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Abstract: Affleck, Kennedy, Lieb, and Tasaki (AKLT) constructed one-dimensional and two-dimensional spin models invariant under spin rot
These are recognized as paradigmatic examples of symmetry-protected topological phases, including the spin-1 AKLT chain with a pr
nonzero spectral gap that strongly supports Haldanea€™s conjecture on the spectral gap of integer chains. These states were shown t
universal resource for quantum computation, in the framework of the measurement-based approach, including the spin-3/2 AKLT state
honeycomb lattice and the spin-2 one on the square lattice, both of which display exponential decay in the correlation functions. Howev
nonzero spectral in these 2D models had not been proved analytically for over 30 years, until very recently. | will review briefly our underste
of the quantum computational universality in the AKLT family. Then | will focus on demonstrating the nonzero spectral gap for several 2D A
models, including decorated honeycomb and decorated square lattices, and the undecorated degree-3 Archimedean lattices. In brief, we r
universal resource states that are ground states of provable gapped local Hamiltonians. Such a feature may be useful in creating the resou
by cooling the system and might further help the exploration into the quantum computational phases in generalized AKLT-Haldane phases.
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Outline

|. Introduction

[I. AKLT models and states for universal
gquantum computation (in MBQC framework)

Review: e.g. Adv. Phys. X 3, 1 (2018)

[Il. Nonzero gap for some 2D AKLT models

Ref: Phys. Rev. B 100, 094429 (2019)
& arXiv:1911.01410
V. Summary
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(Frameworks of) Quantum Computation
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(Frameworks of) Quantum Computation

o T — ¢+ Major scheme by most
|. Circuit: 0 [:I : [m labs: IBM, Intel, Rigetti,

0 [ l H ! lonQ, Alibaba, Google
o —Hill =~ o

{ (
11{,} - (] ,I)liunllul ' ;I.II!iII;I‘

. Adiabatic: i i)

st ~~ v Approach by D-Wave

. \\/ quantum gates = braiding anyons
lll. Topological: / | . Approach by Microsoft,

Google plans to use a hybrid of

I and |
IV Measurement e local measurement is the
' =t NIRRT IRRE only operation needed
-based: el R e
NERRRNL U + Used in photonic systems,

such as PsiQuantum
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QC by Local Measurement

[Raussendorf & Brigel '01)]

u First: carve out entanglement structure on p— -
cluster state by local Pauli Z measurement

R N R I I || I
- OO OO QI) ) (.'I) G
—(])()<)()—()()()(I}—()()()(])—
)Q()()—()(r)a l)—({)(rx)ag—
- )( )< H)(I)ﬁ)(IH[HI)()(I}-
o )(; )(I)—(l%(l}(lHl)—(]) (I){l%{l)—
—<)—{H)—<)—()—<)—(>—{_)—<>—(>—()—{)—
T T T 1 | N

2
I
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QC by Local Measurement

[Raussendorf & Brigel ‘01]

u First; carve out entanglement structure on i —
—‘ J

cluster state by local Pauli Z measurement __D__

il _ |
—(l)—glx—(la-({ )—&H_’Ly(l}(_l}—{ l)—(") Cl) ()=

)

D0 : D : FOOOSSGS
E=C-C-CO il_'.)

. ’ L
OO~ OO -O-O-O-C-
TR Fa R R T T A

0 Then
(1) Measurement along each wire simulates 1-qubit evolution (gates by talaportation)

(2) Measurement near & on each bridge simulates 2-qubit gate (CNOT via “scattering”)

‘ 2D or higher dimensions are needad for univerasal QC
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How much entanglement is needed?

Q States (n-qubit) with too much entanglement

I£, > n — ¢ are not universal for QC

E, (10)) = — log max |(6w)[? P = set of product states
' PEP {r‘;) =01 ® Oy &0, }

Q Intuition: for state with high entanglement, every local
measurement outcome has low probability

= whatever local measurement strategy, the distribution of outcomes is
s0 random that one can simulate it with a random coin (lhllH not more

powerful than classical random guessing)

QO Moreover, states with high entanglement are typical:

[ &)

-7

those with £, < n — 2log,(n) — 3 is rare, i.e. with fraction < ¢

: ] S' 2 > QTE = ) = L » L ] ;."-} — — — —
<» Universal resource slates are rare - Veary g~
R e E,: not
Search in moderate » v
— accessible
entanglement (accessible i anvwa i
polynomial &ize circuits) IS Y _'v..—“'J
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Some questions for MBQC

u Characterizing all resource states? Still open

u Can they be unique ground state with 2-body Hamiltonians |._
with a finite gap? = If so, create resources by cooling! .

+ Affleck-Kennedy-Lieb-Tasaki (AKLT) family of states [AKLT '87,°88]
1D (not universal). [Gross & Eisert et al. ‘07, '10] [Brennen & Miyake '08]

2D (universal): [Miyake'11] [Wel, Affleck & Raussendor? *11] [Wel et al. '13-'15)
» Nonzero 2D gap ![xu, ¢ Gap established!: Lemm, Sandvik &Wang,
1901.09297; Pomata & Wei PRB 19] 1910.11810 and Pomata & Wel, 1911.01410

» Symmetry-protected topological states
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Some questions for MBQC

u Characterizing all resource states? Still open

o Can they be unique ground state with 2-body Hamiltonians
with a finite gap? = If s0, create resources by cooling!

o Afflock-Kennedy-Lieb-Tasaki (AKLT) family of states [AKLT 8% 88)
1D (not universal): [Gross & Eisert et al "07,°10] [Brennen & Miyake ‘08)

2D (universal): [Miyake' 11] [Wei, Afleck & Raussendor *11] [Wel af al. 13-'15]
» Nonzero 2D gap H.M"m Gap established!: Lemm, Sandvik &Wang,
1001.00207: Pamata & Wel PRB 10] 1910.11810 and Pomata & Wal, 1011.01410

« Symmetry-protected lopological states
[Miyake 10, Miller&Miyake “15) |Else. Doherty & Barthelt 2]
[Prakash & Wei 18] [Stephen of al "17, Raussendor! el al. 17]

20 (universal, but not much explored). (Miller & Miyake ‘18] [Poulsen Nautrup & Wei 13,
Chen, Prakash & Wel '10)

1D (nol universal)

» |mportant progresa for QC in antira symmetry-prolecied phases. [Raussendorf el
al PRL' 10, and Devakul & Williamson, PRA'10, Danlel, AlexanderS Miyake “19)
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Affleck-Kennedy-Lieb-Tasaki
states/models

o Valence-bond ground states of isotropic antiferromagnet

Importance: provide strong support for Haldane's [AKLT '87,88]
conjecture on spectral properties of spin chains

Provide concrete examples for symmetry-protected
topological order  [Gu & Wen 09, 11, Polimann et al. ‘12 .. ]

o States of local spin S=1,3/2, 2,.. (defined on any lattice/graph)

=» Unique* ground states of gapped” two-body isotropic Hamiltonians
H =Y f(S;-S;) f(x)isa polynomial
{1

o s ) -) ¥ i V 1 2
eg 1D:S=1 Hp=) P = - Y (S-S A 2 (5 8))" 4
i odge (i,

3

*w/ appropriale boundary conditions [Kennedy, Lieb & Tasaki '88)
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(hybrid) AKLT state defined on any graph

singlet

P, = projection to symmetric subspace of n qubit = spin n/2

irsa: 19110140 Page 15/63



(hybrid) AKLT state defined on any graph

4 # virtual qubits /site
= # neighbors

singlet

2 Physical spin Hilbert
space = symmetric
subspace of qubits

J Local S = # neighbors/2

a Hamiltonian = sum of
projectors

- o v R
(S=5,+5,)
H= ) I

(v,w)

P, = projection to symmetric subspace of n qubit = spin n/2
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AKLT has tensor-network representation

» virtual bond
dimension = 2

irsa: 19110140 Page 17/63
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2D AKLT states for guantum computation?

o On various lattices

spin-3/2:

«. honeycomb

D—GHD

r X
:"‘r"
x*‘:
jL

=i

Mivaki

ws Square-octagon

_b—

ws square-hexagon «. decorated-square

(spin-2 spin-3/2 mixture)

(spin-2 spin-1 mixture)

11. Wel Affleck & Haussen
Wel PIRA
Wel & Rau

13, Wel Haghneg
endort. PRA ‘15

.y 'Cross’

L 4

?Eﬁ ?Bﬁ?i At X

wes Square

(spin-2)
¢ ¢ o o
* & o o
® & o o
* & o o

3017

ahdar& Raussen

11
forf, PIRA '14

& star

X

*) Kagome
(spin-2)
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AKLT states on trivalent lattices

a Each site: three virtual qubits e = spin 3/2 (in general: S= #nbr /2)

<> physical spin = symmetric subspace of qubits

o Two virtual qubits on an edge form a singlet H

01) — |10
P=13/2)000] + | — 3/2){(111| + |1/2)(W|+ | — 1/2)(W|
. . 3\
1000) ¢ ‘,s 2,,& a7
spin
singlet | 3 3
I rojector ||||> — .)‘ _;.)>
i « <
K 31
e ® W) \_l,:i(]uulj; F010) + [100)) « i i)
é . I ; : . , 3 B
W) = — (|10} + [101) 4 n||:.;--’.. ,\
V3 2 2/
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Reduction to 2D graph states

» A specific generalized measurement (POVM) on all sites
converts AKLT to a graph state
(graph depends on random x, y and z outcomes)

*

/ ) — Fazz,y,or :|®)

: -’30- ey lf,' I, + I-}l I, + NG | (Compleleness)
S0, pOVM /)
@) h

)-~ ‘()(N)><ll|lll| | ll]><|l]’

/‘ , ' y : (effective 2 levels)

S
v
/\
S}
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Recipe: construct graph for ‘the graph state’

» Examples: random POVM outcomes x, vy, z

o0 00 00 0090
t:’ ‘:"u Y& /] 'iz?a Q:,»:r -;l;.i(!l.“'_ _’h.;l o o o o o
OO OO ve 0O Pa oa (7] ) O 0 0
O DO 0O De e Vo VO O 0 006 00 0o 0O
od DO 0 OO OO VO ‘ I o )
b4 be bd bd pd | Fen
Q 0e Z Y )€ €
0O bO 0O 0O DO VO O @ ° 0 - o
60 DO 00 06 00 DO 0 o0 OO0 00
Q E;JGQQGQ 0006;“& UCL 2 0 0 0 0 0
# ¢ Yax L’ 4 e
O 00 B0 0O 06 OO D o o L o 0
06 06 00 68 Ve 00 o 0 o0 o0 00
Q@ DO O« 00 OQ Q 0o o Ly |
O VO 66 DO OO VO ¢ ¢ ¢
(7] YX! YR X 00 00 00 LX) o Q ° ﬂ 0
® 6 06 o6 o000
honeycomb square octagon
[’({(1'((-‘}) ~ 2" |~ 1€] V: domains, £: inter-domain edges
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Step 1: Merge sites to "domains™=» vertices
» 1 domain = 1 logical qubit

OP F"?
30’335‘ ;
\CRRE

honeycomb square oct'igon

—

LLTLTL)  encoding of a logical qubit

P({a(v}) ~ olV[-|€] [ titi)

V: domains, £: inter-domain edges
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Step 2: edge correction between domains

» Even# edges = 0 edge, Odd # edges = 1 edge
(dueto o = [ inthe C-Z gate )

honeycomb square octagon
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Step 1: Merge sites to “domains”=> vertices
» 1 domain = 1 logical qubit

,, —o
D u

%:: ){,
A

honeycomb

tﬂo.
Rk

Al
o
Y

]"’({n(p}) ~ 2|“f‘f5| titit) |4141h) :encoding of a logical qubit

\V: domains, £ intar-domaln edges
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Step 2: edge correction between domains

» Even# edges = 0 edge, Odd # edges = 1 edge
(dueto o = [ inthe C-Z gate )

honeycomb square octagon
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Step 3: Check connections (percolation)

» Sufficient number of wires If graph is in supercritical phase (percolation)

v Verified this for honeycomb, square octagon and cross lattices
< AKLT states on these are universal resources
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Robust connectivity?

» Characterized by artificially removing domains to see
when connectivity collapses (phase transition)

[Wei '13]
V ) 1 l " ! ’rn ' , 1 ] . |
y | : Ls 20
1 N L= 40 1 N L= 40
" \ O L= 60 ' N &3 L= 80
% L= 80 ) h, WY = 80
. ‘ 0 08 | L= 80
08 v\ L=100 ; L =100
' v L ".’U
w 0. : i Uf |.
/] * s - .
o supercritical +* subcriical - b
04 V4T supercritical - subcritical
"
0.2 1 0.2
0 N 0 b i
0 01 02 03 04 085 06 07 08 0 0.1 ¢ : 04 08 U
Pdelet -
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Difficulty for spin-2

a Technical problem: trivial extension of POVM
does NOT work!

- - ) \ /-, ] / ) y 1 ¥ 1 } 1
/ LN, FIF, v FJFy 4 FIF, #¢-1
F, 2)(2| #|-2)(-2
/ r / _ “ = Possible IL,'(H‘.(H]'J out of |<\)u_,'[\|,<u| L,-LHJZ,‘F,J(lU,.'1
b= )2 |- 2)( -]

o How to calculate probability distribution?

p({F,K}) = (AKLT| Q) F! oy Facy Q) K Ky |AKLT) =

L We first solved the hybrid AKLT %:;j”»}- o
states (on mixed & decorated q} + + |
KRN +

lattices) then the square lattice

(Wel, Haghnegahdar & Raussendorfl, PRA 14
Wel & Kaussendorf, I’'RA 15]
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Universality for QC in AKLT family

g p : i " L=120
o Spin-2 AKLT state on square lattice g: i _ La140
is universal 07 L=180
g =5 subcritical
M g: | supercritical « phase ‘
o4 | Phase " (graph state |
0.2 | (graph state «» hot universal)|
" . i 0.1 + universal)
4 Emerging (partial) picture 0 . r
for AKLT family: C e ame T
el delote

AKLT states involving spin-2 and

other lower spin entities are

universal if they reside on a 2D

frustration-free lattice (e.g. w/o triangles) with any combination
of spin-2, spin-3/2, spin-1 and spin-1/2
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2D AKLT states for quantum computation

Mivake '11. Wel A

o On various lattices

«. honeycomb s Square-octagon

== W = 9 = 9 = |

4 LEITX
- 15 S
LALLE

wr square-hexagon w«. decorated-square
(spin-2 spin-3/2 mixture)

{

i%i%i. (spin-2 spin-1 mixture) :(LWE 2)
5 + + y * o
RENERS 4

fflech

. 'Cross’

>
7

» 4

{

3 ?8

W SQuare

* & o o

& IKaussen
Wel PRA 13, Wel Haghne
Wel & Raussendorf PR

D
Qﬁ L.

* o o

J017T

dill
jahdar& Kaussen
PRA '158

11
lorf, FIXA '14

o star
1. X
b

*) Kagome
(spin-2)

X
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Outline

IIl. Nonzero gap for some 2D AKLT models

V. Summary
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AKLT Hamiltonians and gap(?)

g On honeycomb lattice

. : « s a  118.% m«a. 16, m =
H = \ ’,‘l- V) = \, .H'; ; -H'j * )(.H‘; " .H',] { : (."‘F, . ."\‘;1\-‘ P }J
I/ i I‘—"" 243 243 108

vdye (6,7) edye (t,7)
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AKLT Hamiltonians and gap(?)

g On honeycomb lattice

i : = = =t 116 , » = . 16 = — oH
H = P77 = ) Si- 84 (Si-8;)? 4 CRENAE
|>_" " f—"/ 243 /) 243 4 108
edpe (1,7) vdge (1,7)

» Exponential decay of correlation functions (on
hexagonal and square lattices):

0= (=" (8,8, = Cexp(—1i—jl/¢) C, § const. >0
» strongly suggests nonzero gap

‘Gap established’!: Lemm, Sandvik &Wang, 1910.11810
and Pomata & Wel, 1911.01410
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Progress In proving nonzero gap

o Decorating lattice A into A"™ by adding n spin-1 sites to each edge

AKLT 2" (z(e)/2)
fl\lru I),

eef
AlLn)

n=2

n=1

g Abdul-Rahman, Lemm, Luica, *}
Nachtegaele & Young (ALLNY), arXiv:1901.09297
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Progress In proving nonzero gap

o Decorating lattice A into A"™ by adding n spin-1 sites to each edge

AKLT 2" (z(e)/2)
fl\lua I),

3
[

n=2

n=1

\:rar

2 Abdul-Rahman, Lemm, Luica, *}
Nachtegaele & Young (ALLNY), arXiv:1901.09297

JI.IH'H]‘('IH 22 Lhi U trul yap above th -/i-u,‘r.wlr sfalte of thi \AK LT model on the arf./n -
i(nnurn’-frif’ }FIH'I {f{r'riffl /f.#'.'frl ] "”‘ 8 J !'i!" o sl f‘rff /JH""'M: ftrrili l’ﬂr-rHHf f,'r,ufu;u;/u [er1 ﬂH’r{

finite volumes with periodi boundary conditions

v First analytic proof of nonzero gap for some 2D AKLT models ©
(but still not the undecorated honeycomb model)

thing alcd about n=1 & cases reqgardina spectral gai

- [ ater
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ldeas by ALLNY ‘19

u Decorating lattice A into A by adding n spin-1 sites (o each edge

n=1
’ r, s(a)/

OEE  (n

+ Also consider two modified H:

[Abdul-Rahman ot al. 1001 09287]
0 My mShe=S S PCEOA 5 NI < Hy < 2HNST
veA VEA e€Ly, (le.)  Hy/2< HYS" S Hy
(2) Hy & NP, P,: projection to range of A,

v@A
vy I8 the smallest

T 7 « st AKUT o
sy Hy < H\t:- < (||l H g nonzero eigenvalue of &,

+ They proved gap of (2) for n 2 3 (hence lower bound on gap of AKLT models)
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How to prove nonzero gap?

o Squaring H:

- f ~ l - Bt ¥ )
(Hym)? Haoo + 5 Y (Pl + Pul) [Note P = P,
Throwing out “ v#tw
non-overlapping " 3 ~ ¢ 5 i
F)_I‘-_-_.::U - II{\\H\ i L (I,.I”. ! I”,!',)
(v,w)e€ L“\

Overlapping P, P,, can be non-positive.
But if we have: P,P, + P,P, > —¢(P,+ P,)

then we have

(Hpm)? Hyw —€ Y (P,+Py)

(v,0)EE

(l .'_”),I.\Illl — }Il.\lnr fil'lifsllf.ltl-!“f«’]:
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How to prove nonzero gap?

o Squaring H:

- f ~ l - Bt ¥ )
(Hym)? Haoo + 5 Y (Pl + Pul) [Note P = P,
Throwing out “ v#tw
non-overlapping " 3 ~ ¢ 5 i
F)_I‘-_-_.::U - II{\\H\ i L (I,.I”. ! I”,!',)
(v,w)e€ L“\

Overlapping P, P,, can be non-positive.

But if we have: P,P,+ P,P, > —¢(P,+ P,) ‘I [I]J.‘-‘l'!:l‘f small
then we have
(Hpom)? Hyw —€ Y (P,+Py)
(v,0)EE
(l .-_“),_I.\IHI —_ , I_ll\ln} ””"f!”r"“'m’ﬁﬁl

If y = (1-2¢) > O, then there is a nonzero gap
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A useful lemma

| | -
For two projectors E & F (also works for 1-E & 1-F with same ¢):
LE+FL > —e(l+ F)
£ = I“',‘I B A IH E~F proje« tion onto rnn(r)r E¥/
& ran(F)=F#
” Proof discussed later
(1-z&) > 0 implies there is a nonzero gap

Want e<1/z (z=3 for honeycomb)

Proposition 2.1. Lt

3 (_l T )

Lhen, for all n =3, the quantity ¢, defined in (2,7) satisfies

< i R(] 4 3—=" =)
(2.10) o l..~\,(|» — ) | /3
3°( ] y —=h)
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Key point in upper bounding ¢

u Use E=I-P, (projection to local
ground space supported on Y,),
I"—IJ’“_ ([nn|m_[|¢)[l to local ground
space supported on Y )

u E A F: projection to Ran(E) N
Ran(F). I.e. local ground space
supportedon Y, UY,,
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Key point in upper bounding ¢

u Use ]‘,‘_LI"‘ ([}IH'G—‘(,TIHII to local
ground space F.Il[][)(]lft)[f on Y‘)‘
F=I-P, (projection to local ground
space supported on Y,,)

u EAF: projection to Ran(E) N
Ran(F)_ I.e. local ground space
supportedon Y, UY,,

v W .‘I'_‘I" - ,'r' A I'IH hlll)tliilij,v 1}777]'7,1\7‘
EARIEA]
) ALLNY used tensor-network approaches (e.g. MPS) to
give an upper bound on € [No time for details here| < 1/3 forn2 3
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Key point in upper bounding ¢

o Use E=I-P, (projection to local
ground space supported on Y,),
F=I-P, (projection to local ground
space supported on Y,,)

u EAF: projection to Ran(E) N
Ran(F)_ I.e. local ground space
supportedon Y, UY,

Tl A8 A nl . |i.r.'i|!'f."“ "”ﬁ’ ll-':i‘i
||FF - FE A F|| = sup AT

) ALLNY used tensor-network approaches (e.g. MPS) to
give an upper bound on € [No time for details here| < 1/3 forn2 3

2 n=1case: EF - E A F is operator roughly on size of 12 qubits,
unfortunately €=0.4778 > 1/3 (gap inconclusive);
n=2 operator on ~ 20 qubits (not shown in ALLNY); n=5 =» ~43.6 qubits
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Our main results |

u Analytically prove AKLT models on decorated square lattice
(spin-2 + spin-1 decoration) are gapped forn 2 4

g Prove AKLT models on decorated mixe
degree 3 & 4 lattices are gapped forn 2 4

1 Proof extends to lattices with same local structur
e.q. decorated square lattices gapped «» decorated
Kagome lalltices gapped decorated diamond lattice:
gapped YV

1 Reduce the effective size to obtain € by exact diagonalization

deg. 3, c.g. deg. 4, c.g. mixed deg. \
" honeycomb SQuUATe 3&4 deg: ©
| | 04778328889 | 0.52343G9088 | 0.5001917602 | 0.6027622993
0. 1183378500 [ 0. 1218467396 | 0.1200794787 | 01285855428
0.0384373228 | 0.0389033280 | 0.0386700077 o
0.0124460198 | 0.0124961718 | 0.0124710706
5 11 0.0041321990

gapped

__ get®

—_— e o
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L+ 'l > —e(ls 4+ 1) (€ 21 inour casc)
e = ||EF - EAF|

” Proof ('!\",t'll'."l't'i later

Proposition 2.1. Lt

[hen, for all n > 3, the quantity ©,, defined in (2.7) satisfies

: B(1 4+ 3—4n—1)d
(2.10) < A, 4 11,(| ~ ' ) 3
3n(1 — 3-)
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