutation relations on any triangulation

Generators: Py = —i yfy}, Se = WL(e)V;z(e)

Pr,. Pr,] = 0
PrSe = (—1)uerr *Oreers S, Py
.S'L,ISL,2 = s(ey,€e3) Sczsel

What is the sign s(e,,e,)?

S35 = 1¥pYa S13 = iVeVa  Sis = iVaVa
{535-513} = [535»515] = [513.515] =0

= s(e,,e,) = —1iffe; and e, share a face and
have the same orientation.

e Ve, +esuey

Cup product: s(eq, e;) = (—1)‘[ 2

€4 U () +82 U € (012) = 81(01)62(12) + 61(12)82(01) Aﬁjl
0 1

€1
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(Even) algebra of fermions

Generators: Py = —i yfy}, Se = WL(e)V;z(e)

Pr and S, are idempotent (square to 1)
[Pfi’pfz] =0
PeS, = (—1)°uer*Prers S, Py

S€1 S‘ez — (_1)f€1U€2 +(32U€1562561

(IMTssy Se) (Hf PI va+f~UV) _ (—l)fwz v

|

second Stiefel-Whitney class
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Construction for bosonic operators

_ e Ve, +e,Ve
Selsez - (_1)f e 1562561

, [ e'ue . . .
We can construct U, = X, ||, Z°, , which satisfies the same commutation
.

relations:

Ue'1 Uf:z = (ul)jeluez+ezuel Uez Ue‘l

For e = e35, only nontrivial e’ U e is
e’ =e;;and e’ = e;q3:

Uss = X35223213

The fermion parity Py correspond to
Wi = [ec s Ze

{Se, Pr} and {U,, Wy} satisfy the same
commutation relations.
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Bosonization on any triangulation T

Z, gauge theory Fermionic theory

P y 3 o — aA A ,.
L = | I Ze ¢ Pr = —tvy L spin structure E:
eC f / IE = w,

[/rf — /X'(-(H Z(‘,IFRILJG) : (_I).!HC‘S’( - (_])ill-:c.i’}»".a(f')n”;l’(f).

[ ) >! ' V "l l 7
Z(I, vUe ) (—1 )_[“_2 vso_v H PII vUf+fuv |
f
—[ We=1+— H P second Stiefel-Whitney class
f f
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Euclidean Action

For a Hamiltonian H in d-dimension, we can perform Euclidean path integral
to get classical action in (d+1)-dimension. For standard Z, lattice gauge

thC‘OI'y in 2d
H = g° E Xe + ! E 4
g . e ‘_ 2 f f

with gauge constraints G, = [,y Xe = 1, the Euclidean action S is defined by:

Z=Tre Pl =TrTM =fe“

where T = (l_[,, 6Gv,1)e"3r” is the transfer matrix. The corresponding classical
action is 3D Ising gauge theories:

Sla] = =% 8a(f)

a(e) € {0,1}and S, € {+1} L
a(e) =(1-15,)/2 [7xal = (1 [lecs Se)/2

Kogut. Rev. Mod. Phys. 51, 659 (1979)
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New lattice gauge theory

Standard Z; lattice gauge theory

Hamiltonian: H=g*YcX.+ gLéZf Wy

Gauge constraints: G, = ([[oop Xe)=1

Action: S[a] = g%zf- 18a(f)]  (Z=Tre P = [e~9)

New Z, lattice gauge theory
Hamiltonian: H =g*Y.U, + ngZf Wy

Svue’
Gauge constraints: G, = (]_[{,DI,X )(ﬂ ;Zf vue ):1

Action: S'la] = ZI|6a(f)| + in Y a U §a — Discrete version of
Chern-Simons term

. ) ' p 1 . ' ANdA
H'is dualto H = g* ¥, iyi(e)Vr(ey + g_zzf(_‘ YrYr) d

This exact bosonization map is analogous to “particle-vortex duality”

1 L5 .
Zscalar+f1uxlAl ez cst4l = Zferminnl.A.]
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Bosonization on 3d cubic lattice

Z Fermionic operators:

y Levin and Wen (2005). G / e /
‘ / Pe = =iYceYer Sf = WLH)Vr()
X .
> Bosonic Opel‘at()l‘s:

) 4 / C VVC = nfCC Zf’ Uf
where

3
-

Uy = X1Z4372,
5 66 U, = XyZ4723
/l Us = X1Z45Z¢

{Pe, S¢} and {W,, Uy} satisfy the same commutation
relations.

Z, theory Fermionic theory

Uy S¢ = YunYre

We = n_fc:c Z," Fe=—t ycyc’
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Gauge constraints

On fermionic side, the operators satisfy
additional conditions:

—51525354Pbp(1 = 1.
We need to impose the constraints on
bosonic operators:
Gé = X1 XoX3X421Z24Zslelrlglolyy = 1

Z, gauge theory

Fermionic theory

Uy

~ - [
Sr = WL Yr(H

VVC = nrfcc Zj

PC = = }’(‘yc{

~ !
(11
€

1

1

(D =Tl P
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Commutation relations of fermions

- S — . / o /
Generators: Py = —iV¢¥y, S¢ = Yiu(n)Vr(p)
[Ptl'Pt}'.'] =0
P.S; = (—1)%LnttOrine S¢Py
SnSr, = sUh f2) S5y,
s(f1, f») = —1iff f; and f, are both inward
or outward faces of a tetrahedron.

The higher cup product U, of two 2-cochains f; and f, is defined by

fi Uy f2(0123) = f,(023)f,(012) + f,(013)f,(123)

We can write the commutation relation as:

S(fl}'g) — (—]).‘ [1Yifa+YU

MY

We can construct Ul' = X,— [ fr 1{], , satisfying the same commutation

relations.
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3d Bosonization on any triangulation

Z- gauge theory Fermionic theory

Topological term

3d: Wy =1]%5 «— P
JCt

U .\'ﬂ‘l[k!,fu[f) | I)"f f-'ﬁ'_/ ( ”"" ff‘f,l,f'r“;.’.:_f':'
;’."

H \j{H X};d('l '1f’) p) > ‘ l)f‘ -",.‘3"‘(' I,f](-(“ ht+tU e 1
}'.!
l_[ln"r_fl{ \.H[}r
!

fDre

t

t

b € C*(M344,Z,):
{0,1} on faces

S!Up 7
LT / bUb+ buU; b

(', _ ‘\.‘ (H er’u 1 l(:) — (_I),f, (,.‘7', - (—-].)'lr"',llh.'l,l- )ﬁ.'}“, )

G, = H X, [H Z{_l;"v (") — |)'f" s ”-S'A"p H [)}rJ vUf+fov _ |
’ /

eov ¢

[’In'f =1 < >I;[1f,

ae Cl(M2+1,Zz):
{0,1} on edges

Stop = T / alUda
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Bosonization in arbitrary dimensions

Z, gauge theory Fermionic theory Topological term

(n + 1)-dimensional

n spatial dimensions: ‘ :
Spacetime action

H'A” = H Z_)” I — f’; ff“-Arl"fA".

An-l € Cnil(Mrl+1-Z2) :
{0,1} onevery (n — 1)-

H 71 Bn1"Un28n simplex
1 A 4

n—1

Au 1’

Slu[) — ‘rT X
A - 4 Sl A YIS RN ~7
l,“}_}” I (—1 )I! 1y LA, 1)VR(A,, ) I\[ ” 1 U” 3 ‘“ 1

ri‘l

+ - 1;.* lLJn '.3()“1.': I)

H /f ‘A 2%n ..’An l,
which is Steenrod square
topological term,

. A =2 280 +A Uy, ;?Auf'
= *Ssa, Hl” ' 5
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Duality between SPT phases

On n —dimensional
spatial manifold M with
branching structure:

Choosing a
spin structure

Gauging
(n = 2)-form Z, Fermionization
Auxiliary bosonic —_ : —_ e
‘ qi;,r <~ Bosonic shadow ~— Fermionic SP1

Ungauging Bosonization

Supercohomology Summing over all
data (v, n) spin structures

Bhardwaj, L., Gaiotto, D. & Kapustin, A. . High Energ. Phys. (2017).
Ellison and Fidkowski. Phys. Rev. X 9,011016 (2019).

Pirsa: 19120017 Page 27/41



Gauging 0-form Z, symmetry

Hilbert space H; =, C* H, =R, C?
0-form symmetry: [[, X, = 1 Gauge symmetry: [, Z, = 1

a, +a
1T 42

[{a, =0,1}): a a2 [{6a,}): O
(Zy = (—1)%) —

a, +a, QO Qa, + a;

7\
o
a +

[lesvXe ¢
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Ising model and toric code

Hilbert space H; =®,, C? H, =, C?

0-form symmetry: [[, X, = 1 Gauge symmetry: [, Z, = 1

ecf

[sing model Toric code
r

IIIZ—ZX(r —l H'_)'__Z‘“ Xe

U )

.
[x Y11~

t (
[ B— E
-

v eoOv / (‘(—_.['

Groundstate:

Wy = > Haw}) L)) = D Héav})
{a,=0,1} {a,=0,1}

summing over all summing over all “zero flux”
configurations configurations
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Gauging 1-form Z, symmetry

Hilbert space H; =, C* H, =Q C*
1-form symmetry: S(M) = 1 Gauge symmetry: T(NV) =1

X X T(N) :

» dq7 + ay3 + aqz
Ayp + azq + aq4
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2d duality: warm-up

PN s (=1) w2 ".s‘,\,.l_[!’,' A

bosonic shadow trivial fermion

f

Ho==3 G, =Y Wy +—— Hy=-> 7}
v I

Z

Pirsa: 19120017 Page 31/41



Pirsa: 19120017

2d duality: warm-up

Auxiliary bosonic
SPT

Gauging
0-form Z,

—_—\
~

Ungauging

Hy = — Z X,

(W) = Z \ay)

{(z'

Bosonic shadow

Fermionization

—
~—

Bosonization

-3 "G, =) Wy
v f

Z |day)

{(I

Fermionic SPT

11_,-__2'.

7

| | /-) = |vac)
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3d duality
W, llz,<

!', \"I_I/”’fr '.r)‘ » ]Iiﬂ f_\" ( |)||, f‘”f:f‘;;‘f
[
[Tx,(]2. ) e (~pleasg T R =1,
[ e f! 4

bosonic shadow trivial fermion

Ho==> Ge=» Wy e Hy==) iy,
e l

t

Y (~nf e {sa, ) | p) = |vac)

{ae}
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3d duality

Gauging

I-form Z, IFermionization

Auxiliary bosonic —_— : —_— U
‘i};'l‘ ~ Bosonic shadow  — Fermionic SP’I

Ungauging Bosonization

Hy=Ucz(= Y X)UL, — Ho==3 Ge=3 Wi Hp=-73 iw
& 1

!

(‘(/.‘

H CZleq,e12)CZ (e, e3)C Z(epy, e24)

0123

W) = Z( |)_l'~.‘..:a'u, 1{a.}) |\[;_~> - Z(_l)_l'u,.mm |{‘5”r }) |\p/> — |\’%1('>

{“‘ } {H, }
|¥}) is a bosonic 1-form Z, SPT. On its boundary, the anomalous symmetry action is
G, = 1 (boundary anomaly of a, = a, + §1). The following is an allowed boundary:

Z Toric code: H, = — Z G, — Z Wy
v I

Yoshida. Phys. Rev. B93, 155131 (2016).
Tsui and Wen. arXiv:1908.02613 (2019).
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SPT boundary

Gauging

0-form Z, Fermionization

Auxiliary bosonic —h ) — . P
y Bosonic shadow Fermionic SP'1

SPT A A

Ungauging Bosonization

Y G -d Wy Hy Z""-'f"f.’f
v /

f

boundary

Gauging

1-form Z, Fermionization
. Allxili.ll' h().‘i()”i(ﬁ 4 X ; . i . N
3 d ¢ S{"l' ~ Bosonic shadow ~ Fermionic SP'1

Ungauging Bosonization

Hy = Ucy(- 3 X)UL, Ho=-3 G-y W, Ho= = i,
‘ ¢ !

t
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Hierarchy of higher-form Z, SPTs

(n - 1) d: Gauging

(n = 3)-form Z, Fermionization

—_— —_—

Auxiliary bosonic Bosonic shadow Fermionic SPT

SPT < N

Ungauging Bosonization

Ay 3Up-nty

[ 34 - [ an - aUn san 3+ ) )
“I"h} Z (—1) @n-3Ln pday, g |{N” ‘}1\ |111_‘} L (=1) an-3Un-sdan_3 |{,)““ _{}:;- Iff - Z YA, |-‘!J.,, .
{'J.‘ 5] {”-- 3}

A,
hn\\\\k\"‘w
n d Gauging
(n—2)-formZ, Fermionization

— —

Auxiliary bosonic Bosonic shadow Fermionic SPT
Sl)tl‘ ﬁ ﬁ

Ungauging Bosonization

boundary

{h_u” _,}J
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(2+1)D supercohomology fermionic SPT

Supercohomology data (v,n) withv € C3(BG,R/Z),n € H*(BG,Z,), and §v = %n U n.
n € H*(BG,Z,) gives the central extension 0 = Z, = G' - G — 1. We can define a
cocycle in G' by

1 :
a3 = U‘{'EnUEl € HJ(BG',R/Z)

with d&; = n. After gauging 0-form Z, symmetry and fermionized,

|‘l',..;'1"l'> _ (Al|\l"{[)> _ H (;2-,-.-1':/([] ~ H 5*:1(:-)
¢ {

| {.U:- }) X | 1'(:(-)
}

f gu
Hp is invariant under global G symmetry

UI' has correct stacking law, i.e. Ur(vy,ny)Up(vy,ny) = Uy (u1 + v, +%n1 Uy ny,ny + "z)
Inequivalent supercohomology data gives distinct bosonic SET states

(i.e. different symmetry fractionalization)

Wang-Wen-Witten boundary theories for fermionic SPT
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(3+1)D gapped boundary construction

Supercohomology data (v, n) withv € C*(BG,R/Z), n € H3(BG,Z,), and v =
%n U, n. On the boundary, we extend G to G

0-K-G -G-1 Kobayashi, Ohmori, Tachikawa.
such thatin G’ arXiv:1905.05391 (2019).

1 1
v=6n+EﬁU16ﬁ+§ﬁUﬁ, n=248p.

Extra degrees of freedom on the boundary:
1) Group elements k,, € K at boundary vertices
2) Fermions at boundary faces

(34+1)D femionic SPT states with gapped boundary (from bosonic Wang-Wen-Witten):

(Wy) = ( 11 t‘xp(‘-’ﬁf‘u(.l'))) (~ 11 5‘."") (H oxp(‘zmx(f))) (m 11 s}’”))
febdy eebdy tebulk febulk

Z I{,q:‘}hulk- {(W"f-}huum!m‘y) X ‘('”('>I'MH.' X I('”('>l'nmnrlru'_u
{gv}{ke} / \

G = Z4yXZ, K =74 = boundary Z,4 gauge theory

Fidkowski, Vishwanath, and Metlitski. arXiv:1804.08628 (2018).
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Conclusion

Bosonization in 2d and error-correcting codes for 2-qubit errors
locality preserving bosonization map on arbitrary triangulation
in all dimensions

Direct dependence on spin structure and Stiefel-Whitney class
New class of Z, lattice gauge theories as boundary anomaly of
Steenrod square topological action

Construction of SPT phases: higher-group bosonic SPT and
supercohomology fermionic SPT with gapped boundary
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(2+1)D supercohomology fermionic SPT

Supercohomology data (v,n) withv € C3(BG,R/Z),n € H*(BG,Z,), and §u = %n U n.
n € H*(BG,Z,) gives the central extension 0 » Z, = G’ - G — 1. We can define a
cocycle in G' by

1 :
a3 = U‘{'EnUEl e HJ(BG',R/Z)

with d&g; = n. After gauging 0-form Z, symmetry and fermionized,

"ljl.;'l"l} _ (Al|\l"{}> _ H (;2-,-.-1':/([] ~ H Sr:n(f.)
¢ {

| {.U:- }) X | 1'(:(-)
}

f gu
Hp is invariant under global G symmetry

UI' has correct stacking law, i.e. Ur(vy,ny)Up(vy,ny) = Uy (u1 + v, +%n1 Uy ny,ny + "z)
Inequivalent supercohomology data gives distinct bosonic SET states

(i.e. different symmetry fractionalization)

Wang-Wen-Witten boundary theories for fermionic SPT
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