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Abstract: | will review the stabiliser rank and associated pure state magic monotone, the extent, [Bravyi et. al 2019]. Then | will discuss several new
magic monotones that can be regarded as a generalisation of the extent monotone to mixed states [Campbell et. a., in preparation]. My talk will
outline several nice theorems we can prove about these monotones relate to each other and how they are related to the runtime of new classical
simulation algorithms.
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/h

“We must find one magic monotone to rule
them all” - Not Spekkens
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The stabiliser model of computation allows for
Preparation of stabiliser states.

Clfford unitaries;

Measurement of Pauli operators; +)—o{E}e \TIWIJ '
p— . - . . Y ) o 7 \
Classical feedforward and adaptivity. +) 0)

The Gottesman-Knill theorem
A stabiliser computation with n-qubit and t operations can be
classically simulated using O(nz) bits* and O(nt) + O(n‘g) time.

*slight improvements possible using graph state representation of states.
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The stabiliser model of computation allows for
Preparation of stabiliser states.
Chfford unitaries;
Measurement of Pauli operators;
Classical feedforward and adaptivity. +) A 10)

The Gottesman-Knill theorem
A stabiliser computation with n-qubit and t operations can be

classically simulated using O(n?) bits*and O(nt) + O(n?) time

Extended Gottesman-Knill a0 o T —
Aaronson-Gottesman Phys. Rev. A 70, 052328 (2004) A= — — —_— —

Runtime O(4"™) for n single-qubit nonCliffords e

ql3] o)

Clifford gates = easy to simulate
NonClifford = difficult to simulate a4 I —JEE—G——— R —

*slight improvements possible using graph state representation of states.
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What & can we classically efficiently simulate?

[SC] Seddon, Campbell
Proc. R. Soc. A 475 20190251 (2019)

Stabiliser operations
SO, 1= n-qubit Cliffords, Pauli measurements, etc..
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What & can we classically efficiently simulate?

[SC] Seddon, Campbell
Proc. R. Soc. A 475 20190251 (2019)

Stabiliser operations
SO, = n-qubit Cliffords, Pauli measurements, etc..

Stabiliser preserving operations

SPO, = {£: E(STAB,) C STAB, }

e.g. Brandao, Gour, Phys. Rev. Lett. 115, 070503 (2015)

at least can’t simulate

ERI

Completely stabiliser preserving operations

CSPO, :={£:ER®RL, € SPOs,}

Also easy to characterise using Choi-isomorphism compare to SO,,
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Further extensions

Quasiprobability methods

[PWB] Pashayan-Wallman-Bartlett, )
Phys. Rev. Lett. 115, 070501 (2015). Discrete Wigner function

_ Elegant for qudits (d>2),
[RBDOB] Raussendorf-Browne-Delfosse _ weird for qubits (d=2)
Okay-BermejoVega
Phys. Rev. A @5, 052334

[RBTOZ] Raussendorf-BermejoVega-
Tyhurst-Okay-Zurel
arXiv:1905.05374

[HW] Howard-Campbell
Phys. Rev. Lett. 18 090501 (2017)

Pirsa: 19110122 Page 9/47



Further extensions

Quasiprobability methods

[PWB] Pashayan-Wallman-Bartlett,
Phys. Rev. Lett. 115, 070501 (2015). Discrete Wigner function
_ Elegant for qudits (d>2),
[RBDOB] Raussendorf-Browne-Delfosse _ weird for qubits (d=2)
Okay-BermejoVega
Phys. Rev. A @5, 052334

[RBTOZ] Raussendorf-BermejoVega-
Tyhurst-Okay-Zurel
arXiv:1905.05374

[HW] Howard-Campbell - TR
Phys. Rev. Lett. 118 090501 (2017) P Z aildid v

R(p) = Z |¢i| Robustness of magic

i
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Further extensions

Quasiprobability methods

[HW] Howard-Campbell
Phys. Rev. Lett. 118 090501 (2017)

p=3 ailvi) (Vi

3

Robustness of magic
R(p) = lail

Pros:

Cons:
(comparatively) slow runtime,
not multiplicative for qubits

R(p1 @ p2) # R(p1)R(p2)
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Further extensions

Quasiprobability methods Stabiliser Rank methods

[BSS] Bravyi, Smith and Smolin
[HW] Howard-Campbell Phys. Rev. X 6,021043 (2016)
Phys. Rev. Lett. 118 090501 (2017)

[BG] Bravyi, Gosset

p= 2 ailti vl Phys. Rev. Lett. 116, 250501 (2016)
Robustness of magic [BBCCHG] Bravyi, Browne, Calpin,
R(p) = Z \q,,;\ Campbell, Gosset, Howard
i Quantum 3131 (2019)
Pros:
Pros:
Cons:
(comparatively) slow runtime,
Cons:

not multiplicative for qubits

R(pr @ p2) # R(p1)R(p2)

Only for pure states/circuits!

Pirsa: 19110122 Page 12/47



Further extensions

Quasiprobability methods Stabiliser Rank methods
Pros: Pros:
Cons:
(comparatively) slow runtime, Cons:
not multiplicative for qubits Only for pure states/circuits!
R X 5

New monotones / classical simulators
[COPRS] Campbell, Ouyang, Pashayan, Regula, Seddon - in preparation
All the pros, none of the cons.

AT A =
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Stabiliser rank [BBS] ,
x (W)

minimum X such that |[¥) = Z ci|W;)
=1

where M@;) are stabiliser states

Good magic monotone
Monotonicity: Nonincreasing under Chfford operations
Faithful x () =1 ifandonlyif ¥ isa stabiliser state.
Submultiplicativity

XY ® @) < x(¥)x(o)

*Bravyi, Smith and Smolin Phys. Rev. X 6, 021043 (2016)
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Overview simulation method

STEP 1. replace all nonClifford gates with state injection gadgets

. |
(*(*zp[ I IH(Y’ZP)
T) —e—5}— Th) : ! %

Let us use ‘(/!) as the collection of magic states needed.
and K for the whole Clifford circuit (including postselections)
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Overview simulation method

STEP 2: find low rank decomposition
L

¥y =D eiliy)

j=1

STEP 3: evolve decomposition

|g/’> — IX"(/’> via [, Gottesman-Knill like updates
[45) — Kl4y)
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Overview simulation method

STEP 2: find low rank decomposition
L

) = ;) x(¢) <L

j=1

STEP 3: evolve decomposition

|g/’> — IXP‘(/’> via [, Gottesman-Knill like updates
95) — Kluy)

STEP 4: measure

K

d:) another [, Gottesman-Knill like updates
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Overview simulation method
STEP 5: calculate probabilities

P(x) = [($*[y*)]?

where
[+ Z; i
i) = (F52) K1)

Two methods e .
1. direct calculation E cic;(Wi|W)) runtime = x(V¥)° [BBS]
0]
2. Fast norm est. (with multiplicative error) Tuntime = y(¥) [BG]
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Best known lower bound X (|7)“") = Q(/n) [BBS]
But unless P=NP, then X(lT>®n) _ 5'2(29013’("«))

A

T states [BBS]

N

1 Z 3 4 S 6 7

number of copies of state

Pirsa: 19110122 Page 19/47



Pirsa: 19110122

All single-qubit states behave same way,
related to stabiliser states forming a 3-design [BBCCHG]

A

T states [BBS]
generic states [BBCCHG]

N

N

number of copies of state
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Approx stabiliser rank
Xs (W) := min{x (Vproxy); ||V — Yproxy|| < 6}

enables simulation with d error
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Approx stabiliser rank

V‘_)_((g(\If) = mm{\ prOX\) H\I] — \I}proxyH < (S}H

enables simulation with & error

Sparsification lemma [BBCCHG]

if |y = ZC.' ¢

} [lel]

then xs(¥) <1+

> __— stabiliser states

52
Proof. by random construction,
|7 j
sample k = 1 + terms, with prob p; = . and compose.
0% ZJ |Cj|

Page 22/47
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2
1

Simulation overhead captured by ||C

Motivates

f Stabiliser extent

() = 111111{||(:Hf ) = Z(:j\fz/Jj>;fd)J- € STAB,, }

J

A convex optimisation problem (solve in CVX)

Prop 1. of [BBCCHG]

Let {¢1,%2,...91} beany set of states such that each state 1,
describes a system of at most three qubits. Then

@ ... @) =[] £@W))

Open problem: i1s the above true in general?
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Simulation overhead captured by HC‘ |‘E

Motivates

f Stabiliser extent

E(v) = min{[[el|1 : [¢) =D e;ley); ¢y € STAB,}

J

A convex optimisation problem (solve in CVX)

Prop 1. of [BBCCHG]

Let {¢1,%2,...91} beany set of states such that each state 1;
describes a system of at most three qubits. Then

EP1 ®...QY;) = H £(15)

Open problem: is the above true in general?
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Mixed state
extent

monotones
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Mixed state
extent

monotones
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= Convex-roof extension

Z(p) := min Z]}_,E(\PJ) L p = ij|lllj><\l{,-|
J J

A Dyadic negativity

Primal ~ A(p) :=min < |Ip|l1 : p = Zp‘.j|f</);‘>(1/)f']; ’lf)l,jlf,’l/).;ﬁ € STAB,,
J

Dual A(p) = max{Tr[Wp] : W € W}
where W = {W : (X |W || < 1; Vol 4 € STAB,,}
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= Convex-roof extension

Z(p) := min Z]}_,E(\PJ) L p = ij|lllj><\l{,-|
J J

A Dyadic negativity

Primal ~ A(p) :=min < |Ip|l1 : p = Zp‘.j|f</);‘>(1/)f']; ’lf)l,jlf,’l/).;ﬁ € STAB,,
J

Dual A(p) = max{Tr[Wp] : W € W}
where W= {W : [(5|W]wR)| < 1, ¥k, € STAB, )
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= Convex-roof extension

Z(p) := min ijf(\llj) L p = Z})J|\I{j>(\[{j|
J J

A Dyadic negativity

Primal ~ A(p) :=min < |Ip|l1 : p = ij|f(/)_;‘)('z/)j"'; fc/;l,j’-‘,‘e/{;-ﬁ e STAB,,
J

Dual A(p) = max{Tr[Wp] : W € W}
where W = {W : (LW |T)| < 1; V¥, 9® € STAB,}

At Generalised robustness

pual  AT(p) := max{Tr[Wp] : W € W, W > 0}
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Extent: for pure states only

E(p) = min{||e||T : |¢) = Zr'j\(/)ﬂ}

The three sisters [COPRS - in prepl]

-~ — —
At Generalised A Dyadic = Roof
robustness negativity extension
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Extent: for pure states only

() == min{||c||5 : [¢) = Zf'.f\f/%ﬁ}
The three sisters [COPRS -

—,
- -

A Dyadic = Roof
negativity extension

in prepl

+ Generalised
robustness

The odd one out!

R Robustness
of Magic [HC]

Trivial to show AT [p] < Alp] < E[p]

Lem 1[COPRS], see also Regula 17
For any pure state

ATy (l] = Allv) (] = E[l9) (v]] = €[]

typically [HC]
Rlp1 @ p2] # R[p1]R|p2]

Thm. 5. [COPRS]
For any product of 1-qubit states p = ® p;
we have J=1

Atlp] = Alp] = E[p HA[,)
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Extent useful for bounding conversion rates
of pure states. See e.g. many computed values

%)

VT)
IT)
|CS) = |Wa)
|CCS)

038)
ccz)
c37)
Ci7Z)
|CCZ123,145)
[W3)
|[Wy)
|[W5)

Best algo. (lower bound) [Ref.]
ra|T) = nly)
2.5 (1) [Fig. 7]

1(1)

3 (2.96818*) [Fig. 2]
7 (4.53328%) [32]
11 (4) [32)

4 (3.63356%) [32]
6 (5.12122%) [32]
12 (5) [32]

8 (5) [Tab. 2]

4 (3.63356%) [Tab. 2]
5 (4.99907*) [Fig. 4]
6 (5.93637*) [Fig. 4]

Best algo. (upper bound) [Ref.]
n|y) = r'n|T)
0.25 (0.754933%)
1 (1)
1 (2) [Fig. 2]

0.5 (3) [Prop. A.3]
0.25 (3.82743*) [Prop. A.3]
2 (3) [23]

1 (4) [Tab. 2|
0.5 (3.8233%) [Tab. 2]

2 (4.37739*) [Tab. 2]

2 (3) [Tab. 2]

3 (4) [Fig. 4]

4 (5) [Fig. 4]

The number (7*) are bounds from the extent
Beverland, Campbell, Howard, Kliuchnikov,
arXiv:1904.01124

Other interesting work
on state conversation:

inc. this meeting:

Fang, Liu

arXiv:1909.02540

(doesn’'t work for pure states)
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Equality Lemma [COPRS]

Let |w) be a witness so that H(/)’w)‘z < 1,V¢p € STAB
Then define the set S, := ConvexHull[{W¥ : [(¥|w)|? = £(V)}]

Forany p € Sw we have:

AT [p] = Alp] = E[p] = Tr[Jw)(wlp]
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= Convex-roof extension

=Z(p) := min {Zpyf(\l{,) L p = Z])j\D,)(lD”}
J J

if p= Zp_,j|\11j><\llj| where ¥, € S,
J

then directly

Zlp] <) pigl;]
j
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Lemma 4 of [COPRS]

Paraphrased: every 1-qubit mixed states belongs to a suitable
convex set such that we can use the previous Lemma.

Class F: uses the “face-Witness".
Convex hull includes yellow states
and 3 stabiliser states

Class H: more complex....,

Convex hull includes whole XZ plane.
Off XZ plane witness continuously
changes from Hadamard to face.

mixed
stabilizer states

On XZ plane uses "Hadamard-witness”
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5 VR

PR

Upper bounds using decompositions (primal convex problem)
§(@,;9;) < J[ewy)
J

Lower bounds using witnesses (dual convex problem)

Any vector w with [{¢p|lw)| < 1,V¢ € STAB,, entails thats [(¥|w)[? < &(P)
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Upper bounds using decompositions (primal convex problem)

E(®@,;¥,) < H §(V;)

Lower bounds using witnesses (dual convex problem)
Any vector w with [{¢|lw)| < 1,V¢ € STAB,, entails thats [(¥|w)|? < &(P)

Strong duality: For every |W,) there exists a witness |w3) such that
[(Wlwi)]? = &(;)

Witness Lemma [BBCCHG]

Let {w],w3,...,w } beany setof vectors each in a Hilbert space of
at most three qubits. Then

[(¢|w))| < 1,Vp € STAB = [{p|2)| < 1,Vep € STAB
where [Q) 1= ®;|w})
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Simulation

algorithms
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Three simulators:

1) Convex roof simulator: sample and run stabiliser rank simulator
(with fast norm), expected runtime O(Z[p])
many interesting cases this is possible with zero variance.

2) Dyadic quasiprobability, expectation estimator, runtime O(A[[)]2)

3) Generalised robustness: fast but noisy simulator, error O(AJr p])
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The expectation estimation problem

Want to estimate: Tr[PE(p)]
where pP 1s a Pauli
and £ 1s a channel composed of stabiliser operations.

Recall: The robustness of magic simulator

Given a quasiprobability distribution over stabiliser states

P = ZP.;"(/’.-;'><‘/)J| where R(p) < Z p; ]
J j

J

i) sample |¢;){¢;| with probability p; = [q;|/l|qll:
i) compute and return sign(q;)||q||1 Tr[PE[|¢;) (¢;]]

ili) Repeat and average O(||q||3?) times
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The expectation estimation problem

Want to estimate: Tr[PE(p)]
where P 1s a Pauli
and & 1s a channel composed of stabiliser operations.

Next: the dyadic negativity simulator

Given a quasiprobability distribution over dyads

p = Z‘J.-;,A:I(/)j)(f/)ﬂ where A(p) < Z .1

J i1,k

i) sample |®;) (k| with probability p;x = lgj.x|/|lqll1

ii) compute and return phase(q;)||q||1Te[PE[|¢;) (k]

iii) Repeat and average O(||q||7) times
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Key observation: update can simulate the update of DYADS for all CSPOn

® Not possible using original stabiliser tableaux method,

® But stabiliser rank simulators track global phase,

® Method does need some modification to deal with postselection and complex phases.

Next: the dyadic negativity simulator

Given a quasiprobability distribution over dyad

p = ajkld;) (o] where A(p) <> |gjxl

J 1,k

i) sample |¢;)(Pk] with probability p;x =

ii) compute and return phase(q;)||q||1Te[PE[|};) (k]

iii) Repeat and average O(||q||7) times
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Key observation: update can simulate the update of DYADS for all CSPOn

® Not possible using original stabiliser tableaux method,

® But stabiliser rank simulators track global phase,

® Method does need some modification to deal with postselection and complex phases.

Next: the dyadic negativity simulator

Given a quasiprobability distribution over dyad

p = ajkld;)(dkl where A(p) <> |gjxl

J 7,k

i) sample |¢;)(Pk] with probability pjx =

il) compute and return phase(q;)||q||1Te[PE[|¢;) (k]

iii) Repeat and average O(||q||7) times
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Robustness of magic much, much larger than other monotones!
Motivates looking at simulation algorithms based on new monotones

Magic monotones and lower The odd one out!
bounds for the state cos(mk/2)|0) + sin(mk/2)|1)

1.4 R robustness

2AT — 1
1.3 see Lem. 2

R Robustness
of Magic [HC]

1.2 D stab-norm L?m 2 [COPRS]
¢ = A extent bigness of robustness

Rlp] > 2A*[o] — 1

0.05 0.10 0.15 0.20 0.25
k
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Open questions:

When will the paper be finished?

Are any monotones strictly multiplicative?
Extensions to channel picture.

Exponential lower bound on stabiliser rank.

Can we dilute magic?
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The

University
y Of

Sheffield.

THANK YOU!

Engineering and Physical Sciences
Research Council
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