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Abstract: Affleck, Kennedy, Lieb, and Tasaki (AKLT) constructed one-dimensiona and two-dimensiona spin models invariant under spin rotation.
These are recognized as paradigmatic examples of symmetry-protected topological phases, including the spin-1 AKLT chain with a provable
nonzero spectral gap that strongly supports Haldane&€™'s conjecture on the spectral gap of integer chains. These states were shown to provide
universal resource for quantum computation, in the framework of the measurement-based approach, including the spin-3/2 AKLT state on the
honeycomb lattice and the spin-2 one on the sgquare lattice, both of which display exponential decay in the correlation functions. However, the
nonzero spectral in these 2D models had not been proved analytically for over 30 years, until very recently. | will review briefly our understanding
of the quantum computational universality in the AKLT family. Then | will focus on demonstrating the nonzero spectral gap for several 2D AKLT
models, including decorated honeycomb and decorated square lattices, and the undecorated degree-3 Archimedean lattices. In brief, we now have
universal resource states that are ground states of provable gapped local Hamiltonians. Such a feature may be useful in creating the resource states
by cooling the system and might further help the exploration into the quantum computational phasesin generalized AKL T-Haldane phases.
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Outline

|. Introduction

lIl. AKLT models and states for universal
gquantum computation (in MBQC framework)

Review: e.g. Adv. Phys. X 3, 1 (2018)

[Il. Nonzero gap for some 2D AKLT models

Ref: Phys. Rev. B 100, 094429 (2019)
& arXiv:1911.01410
V. Summary
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$$$$$$$$$$$$$$$$$$$$

N e — v Major scheme by most
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(Frameworks of) Quantum Computation

: < Major scheme by most
. Circuit: 8 5 [:I ’—> labs. IBM, Intel {Qiguui.
0 I l H lonQ, Alibaba, Google
0 |_>
L ) / (A (
I Adiabatic: H(t) = (1 = ) Hunia + 7 Hw

e v Approach by D-Wave

. K \ quantum gates = braiding anyons
. TOPOloglcak Approach by Microsoft,

//\ Google plans to use a hybrid of

Il and |
IV. Measurement RO local measurement is the
_ Nt HIRT IRRE only operation needed
-based: el 8
RERRENY R + Used In photonic systems,

such as PsiQuantum
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QC by Local Measurement

[Raussendorf & Brigel '01]

u First: carve out entanglement structure on ]
cluster state by local Pauli Z measurement l_'
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QC by Local Measurement

[Raussendorf & Brigel '01]

u First; carve out entanglement structure on _['—
.

cluster state by local Pauli Z measurement _,[;,_

(L]
-(E)—(}__)—(}_Hf l_)-Li.Hjl}(_l_’H’_l}—('l)—C ') =

-

=@ 1 © I FEErECEEEE
OO {l)
(T“
~(O=(OC “)-(“H;Hf L = I OO
| [T | I I | P | |
0 Then
(1) Measurement along each wire simulates 1-qubit evolution (gates by teleportation)

(2) Measurement near & on each bridge simulates 2-qubit gate (CNOT via “scattering”)

‘ 2D or higher dimensions are needad for univeraal QC
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How much entanglement is needed?

O States (n-qubit) with too much entanglement !
I = n— & are not universal for QC

i
“q

14_-”(|\1,>) log., max (fﬁ-’i‘l’w P = set of product HI.}IHI‘H

Hhc P /

{{‘,‘) = (D OD Dy DDy, }

O Intuition: for state with high entanglement, every local
measurement outcome has low probability
= whatever local measurement strategy, the distribution of outcomes is
sO random that one can simulate It with a random colin (”lll.‘-i not more
powerful than classical random guessing)

J Moreover, states with high entanglement are typical:

-

those with £, < n — 2log,(n) — 3 is rare, i.e. with fraction < ¢

NIVers: Y= w-B-1F l 23 £ -1 are ‘y e ———————
=» Universal resource states are rare P Very high=——.
Caarn e Ea: NOt
Search in moderate . Y
_ — accessible
entanglement (accessible i anyway o
polynomial-size circuits) —— o b : A5l
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Some questions for MBQC

u Characterizing all resource states? Still open

a Can they be unique ground state with 2-body Hamiltonians |:
with a finite gap'? - If so, create resources by cooling! .

+ Affleck-Kennedy-Lieb-Tasaki (AKLT) family of states [(AKLT '87,°88]
1D (not universal): [Gross & Eisert et al. ‘07, '10] [Brennen & Miyake '08]

2D (universal): [Miyake'11] [Wel, Affleck & Raussendor? *11] [Wel et al. '13-'15]
» Nonzero 2D gap mxm r Gap established!: Lemm, Sandvik &Wang,
1901.09297; Pomata & Wei PRB "19] 1910.11810 and Pomata & Wel, 1911.01410

» Symmetry-protected topological states
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Some questions for MBQC

u Characterizing all resource states? Still open

a Can they be unique ground state with 2-body Hamiltonians
with a finite gap? = If s0, create resources by cooling!

o Afflock-Kennedy-Lieb-Tagaki (AKLT) family of states [AKLTa7. 88]
1D (not universal): [Gross & Eisert ef al. '07, *10] [Brennen & Miyake '08]

=| 2D (universal): [Miyake'11] [Wei, Affleck & Raussendor ‘1] [Wel af al. "13-"15]
» Nonzero 2D gap H,Mn,-, Gap established!: Lemm, Sandvik &Wang,
1001.00207: Pomata & wel PRE 10] 1910.11810 and Pomata & Wal, 1011.01410

+« Symmetry-protected lopological states

10 (nol universal) [Miyake™10, MillerSMiyake “15) [Else. Doherty & Dartielt '12]
[Prakash & Wei 18] [Stephen of al "17. Raussendorf el al. “17]
20 (universal, but not much explored). [Miller & Miyake ‘18] [Poulsen Nautrup & Wei '13,
Chen, Prakash & We/ '10)
» lmporant progress for QC in entira aymmetry-prolecled phases. [Raussendor! et
al PRL 10, and Devakul & Williamson, PRA'18, Daniel, Alexander& Miyake “19]
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Affleck-Kennedy-Lieb-Tasaki
states/models

o Valence-bond ground states of isotropic antiferromagnet

Importance: provide strong support for Haldane's [AKLT '87,88]
conjecture on spectral properties of spin chains

Provide concrete examples for symmetry-protected
l()[)()|(){]i(:&l| order [Gu & Wen 09, "1, Pollmann et al. ‘12 .. ]

o States of local spin $=1,3/2, 2,.. (defined on any lattice/graph)

<> Unique* ground states of gapped” two-body isotropic Hamiltonians
H X f(S,-S,) f(x)is a polynomial
1))

eg 10:S=1  Hip=) P =5 3  [S8+(858)"+3
i edgo (4, )

*w/ appropriate boundary conditions [Kennedy, Lieb & Tasaki '88]
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(hybrid) AKLT state defined on any graph

singlet

P, = projection to symmetric subspace of n qubit = spin n/2
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(hybrid) AKLT state defined on any graph

4 # virtual qubits /site
= # neighbors

singlet

2 Physical spin Hilbert
space = symmetric
subspace of qubits

4 Local S = # neighbors/2

a2 Hamiltonian = sum of
projectors

- % o o
oD tow)
=3 rs

(v,w)

P, = projection to symmetric subspace of n qubit = spin n/2
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AKLT has tensor-network representation

» virtual bond
dimension = 2
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2D AKLT states for quantum computation?

Mivake 11; Wel Affleck & IKaussendor?, FikL 11

J Or\ Val‘IOUS Iattlces Wel PIRA "1, Wel Haghnegahdar& Raussendorf, PIRA '14
Wel & Raussendorf, PRA ‘15
.. honeycomb .. square- octagon . ‘Cross’ =) star

b *f;:;; {53 |
3 XREXS ?8§?8§?E . X

w» square-hexagon «. decorated-square «. square =) Kagome
(spin-2 spin-3/2 mixture) (spin-2 spin-1 mixture) (spin-2) (spin-2)
it SSE
"}“ + * * o o 0o
} } ® & o o
»>
’ * & o o
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AKLT states on trivalent lattices

u Each site: three virtual qubits 0 = spin 3/2 (in general: S= #nbr /2)

=» physical spin = symmetric subspace of qubits

o Two virtual qubits on an edge form a singlet H

01) — [10;

P = (3/2)(000] + | — 3/2)(1L1] + |[1/2) (W] + | — 1/2)(W|

. 3
1000) ‘.s 515 =35)

e

spin
singlet 3 3
I nojectorn ||||> o ."_->
2 2 2
d/k\l.\
N oo W) ~(|001) + |010) + [100)) e | =, =)
X / V3 / / 2 9/
W) C(|110) 1 [101) + 011)) «» )
V3 2 2/
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Reduction to 2D graph states

» A specific generalized measurement (POVM) on all sites
converts AKLI to a graph state
(graph depends on random x, y and z outcomes)

*
/ ‘{l}> :’ I‘J‘II £, .00 2 ‘(1)>
Sp'\n-'}l?‘ Po\"\hf‘;, Y I".J' I, + lull I"" + f' [ | (Completeness)
7
— ~
‘(])} ~a 7
[2 13\ /3 3 30
] V ( >< | >< ) . ‘()nn><nnl|‘ . 111><| 11’
3 \I12/\21: 2 21

(effective 2 levels)
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Recipe: construct graph for ‘the graph state’

» Examples: random POVM outcomes x, v, z

O 00 90 VO O OO €
/PO 00 v 00 e ea
G DO 00 0Oe Vo Vo ko
YAY o 0o OO ou e ‘
@ 0y pa P9 e Pe Po
PO Pa Ba Bq e Do |
VO e 0O e e oo o
90 00 C’Q 2-”& G-“.ﬂ %;0
0Q e 09 0O NQ pae 9
Ve 60 949 00 og va
’«.." 0‘1’ 613 C’G ':’0 00 0
06 06 00 06 Vo oo
Q@ PO 00 PO O 99 9o
V0 VO O DO OO VO
0O 00 00 00 00 VO 0O

honeycomb

P({a(v}) ~ 2

VIi-]€]

o0 00 00 O00

29

O 6 060 00

-
-9 00

® 06 o O O 0 0 O

o9
o9

-0 00 00 00

[~
=]
o9 090 09 039

9 95959 00 9590

Q0 090 959 09

[
066 006 o6 0O

square octagon

V: domains, £: inter-domain edges
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Step 1: Merge sites to "domains™=» vertices

» 1 domain = 1 logical qubit

m

nf)
YR 7) J
9 :
0 Y
0 h 0o P
oA Tl ;
an
honeycomb square oct’igon
) {”. / .} Py ‘)l"'l |“| LTt LT encoding of a logical qubit
V: domains, £: inter-domain edges
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Step 2: edge correction between domains

» Even# edges = 0 edge, Odd # edges = 1 edge
(dueto o = [ inthe C-Z gate )

honeycomb square octagon
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Step 1: Merge sites to “domains”=> vertices

» 1 domain = 1 logical qubit

honeycomb

P({n(?'}) ~ 2|W"5| titit) 1 4141) :encoding of a logical qubilt

V: domains, £ intar-domaln edges
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Step 2: edge correction between domains

» Even # edges = 0 edge, Odd # edges = 1 edge
(dueto o< = [ inthe C-Z gate )

honeycomb sqQuare octagon
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Step 3: Check connections (percolation)

» Sufficient number of wires if graph is in supercritical phase (percolation)

v Verified this for honeycomb, square octagon and cross lattices
= AKLT states on these are universal resources
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Robust connectivity?

» Characterized by artificially removing domains to see
when connectivity collapses (phase transition)

[We/ '13)
¥ 1 I l _‘ ﬂn ‘. 1 ' N |
. ] 1 . L= 20
1 e L= 40 W L= 40
W, e t- ;8 . - b L= 80
- y, 19 = 80 0.8 | y W L= 80
08 . L=100 -y L =100
) A L =120
c 06 1
w 0. )
. T 2
o supercritical %* subcritical - .
04 b 04} ) subcritical
supercritical r
L]
02 1 0.2
" , . 0 : : >
0 01 02 03 04 06 06 07 08 0 0.1 0.2 0.3 04 0.5 08
Pielet

Pdelete
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Difficulty for spin-2

o Technical problem: trivial extension of POVM
does NOT work!

N A AV tF L FUR 4 PR
, INLHTENTEL FIF, v FIF, 4 FIF, #£ ¢ 1
F, 2)(2| +|-2)(-2
/\ /\ “ - Possible leakage out of logical subspace!
F, = '.'//'.' ) | '// 2 "

o How to calculate probability distribution?

p({F,K}) = (AKLT Q) F! oy Faty Q) K Ko [AKLT) =2

.

states (on mixed & decorated +

lattices) then the square lattice +i+],
(Wel, Haghnegahdar & Raussendorf, PRA 14 | " | . | N -

Wel & Kaussendorf, I’'RA 15|

u We first solved the hybrid AKLT +¥i:&zi:t ) )
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Universality for QC in AKLT family

o Spin-2 AKLT state on square lattice
Is universal

4 Emerging (partial) picture

for AKLT family:

AKLT states involving spin-2 and
other lower spin entities are
universal if they reside on a 2D

09}
08}

07
06

09}
04|

03
02

0.1}

supercritical

phase

(graph state

universal)

L=120
L=140
L=160
L=180

subcritical
phase

" (graph state

. not universal))

frustration-free lattice (e.g. w/o triangles) with any combination

of spin-2, spin-3/2, spin-1 and spin-1/2
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2D AKLT states for quantum computation

Mivake 11, Wel Affleck & Kaussendorr, PIKL 11

o On various lattices Wel, PRA'13, Wel, Haghnegahdar& Raussendorf, PRA ‘14
Wel & Raussendorf PRA ‘15
«. honeycomb N squarcfoctagon wr Cross' =) star

IHIH Li 4 Py pravy .
OO0, X,
TETT ?gﬁ?gﬂg A AR

w» square-hexagon <& decorated-square +. square =) Kagome
(spin-2 spin-3/2 mixture) (spin-2 spin-1 mixture) (spin-2) (spin-2)
Firtint boe s
"}“ + i * o o o
} } ® & o o
»>
’ * & o o

Pirsa: 19110140 Page 30/63



Outline

Ill. Nonzero gap for some 2D AKLT models

V. Summary
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AKLT Hamiltonians and gap(?)

g On honeycomb lattice

< A(S <~ [=2 = 116, 4 =., 16 = =
H= 5 plE=d = Si S (S -9;)° H ’t.s',-.s',}“ Py
l"—-' " e 243 243 [0S

CUpgye (1) [RI8 I*Y t,1)
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AKLT Hamiltonians and gap(?)

o On honeycomb lattice

- A (=" - - 116 5 = ., 16 - = 00
H= S PO § S .S S, -5 S, - 8%
e ha L 243 243 108
vdge (1,9 vdpe (1,7)

» Exponential decay of correlation functions (on
hexagonal and square lattices):

O (=" "(S8,-8) = Cexp(—|i—jl/{) C, § const. >0
» strongly suggests nonzero gap

‘Gap established’!: Lemm, Sandvik &Wang, 1910.11810
and Pomata & Wel, 1911.01410
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Progress In proving nonzero gap

o Decorating lattice A into A" by adding n spin-1 sites to each edge

n=1

ARKLT h (z(e)/2)
II_\IHJ 3 I),
'[' ‘I-\tu}
2 Abdul-Rahman, Lemm, Luica, *}

Nachtegaele & Young (ALLNY), arXiv:1901.09297
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Progress In proving nonzero gap

o Decorating lattice A into A" by adding n spin-1 sites to each edge

n=1 n=2
fl\\ll::![ 3 I)f' (e)/2)
ce \I-\:ur
4 Abdul-Rahman, Lemm, Luica, \} } ) Yv

Nachtegaele & Young (ALLNY), arXiv:1901.09297

» ) /

Theorem 2.2, 1h spectral gap above the ground state of the AKLT model on the edge-

lflllilflffl'l{ ;Fi’!.'l_{f‘l'””f’ !H.’f.'rl H ‘.‘ff_‘ I 'i H'if" o sl ’:'ri'n’ /Jrl'-ﬂf.fﬁl Jrrl'rilj l’lrruf.‘f.l" h‘f.‘#fﬂfl.*r/_l;‘ !ilf -fl”

|

)'I'J'-“"rr e tirn e s ".",'rr!-' flr}.'rlr,'(ir' ")lJif'J'-‘r;df{'j r'u!Hle’.uJ!r.

v First analytic proof of nonzero gap for some 2D AKLT models ©
(but still not the undecorated honeycomb model)

- | ater
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ldeas by ALLNY “19

u Decorating lattice A into A" by adding n spin-1 sites o each edge

n=1
ila)/3
”.\\'1:!.: Z P.‘ (0)/2)
nt.’A“,.,
+ Also consider two modified H:

[Abdul-Rahman ol al 1001.00207]

m ) hym Y5 Y PROCTES =S HAKIT < Hy S 2HAS
reA vEA c€Ly, (l.0.) Hy /2 < H '\\".\;.I'.I. < Hy

~

(2) Hpe) = NP, P, projection to rango of by

vEA
yy Is the smallest

- P: H A S H \\\lf»-!'l < [ | H g gy nonzero cigenvalue of A,

+ They proved gap of (2) for n 2 3 (hence lower bound on gap of AKLT modals)
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How to prove nonzero gap?

o Squaring H:

| 2 J ! h ote P? ?
{II'\M”)-‘ II,\""' _+_ 0 \/_‘(I)J l’u' T I,u‘ljr-) l\l l ]" I'J
Throwing out “ v#tw
non-overlapping g - s = -
l“|‘.,.,£U - II‘\\-M f L (I,,I”_ f l,,,!,.)

(v,w)eEp

Overlapping P, P,, can be non-positive.
But if we have: P,P, + P,P, > —¢(P,+ P,) ‘.‘_‘-",.";:11-‘;1“' () | small

then we have

(H o) )? Hyn — ¢ Z (P, + P,)

(0,10)¢€ .’l_\

(l .-;_”)I_Il\nll = ,_l.\[ru Z: coordination #|
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How to prove nonzero gap?

o Squaring H:

| 2 J ! h ote P? ?
{II'\M”)-‘ II,\""' _+_ 0 \/_‘(I)J l’u' T I,u‘ljr-) l\l l ]" I'J
Throwing out “ v#tw
non-overlapping g - s = -
l“|‘.,.,£U - II‘\\-M f L (I,,I”_ f l,,,!,.)

(v,w)eEp

Overlapping P, P,, can be non-positive.
But if we have: P,P, + P,P, > —¢(P,+ P,) ‘.‘_‘-",.";:11-‘;1“' () | small

then we have

(H o) )? Hyn — ¢ Z (P, + P,)

(0,10)¢€ .’l_\

(l -'Ff:)l_l.\"" — 7 ,_l,\lnl Z. coordination #)

If y = (1-z¢) > O, then there is a nonzero gap
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A useful lemma

For two projectors E & F (also works for 1-E & 1-F with same ¢):
Ll + Fl) > —e(ls + 1Y)
£ — HIL‘I" b A l'H E~F: |hlﬁ'|lw tion onto l'nn(r) Ev/

& ran(F)=F ¥/
r Fﬁ'ir'ucuf ('!\',['1]'.".1'(1 |‘.|[I.'I

(1-z&) > 0 implies there is a nonzero gap

Want e<1/z (z=3 tor honeycomb)

Proposition 2.1, Lt

[hen, for all n =3, the quantity <, defined in (2.7) satisfies

, S(1 4 3=<n-1)= A
(2.10) ! l.-\,(l» ' ) 1 /3
371 3 <)
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Key point in upper bounding ¢

u Use E=I-P, (projection to local
ground space supported on Y,),
F=I-P, (projection to local ground
space supported on Y, )

ua EAF: i]l()]f’(i!l(ll] to Ran(E) [
Ran(F), i.e. local ground space
supported on Y, UY,,
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Key point in upper bounding ¢

u Use E=I-P, (projection to local
{]rullllii space :g;|”1[,”|[p[f on Y_)‘
F=I-P, (projection to local ground
space supported on Y )

u EakF: fllf)]wt'h(m (O Ran(E) N
Ran(F), i.e. local ground space
supported on Y, UY,,

_Y;_x.._/__ﬂ

TR y ) (| = AP 1))
|EF — E A F|| = sup lelito ozl

[ T]

) ALLNY used tensor-network approaches (e.g. MPS) to
give an upper bound on € |No time for details here| < 1/3 forn2 3
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Key point in upper bounding ¢

o Use E=I-P, (projection to local
{_]rullll(i space :k;llilpnllwr! on Y.)‘
F=I-P, (projection to local ground
space supported on Y,)

u E A F: projection to Ran(E) N
Ran(F), i.e. local ground space
f".ll[)[l()!]f--‘(i onY,UuY,

_Y\./_x.._/__%

TN AR A n . |:flal'JH-,‘.l'” AR )]
‘II ,, a’f\ , || H”I) il,"H“!,‘”
) ALLNY used tensor-network approaches (e.g. MPS) to

give an upper bound on € |No time for details here| < 1/3forn2 3

2 n=1case: EF - E A F is operator roughly on size of 12 qubits,
unfortunately €=0.4778 > 1/3 (gap inconclusive);

n=2 operator on ~ 20 qubits (not shown in ALLNY); n=5 =» ~43.6 qubits
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Our main results |

u Analytically prove AKLT models on decorated square lattice
(spin-2 + spin-1 decoration) are gapped forn 2 4

a Prove AKLT models on decorated mixed
degree 3 & 4 lattices are gapped forn z 4

1 Proof extends to latlices wilth same local structure
e.q. decorated square lattices gapped «+» decorated
Kagome latlices gapped decorated diamond lattices
gapped

1 Reduce the effective size to obtain € by exact diagonalization

. deg. 3, e, deg. 4, c.g. mixed deg. des. 6
honeyeomb sOpunre J&4
| | 04778328889 | 0.5231369088 | 0.5001917602 | 0.6027622993 gapped
0. TI83378500 | 0. 1218467396 [ 0. 1200794787 [ 0. 1285850428) | .,

0.0384373228 | 0.0380033280 | 00386700077 =
0.0124460198 | 0.0124961718 | 0.0124710706
O (1 0.0041:321990

—_— e o
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[+ 1L > —e(1+ 1) (€ 2 inour case)

- F-'ltucuf[H',r'l]‘.".l'r'i |"|[L'|

Proposition 2.1. L¢!

an (1 - DY

['hen, tor all n =3, the quantity <, de fined in (2.7) satisfies

, 8(1 4 3==<n-1)=
(2.10) . \.-1,(« | ) 3
U an(1— 32
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Hilbert space and two projectors

e - EF + FE > —e(E+ F)
[H~ M FH-
|EF - EAF|

- =l -

ol I'"H a Consider eigenvalue equation a in [-1,1]:
ceVy W pEVp e e ‘

(E+F)T = (1 —-o)T

I & F are projectors; u lfa=-1, Te EHMNFH
Ve= EHN(EHNFH) 5 )
'd;]d similarly V¢ do not alfa=1, Ye EH' N FH

include intersection

u Ifain(-1,1), unique decomposition
T=p+y (peVp&peVy)
and Fy = —ap, I = —ay (can prove this)

hence (L1 + I'E)T = —a(l —a)Y
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Proving

H
EH: 0 FH

A
[

EH el FH
0 cVe & 9 eVp

L & F are projectors,
Ve and V¢ do not
include intersection

-
=
| -

|EF — EAF

u EAF projects onto E'H N F'M
(L + )T = (1 —a)Y

T=p+y¢ Fep-

v

g Then (EF - EAF)YY) = EF¢) = —ag

+

(can show ¢ & y have same norm)
|\EF — ENF| > |

hence - vy ¢ PR

clgen ll‘ |

|EF —~ E A F||

o), Fi — vy

Page 46/63



Pirsa: 19110140

Reduce the effective size to obtain £ by exact diagonalization

deg. 3, e,

Ill'lll‘\l‘(illll'

0.1778328889
0. 1183378500
0.0384373228
0.0124160198
00041321990

deg. 4, c.g.
sapnre
0.5231369088
0, 1218467396
(0.0380033280
00121961718

I|1i,\'vtl tlt';;_
&4
0.5001917602
0. 1200794787
00386700977
00124710706

deg. 6

T 0.6027622903

0, 1285855428
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Proving

H
EH: 0 FH

A
[

EH el FH
0 cVe & 9 eVp

L & F are projectors,
Ve and V¢ do not
include intersection

-
=
| -

|EF — EAF

u EAF projects onto E'H N F'M
(L + )T = (1 —a)Y

T=p+y¢ Fep-

v

g Then (EF - EAF)YY) = EF¢) = —ag

+

(can show ¢ & y have same norm)
|\EF — ENF| > |

hence - vy ¢ PR

clgen ll‘ |

|EF —~ E A F||

o), Fi — vy
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J Reduce the effective size to obtain € by exact diagonalization

deg. 3, l'-.j.',. lit';. I, o.p. lnixl‘tl_tmll':.',. - ,
" honeyeomb spuare 384 deg. 6
| 0. ATTRIZRERY 0.5234369088 0.H001917602 . 0.6027622903
2 | O1I83ITRH00 | 01218467396 | 01200794787 | 0.1285855428
3 0.0384373228 (.03890:3:3280 00386700977
| 0.0124460198 0.0124961718 0.0124710706
D 0.0041321990

Pirsa: 19110140 Page 49/63



Pirsa: 19110140

Reducing Hilbert space size

u Consider a projector A satisfies:

_ _ (1) AL = YA = I (so EH € AH)
ZH™ N R (2) AF F'A (commute)
en (&) 7y o Ifain (1,140}, (E + F)Y = (1 - )Y
w EVE & Y eVp then AY = Y (spectrum preserved)

]
) = (7Y

FE) = —aFy
(v #0) = AY = a CAFEY =

u Tensor-network picture:

physic ITII(II(“E!H

\
virtual “ U H gvimlal

indices indices

A=projector
lo ground slale
on the left
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Reducing Hilbert space size

u Consider a projector A sallsfies:
() AE=FEAm=E (so EH € AH)
(2) AF = FA (commute)
. EH FH a Ifain (=1,1)0), (E+ F)T = (1 - a)T
wEVe UV EVp then AT = T (spectrum preserved)

.—H S—
EHE N FHY

FEY = =alFp = oy
(a#0) = Ay = a=?AFEy = ¢
a Tensor-network picture:

phy.'-lc:\lllndlctﬂ

\
virtual N ” ___virtual
Indices Indices

Az=projeclor
1o ground stale
on tha left
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Eigenvalue max a is preserved

: a Decompose A "'.f-'-l. [-‘,_-r‘___ It
EHS 0 FH 80 Ur:H-H (E =UsEUY)

-t

! u Consider
s Y eVp (EB'+ F)Y' = (1 -a)T’
' = UA(E+ FUNY = (1 - )Y’

o st s
F & I are projaclora; s (£ + F](('{I’ =(1-a)U,T
Ve and V; do not

include intersection < spectrum (1-a) is preserved

e = ||EF ~EAF||=||E'F ~ E'AF|

u Can further reduce dimension If exists projector B
1) pFr=FB=F @ BE=EB
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Numerical procedure

/. a2 Obtain E=I-P, via tensor 'V of Y|,
by SVD w.rt. Hpnys @ Hyirt

| U =WsVt = E=WW!=ULU;
| u Similarly for F=I-P,, A and B

l 4 Define g 1»‘;_".(."‘;,A F' = Ut

7 AL
W where

['}f {'Ilt‘ (; — (’(L

u Calculate smallest eigenvalue 1-g of £t I

a If e <l/z, then the model is gapped
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Numerical procedure

a Obtain E=/I-P, via tensor 'V of Y,
by SVD er IH||||\-| n H\Ill

U WaVl = E= WW! = ULUE
a Simllarly for F=I-P,_, A and B
- ] ' pre ay o 5 ir
u Deflne E'=U Up, FaUpUpg
where o : 9
Up = UgU\ Uk = UrlUy
u Caleulate smallest eigenvalue 1-g of £°+F°

u If ¢ <1/z, then the model is gapped

o Reduction; for a pair of vertices of degrees z & ' e.g. z=z'=3, n=5
E+F acts on space of dimension (2+1)(2'+1)3z:1n, ‘:.:éctduic::l%n "E"t]
' o oy 43610 qubits
- - - (z+2)3N
but E'+F' acts on reduced dimension 2(¢*413" and and frther 10 8

further to 234742
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Improved lower bound on gap

a2 Consider re-arrangement of H:

AT Ej /
III\LHI /"':,I

veA
h’ i \ !)‘I._H] &) b 3 ]]\._Ic I_,l
' et 2 — |
c€Ey \E, nEL, YV
= Ay Hye < HMNSET < [0y | H o £, the sot of adgos incident, on 1

Ay (n): smallest nonzero eigenvalue of A

= gap(HYSIYY = y(n) = Ay (n)(1 = 26,,),

I\IHI
Ay (1) gap lowoer Ay (1) gap lower
I . ;s .
[or deg. 3 bound y(n) for deg. 4 bound ~(n)
1| 0.2834848061 0.170646233

2 | 0.239907874 0.154737328 (.197934811 ().101463966
31 0.207152231 (. 183265099

2 Observation: naive extrapolation of lower bound from n=3 & n=2 linearly
[1] to n=1; y(1)=0.1262096, [2] to n=0: y(0)= 0.097682  cf. iPEPS: A=0.10
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Main results ||

o AKLT models on n=1 (singly) decorated honeycomb and square

lattices are gapped = by choosing bigger regions [Pomata & Wei,
arxXiv:1911.01410)
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AKLT models on trivalent lattices are gapped!

AR AR H AR AR TR [Pomala & Wei,
{ ol ot o vt oA "N arxXiv:1911.01410]
K [ . a " 4%+ L § A | Y » ] {
- . - L N . - Ll ‘. - - -
. T [ AT " » 9 3 A ]
. R N D 7-| ~| n' ny
# & " v # & & ¥ & A
. [} L] L] L] ‘ . . L] L] ] .
. "n - . oa b a" - b8 .
e . & ¥ . R L] (I
- - s = [ e [ ™
. 4 . d Method l l [ A\
. ' Square | 01062 | 2 oI [
OCtngon | 0.1590 | 4 0.05453 | 0.00828]
Star | o111 |4l 2" | '
(roms | 01908 | 4 210 (L,08242 | 0,0:4200
— + +
Honeveomb b 01446 [ 6 27 T0.04107
0.7784 | 0.004250
Hon., n = 1 1a O 0530 [ 1] 273" [ 0.2051 | 002714
1™ ™7 y 1 3
Squnre, i | I a 00,2201 | 2180 1 10,1223 (,071400)
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AKLT models on trivalent lattices are gapped!

A v A r L]
o™ L3 L N "L .8 . Y L R L -
. P 1 F] ’ . ’ A 4 ’ . & A ] ¥ J . [ e | ¥ ] . .
: ' : - . [Pomala & Wei,
[ . l‘ - . ‘. l‘ . Y ‘n I_' . , ] . ’ . . . - w
A U T R T A T ' ' e arXivi1911.01410)
- a4 " . ] ] | . . i | Y L] . # i ¥ pe '
- - - - N . - -y el - - L .
> 4 r 4 » ' 4 » 4 » 4 . , , \ % ] e
. C 3 | | M | A " “ N « T " s
; ' ‘ \ v
> -~ e - - . . = - . [ "
\ \ » - - - L4
. . » N AT " » 9 A ] g ) 5
' . - & . - A Y . - P . "
el . - L N . . - u . . LY ' - | ]
» & ¥ A-J ¥ & (3 o'. U | [ L
"
. " | . " a | . 0 1 ' Lo /L . w1 ' '
- e 0 n W o " \ ’ \
\ \ , L4 L L
i » - 1] L} Y L3 L3 L] » & L] % " 3 5
P PO | 3 . C] . ¥ ‘ i M i
™ ' .8 5 = [ - S - " . ! P "
¥ . 9 ¥ ¥ 3 v
. L] . L] . L] . [ ] ’ ] ’ ] ’
L] i L] L] L]
- - - - ’ . L . , . L
y b v ' Mot hod l l [ \
- : 7T -
. ’ Seunre 0. 1062 ) )l
OCtRgon 01590 | 4 0.05453 | 0008281

01908 | 4 210 (),0082:42 ' (L0:4200
Ih 01446 | 6 nnllnT'

().7784 (.004250
Hou., n = | a 00631 [ 4] 273% 102051 | 0.02713
Square, n= 1 | 1la 02204 |4 ] 237 01223 | 0.01460

( .||I‘<'|

I
|
Slan I 011 |4 2
I
|

Honeyveomb
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Approach in Lemm, Sandvik & Wang

. . ’ £ C
J Reduce gap criterion to the gap of the 36-site [arxlv:1910.11610]

I”“Mf?”l' Needs finite-size gap yp(a 1.4) = 0.138H

2 Use DMRG to numerically verify this;
A(J = 13) = 0.14599
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Discussions

u Decoration of spin-1 sites make the AKLT state more likely to
be universal

» Shorl 1D AKLT wire between neighboring undecoraled siles

u Decoration removes the frustration
feature of measurement: \‘:{
outcome not allpwed outeoma ”‘

/

u Decoration weakens/removes Néel order: e.g. on 3D cubic lattice

[Parameswaran, Sondhi & Arovas '09]: AKLT state on cubic lattice is Neel ordered

A » AKLT model gapless, but

;'_. [ =» adding decoration make the decorated model gapped
11 % (at least for n=2 sites per edqge)

' =2 weakens lendency loward long-range ordel
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Discussions: “deformation”

J Can consider deformed AKLT states and investigate phase diagrams

[NIiggemann, Klimper& Zittartz '9/7,'00, Hielda, Okunishi& Akutsu
‘99, Darmawan, Brennen, Bartlett *12, Huang, Wagner, Wel'16,
Huang,Pomata, Wei "18]

2 Example on square lattice:

[Huang Pomala, Wel '18]

H i) }_:Hniy ‘@), ™ Dy, '@ b !

Dy, 0y) (|8 2(8 2|+ |8 28 21)
v
* deformation: PSS, = (S = 1]+ 18 1)(8 1)
Vi
1S iHis N .
* ground \W(i7 - W) 2V v :
[ Wt Daetormed) X DAa) WAKILT)

state: . , .
“I"\M ) (W (et VG2 ay Vi)
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Summary and open questions

o Discussed AKLT family of states for universal measurement-based
QC

a Discussed how to establish nonzero gap for AKLT models on
decorated lattices & Archimedean trivalent lattices
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Summary and open questions

o Discussed AKLT family of states for universal measurement-based

QC
J Discussed how to establish nonzero gap for AKLT models on
decorated lattices & Archimedean trivalent lattices
)1 Universal MBQC using AKLT states with higher spins S>27
_J o What is essential symmetry that stabilizes the AKLT phase?

Can the entire phase be universal resource?

. |

) Proving nonzero gap for AKLT models on the square lattice”
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